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PREFACE 


My chief excuse for writing a book on the Properties of is 

that tlie greater part of my life has been de\ (>trtl to ex*|1fffimental 
and t4iporctical researches directly bearing on the subject, and to 
the training (jf rising engineers in physics "and thermodynamics. 
yWtr^vestigation of the properties of mai;^ hi the province of 
thc‘ physicist ratla r than of the engineer, and it is appropriate that 
th(? j)hvsieist should oeeasionally take a hand in discussing thfe 
apj^lieation of th(‘ ri‘sults to engineering pi'obleins. The discussion 
has l)cen n^strictc-d to probhans depta^ding primarily on the pro- 
jATtielTof the working tluid, ^hieh are of fundamental im[)ortanee, 
but: ar^ necessarily relegaled to a secondary ]>Iacc in works dealing 
(ttitl^^thc details of construct ion of machines. I ho})C for this reason 
jdiat the present work may prove a useful supphunent to treatises 
on Steam Power w rittiMi from tlu^ engineering standpoint. 

In the twenty years which have elapsed since tin* first publica- 
tion %jf niy ecpiations for steam, the importance of the thermo- 
d}^iamical asp(A*l of the problem has been nion; w'idc^ly recognised. 
The extensive ado|)tion of the turbine has raised a number of new 
problems, and many important researches have been published 
on the physical side. It was frerpiently suggested that my tables 
were becoming out of date and inaccurate in th<‘ light of siibsecpicnl 
knowledge, and already recpiired serious alteration and revision. 
The original pajiers exphuning the theory 'ipjieared in a variety 
of publications, sonar of which were diilieiilt of access and were 
frc(picntly misquoted. This gave ris(r to a number ot misappre- 
hensions which it was imjiortant to remove. I felt that I ow'(rd a 
duty to those wdio had doin' me the honour to achipt my systerm, to 
write a connected account of tin* theory and ex])eriments on whic^ 
it was bas^d, to show how well it fitted with subsecpient work, and 
how the equations and tables might best lar applied to moYc r^cMrnt 
4^vcIopmcnts. The defenctr <>f my work against eoinnaai mis- 
appre]^cnsions necessarily gives the Ixaik a personal (rharacter, 
which may ^ distasteful to some P.aders. In vi(?w of the circum- 
stances, this was unavoidable, but it is less tf) be regretted because 
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most of the oQtdftns raised afford good luuKLrauons oi tnermo-’ 
dyn^ical principles and methods, which might otherwise appear 
devoid, of practical int^st. 

I have been 5}lamed in some quarters for delay in answering 
objections, which htve sometimes been accepted sound Qn 
account of my %ilence. This book was to have appeared in loft at' 
the same time as the Steam Tables^ but owing to the occupation of 
our (mildings and equipment by Research Departments of the 
War Olteei etc., iky own time was entirely devoted to the work 
of national defence, and the absence of the j\inior staff ou war 
service made it very difficult for me to obtain any assistance in the 
€xactijg work of xeVicing the figures and calculations. The^ttteSc.. 
of HeatrDrop, VIII, in Appendix III, wiis calculated by my son 
G. S. Callendar, Sub.-Lieut., R.N.V.R. (now a first year student 
of the Imperial College). I have also to thank Miss M. Reefe, 
Technical Artist of the Imperial College, for valuable assistance 
in preparing some of the figiircs and .diagrams. With these excep 
tions I am solely responsible for any mistakes or imperfectjpns in 
the work, which I trust may be pardoned on account of the trou^oiiVi 
conditions under which it was completed. 

; , In the latter portion of the book, dealing with the Thermo- 
dynamical Theory of Turbines, some new methods have been 
introduced which I hope may prove useful to engineers. Thesfe are 
necessarily of a somewhat tentative character on account of fhc 
scarcity of suitable experimental data, but the results seem to 
correspond with practice so far as they can be tested, and it appears 
possible that they may have a wider application. An attempt has 
also been made to calculate the effects of superheat and super- 
saturation in a consistent manner. The latter have already been 
rmgnised by engineers, notably by Mr H. M. Martin in his New 
Theory of the Steam Turbine, but they appear to be more amenable 
to calculation than is usually supposed and to afford a promising 
field fior experimental investigation. 

H. L. CALLENIVAR. 

Oct. 1^20, 
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CHAPTER I 


INTRODUCTORY 



NOTATION, UNITS AND CONSTV^TS 

1. .International Notation. The symbolic notmtion adopted 
in this work is based as far as jjossihle on the recommendations of 
the International Commission for the UniOcation of Physico- 
Cht^mical Symbols made at the meetin^^ in Driissels in Sept. 1913, 
The list given in their rej)ort has been supplemented and extended 
al^g consistent lines by a special Committee of the Physical 
Society of London (Froc. Phys, Soc, 27, p.* 205, 1915). The list is 
^irly complete as regards the scienec of heat, but the Committee 
recognise the necessity of using the same symbol with different 
leanings in different parts of a subject. A few such cases are 
indicated in the following list, with references to the chapters and 
fections in which the symbols occur. 


Alphabetic Index of Symbols 

, A •-!/»/, reciprocal of mechanical equivalent of heat (II, § 8). 

'o — numerical factor for reducing PV to heat units (II, § 8), 

B — constant of integration in expressions for E and // (III, §§ 19, 26). 
h = covolume in characteristic equation (III, §§ 24, 28). 

C — cooling-effect of Joule and Thomson (III, § 23). 

(Also consumption per horse-power- hour for a turbine (XV, § 161).) 
c = coaggregation volume in characteristic equation (III, § 28). 

D - fiiiite drop or difference, e.g. DH - heat-drop (XIII, § 140). 

(Also diameter of a rotor or cylinder (XV, § 156).) 
d = differential sign denoting an infinitesimal difference. 

B = intrinsic energy of vapour per unit mass in heat units (II, $ 8). 
e = base of natural or hyperbolic logarithms. 

) - syn^K)! for fimction, e.g. Carnot’s function (VII, § 63). 

F relatifre efficiency, of a turbine (IX, § 94). 

f = stage ifficiency at any point of the expansion (XI, §f 127-1^. 

O ^ - H, Gibbs’ function or thermodynamic potential (VII, ^9) 

= acceleration of gravity (I, § 2). 
a .r= E + aPVf total heat of vapour (II, |f 8, 14). 
h » lotal heat of liquid under saturatigp prewure p (II, 1 1 1)* 

J f meohanM equivalent of heat (I, f 5). 
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/ and 0 are not iggd al symbols owing to confusion with numerals 1 and 0. 
•K and k (not being required in the present work for thermal oonduc^yity and 
•diffusivity, as rec^mended by the Committee) are employed for 
occasional constant^and constant coefficients in the equations. 

Z = latent heat df vaporisation in thermal units (I, § 7; II, §§ 16-18). 

I - leakage clearanc^in a turbine (XV, § 167). 

M = mass-flow (lb8./8ec. or kg./sec.) (X, § 99). 
m = index in equation PV - kP“, ot H - B - kP^ (IX, § 96). 

N -■ number of stages or pairs in an expansion (XI, § 126). 
n in c = (TJT)^.8JM - n + I = 13/3 for steam (I, § 7; III, §28). 

P = pressure jf vajour generally under any conditions. 
p - vapour-pressure of liquid, or saturation-pressure of vapour. 

Q = quantity of heat supplied per unit mass in thermal units (II, § 9). 
q = quality, or drynlss-fraction of wet steam (VIT, § 66). 

R — gas-constant, or limiting value of aPVjT at low pressures (I, § 7). 

(Also used for rev./min. of a turbine (XV, § 166).) 
f = ratio of expansion or pressure (XII, § 136; XIII, § 143). 

(Also used for radiu8*of a wheel or tube (XI, § 129), etc.) 

8 = specific heat of vapour aff constant pressure (III, § 19). 

8 minimum specific heat of liquid (II, ^ 12). 

T ~ temperature reckoned from absolute zero (I, § 7). 
t ~ temperature reckoned from 0° Centigrade or Fahrenheit. 

V = velocity of fluid, ft./sec. or metres/sec. (ll, § 10; X, § 98). 
u = velocity of blades in a turbine (XI, § 1 14). 

W = work done by vapour (II, § 10; VII, § 63; IX, § 84, etc.). 
w = work done on liquid in feed-pump (IX, § 93). 

X = cross-section of nozzle or annular area in a turbine (X, § 99). 

X = linear dimension of nozzle or annular area (XI, § 126, etc.). 

Y = surface tension of liquid (X, § 102). 
y =s capillary elevation (VIII, § 80). 

Z ~ dimensional constants (XIV, § 145). 
z = velocity ratio (XI, § 114, etc.), 
a == discharge angle with axis. 

^ = discharge angle with blade-ring (XI, § 116). 

y = index in adiabatic equation PF^ = X (X, § 99). 
ir ~ ratio of ciroumference to diameter. 

S » symbol of summation of finite quantities (XV, § 166). 

^ = entropy of vapour. 

0 = entropy of liquid (\^, § 66). 

• 

It is a matter of practical convenience to repre^nt corre- 
spoi^ii^quantities for the vapour and liquid as far as^ssible by 
capitals and lower-case symbols respectively, because these coqj^ 
monly occur together in the same equations, and would otherwise 
have to be distinguished by u^ng different letters, or by sdfiflxes, 
which are frequently required for other purposes. €t is not^un- 



common in many books to see two or even fli^iu^es attached 
to the same symbol, which is extremely conftising to the reader, 
in addition to being troublesome to %vrite dt print. * 

Initial and final states in expansion Aay cqpveniently be dis-* 
tinguished by single and double dashes, provided that these do 
hpt interfere with numerical indices re|>resenting powers. Thus 
represent initial volumes of vapour and liquid at P\ T\ 
and v'\ the final volumes at Initial or limiting values, 

defined by th© vanishing of some other quanjfty, are dented by 
the suffix (o), thus Sq is the limiting value of iS abP = 0, and Uq 
is the initial value of the total heat at zero velocity (17 *= 0) in 
flow through a nozz|e. The suffix (,) is em]>loycd for indicating the 
state of dry saturated steam, thus F,, //,, 4>,, are the volume, 
total heat, and entropy of dry satiirated steam. The suffix (g) is 
^milarly employed to imply that the steam is wet, but these 
suffixes may be omitted if the state is otKerwise obvious, especially 
in the case of the liquid, for which h and v are always required under 
saturation pressure p. “ 

0 Abbreviations and References, The three systems of units 
most commonly employed by engineers, are indicated by the 
^breviations, K.M.C., F.P.C., and F.P.F., as explained in the 
next section. 

Jlcfcrences to scientific papers in |)eriodicals are generally given 
i(li the form adoi)ted by Science Abstracts, the editors of which have 
had great experience in this respect. 

The author’s original pa|3crs explaining the theory, which 
appeared (1 ) in the Proceedings of the Royal Society, Vol. 67, pp. 26fi- 
286, .June, 1900, and (2) in the articles. Calorimetry, Thermometry, 
Thermodynamics, and Vaporisation in the Eneychpaedia Rritannica, 
10th edition, 1002, requiring frequent citation, are referred to in 
the present work by the abbreviations {R, S, lOC^), and {E, B, 1902), 
respectively. 

A list of other scientific papers by the author, directly bearing 
on the subject of this work, is given at the end of the book. The 
reader must refer to these papers for experimental details which, 
though essential to accuracy, are not of sufficient general interest 
for reproduction. 

^ Cross references in the body of the work are generawy mauc to 
the sections, which are numbered continuously throughout the 
boolf. The equations and tables jp each chapter are numbered in 
s^|>arate series, and are referred to when necessary by the number 

1-2 



Introductory • [ch., 

of the chapter ift^onfan type with the number of the equation in 
brackets. 

In order to avoid repetition, the majority of the purely mathe- 
•matical relations i;pquircfl in the course of the work, are collected 
in Appendix I, Thermodynamical Relations, where they are de- 
veloped as a connected series. It is hoped that this procedure ^If 
render the relations themselves more intelligible to the student, 
and will serve as an introduction to the practical use of partial 
differenT!KiUcoeffich%ts in thermodynamics. 

Directions with regard to the use of the Steam Diagram, issued 
with this book, are collected in Appendix II; and the Steam Tables, 
with a summary of the more important equations, are collected in 
Appendix III to facilitate reference. The greater part of these two 
appendices has already been published separately (Edward Arnold, 
1915). 

2. Systems of Units. f)ne of the chief difficulties in reducing 
the results of different experimentalists^, or comparing values given 
in different Steam Tables, arises from the fact that they are oftei^ 
expressed in different systems of units, and that the fundamenfal 
quantities involved are not always defined in precisely the same wa * 
It is therefore necessary to explain with some care the system of 
units adopted as the basis of the present work, the selection of 
the fundamental constants from experimental data, and the theoiy 
by which. the values given in the tables have been calculated. 

The Centimetre-Gramme-Second, or C.G.S. system of units, is 
now almost exclusively adopted for scientific purposes, and is 
generally used, in conjunction with the Centigrade scale of tem- 
peratiire, for expressing the results of the most accurate experi- 
ments. But the systems most in vogue among steam-engineers are 
(1) the Foot-PouiTd-Fahrcnheit (F.P.F.) system, (2) the Foot- 
Pound-Centigrade (F.P.C.) system, and (3) the Kilogramme-Metref 
Centigrade (K.M.C.) system. The K.M.C., or Metric system, is 
naturally employed by Continental nations who have adopted 
the metric system of weights and measures for all their machines 
and measuring instruments. The F.P.F., or British system, was 
at ont*fee exclusively adopted by engineers in Englislfspeaking 
countries, where nearly all the machines and measuring instrumenti| 
are still constructed and graduated according to the British system 
of weights and measures, and ^here the Fahrenheit scale iff the 
most familiar scale of temperature. The F.P.C. system ismow larg^y 
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employed in Kn;;lish text-books, and is gradu^iy displacing the 
F.P.F. system anion^ en|»ineers, owing t(#the superior simplicity 
of the Centigrade scale, and the great cftnvenynce of expressing, 
all qtiantities of heat-energy hy the same numbers os those employed 

Continental engineers and in accurate scientific work. It is a 
comparatively simple matter to change the thermometric scale, but 
it is out of the (piestion at present to discard the foot and the pound, 
which arc in other ways very convenient units Jftr stean^ Wie Foot- 
Pound-Centigrade .system has accordingly been adqj^ted for general 
purix)ses in the present work as the most suitable compromise, 
because it greatly facilitates reduction to either of the other systems 
when exact comparisons are recpiircHl. Hut ui the majority of 
important cases the eorres|x>nding values and formulae in the 
^her two systems have also been given. 

Reduction Factors, In const riu'ling* the Steam Tables, the 
following factors have been employccf as being suiticicntly accurate 
for the purpose in n'duein^ and comparing experimental results 
expressed in different systems. 

Length, 1 foot - 0*3() 1-800 metre, 

Mass, 1 ])ound 0*453592 kilogramme, 

froqi which wc obtain the factor for Density or Specific Volume, 

Density, 1 pound per cu. ft. - 10*0184 kilos per cu. metre, 

Specific Volume, 1 cu. metre per kilo. - 10*0184 cu. ft. per lb. 

The unit of Pressure, exj)ressed in terms of weight per unit area, 
(pounds per sq. in., or kilograms per ,sq. cm.) de|>ends on the value 
of the intensity of gravity a.ssumed at the place of observation. 
English enginwrs generally take the intensity of gravity at mean 
sea level in Ivondon as the standard. The valilt* of gravity varies 
appreciably along any given parallel of latitude, so that it is 
necessary to specify a particijlar place or value assumed. American 
and Continental engineers generally take the conventional value 
of the acceleration of gravity at sea level in latitude 45°, namely 
980*605 e.G.S. The acceleration of gravity at sea level in London 
exceeds this conventional value by 1 part in 2000, or ma||^|^%^ken 
jw 981*16 e.G.S. with an accuracy sufficient for the present pur]x>se. 
This is equivalent to 82*190 ft./scc.®. One pound per sq. in. at 
London, and one foot-pound at JLondon have been taken in the 
ta^ples as tlie units of pressure and work. The values of pressure 
given in the tables must accordingly be increased by one part in 
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2000 if it is requWd to reduce them to the corresponding con* 
ventioiftil values in latitude 45°. 

, The 'reading a |l)ressure-gauge generally represents the 
difference from atmospheric pressure at the time of observation. 
The pressure in excess of atmospheric is commonly called the gai||^e< 
pressure, the defect below atmospheric pressure is commonly 
called the vacuum. 

Th^^^oluie p^ssure reckoned from zero is the quantity re- 
quired in most calculations and experiments. To find the absolute 
pressure it is usually necessary to read the barometer, and deduce 
the atmospheric pressure by applying suitable corrections for 
temperature and gfravity. The absolute pressure is deduced by 
adding the atmospheric pressure (expressed in the same units) to 
the gauge-pressure, or by subtracting the vacuum from thj 
atmospheric pressure. 

Readings of gauge-pressifrc or vacuum are often stated with 
reference to a barometric standard of 50 inches of mercury, which 
at 62° F. is equivalent to 14-690 Ibs./sq. in., or is practically equal t(j 
one standard atmosphere in the latitude of London. But 30 incKes 
of mercury at 0° C. or 32° F. is equivalent to 14-730 Ibs./sq. in* 
which is appreciably different. 

Barometers for meteorological purposes are often graduated in 
millibars, 1000 millibars being equal to the C.G.S. atmosphere 
one megadyne per sq. cm., which is very nearly equivalent tc 
750 mm. of mercury at 0° C. in latitude 45°, or to 14-496 Ibs./sq. in, 
in London. 

The reading of the barometer, and the correction of mercury 
columns for temperature, are frequently of considerable importance 
at low pressures. Thus at 28 inches vacuum an error of a tent! 
of an inch in both barometer and vacuum-gauge may make ar 
error of 10 per cent, in the corresponding value of the absolute 
pressure. 

High pressures are frequently stated in atmospheres, and lov 
pressures sometimes in percentage of an atmosphere. It is e]gsirabl< 
in such cases to specify the kind of atmosphere intended. The 
term ^t^g^f^here should not be used as synonymous with a pressure 
of 1 kg./sq. cm., which differs by 8-8 per cent, from the standarc 
atmosphere of 760 mm. 

The temperature of 100° Centigrade is defined as being that al 
which the pressure of saturated steam is one Standard ^tmosphe^ 
or is equivalent to a column of mercury 760 mm. high, of standar 
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density 18*59545 grams per cii. cm. (corresponding to 0® C,), at a 
place where the acceleration of gravity ^ 980*665 C.G.S^ This 
pressure is equivalent to 14*6890 pound% weight per sq« in. at 
Ix>ndon, or to 14*6964 in latitude 45®. 

We have therefore the following reduction factors for pressure 
and work, 

1 atmosphere (760 mm. Hg, lat. 45®) - 14*6890 Ibs./sq. in. (London), 
1 Ib./sq. in. (London) *070807 kg./sq. cm. (Lotidon), 

„ „ OTOS ta ks./sc). cm. (lat. 4.^), 

1 foot-poxmd (London) -- •l.'J8255 kilogramnictrc (London), 

„ „ - -138824 „ . (lat. 45°). 

• 

3. Units of Heat. It is taken as axiomatic that the quan- 
tity of heat required to raise the tcmjieraturc of a given mass of a 
particidar substance through a given range must always be the 
,samc under the same conditions, an(l«inay therefore be made the 
basis on which quantities ofjieat are measured. 

The unit of heat generally adopted in scientific work is the 
quAitity of heat required to raise the temperature of 1 gramme of 
..Witter under a constant pressure of 1 atmosphere by I® C.. measured 
on the scale of the standard hydrogen thermometer in the neigh- 
bourhood of some particular temperature, generally either 15°, 
or 20® C. These two units differ slightly in value and are generally 
• referred to as the ‘‘gram-caloric at 15® C.” and the “gram-calorie 
at 20® C.” respectively when great precision is required. Instead 
of the gram, the kilogram, or the pound, may be taken as unit of 
mass, in which ca.se the unit is called the “kilocalorie” or the 
“pound-calorie.” 

The British thermal unit, or B.Th.U., is defined in practically 
the same way in terms of the jx>imd and degree^ Fahrenheit. It is 
seldom used for scientific purposes, but may be taken as j of the 
pound-calorie under similar conditions. . 

The calorie at 20® C. is the most suitable unit for accurate 
calorimetric work at ordinary temperatures. But for expressing 
the prop^ies of steam, the Mean Calorie, which is generally 
dehned as^ne-hundredth part of the quantity of heat required to 
raise the temperature of imit mass of water from 0® to TBIPt., is 
the most convenient unit. The mean caloric has the advantage 
that its definition depends only on that of the 6xed points, and * 
that it simp^fies the expression fdl the “heat of the liquid.” This 
uiA has accordingly been adopted as the basis of the present work. 
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4* Variatilin of Specific Heat of Water. The relation 
between these units o£ heat is of primary importance in accurate 
calorimetry, and is reijuired in the construction of steam tables 
for determining the ^values of the fundamental constants to be 
employed. Since the accurate comparison of the units of jpass 
presents no difficulty, the problem is reduced to that of determining 
the variation of the specific heat of water with temperature mea- 
sured the gas<«cale. It might be thought at first sight an easy 
matter to determint; the required variation by simply mixing known 
quantities of water at different temperatures in a calorimeter. 
But when this is done at temperatures above 50° C. the thermo- 
metric difficulties are considerable, and the calorimetric errors due 
to evaporation or to heat-loss in transference of the hot water to 
the calorimeter, become so uncertain that this method has led, 
even in the hands of sldlful experimentalists, to most discordant 
results. The experiments of Regnault were most carefully per- 
formed, and were for many years accepted as the standard, but 
he was unable, owing to the defective state of thermometry, Jp 
detect with certainty any variation of the specific heat of wfiter 
between 0° and 100° C., or any systematic divergence of the seSle^ 
of the mercury thermometer from the gas-scale between these 
limits. From his experiments on the total heat of water between 
100° and 200° C., he was led to infer a gradual rise of specific heat 
froni 0° to 100° C., but his experiments failed to give any direct 
or reliable information with regard to the variation of specific 
heat between 0° and 40° C. In calorimetric work a great deal 
depends on the accurate observation of small differences of tem- 
perature, for which the mercury thermometer is not well suited, 
owing to its errors of stem-exposure, and to its tem{)orary varia- 
tions of zero, which had not been sufficiently studied in Regnault’s 
tinje. Even when special attention has been paid to these thermo- 
metric difficulties, as in Lildin’s experiments (Inaugural Disserta- 
tion, Zorich, 1895), the method of mixtures has not given satis- 
factory results. Thus LOdin’s observations show a rap^ fall of 
specifh: heat near the boiling-point, which is probably arroneous. 
The mjg^^nsistent results have been obtained by observing the 
rise of temperature due to the supply of measured quantities of 
electrical or mechanical energy. These methods are intimately 
associated with the determination of the mechanical equivalent 
of heat, a problem of primary^ im[x>rtance in the tjjjeory of the 
steam-engine, which requires more detailed consideration. 
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S. The Mechanical Equivalent of Hcfht. Jonlc shoWed 
by a considerable variety of experiments between the years* 1842- 
1850 that, whenever heat was generated by»friction, the qurfntity of 
heat produced was, within the limits of experimental error, pro- 
jXiiyonal to the quantity of mechanical work expended, and was 
independent of the nature of the materials employed and of other 
conditions. ■ He also showed that the same coeflicient of propor- 
tionality between work and heat applied when ttic converfiion was 
effected by means other than friction. His final* resist, obtained by 
friction of water {Phil. Trans., 1850), was that 772-5 foot-poimdsi 
of work at Manchester were equivalent to the quantity of heat 
required to raise one pound of water V ¥. in teifiperaturc at 62® F. 
on the scale of his mercury thermometers. At a later date, when 
the absolute value of the Hritish Association Unit of electrical 
resistance had been determined, experiments by the method of 
electric heating were found to give a sfnaller result than Joule’s for 
the mechanical equivalent. At the request of the British Association 
^ule accordingly repeated his experiments in 1878 on a larger 
sc^le, b\it found the same result as before. The error was subse- 
•qtlently found to lie chiefly in the determination of the B.A. unit 
of electrical resistance. Joule’s result, when reduced to the scale 
of the gas-thermometer and latitude 45°, must be raised to about 
7'^6 foot-pounds per pound-Fahrenheit unit, but this correction is 
somewhat uncertain as the scab? of his mercury thermometers 
could not be tested under the exact conditions of the original 
experiments. 

Rowland, in repeating Joule’s exj)erimcnt in 1879 on a larger 
scale, with many refinements, over an extended range of tem- 
perature from 5° to 35° C., discovered the j)rcviously unsuspected 
fact, of vital importance in accurate caloTirnctry, that the specific 
heat of water diminished from 5° to 30° C. by nearly 1 [)er cent., 
instead of increasing continuously from the freezing [X)iht as had 
previously been assumed. His experiments were probably most 
accurate in the neighbourho<Kl of 20° C., where the uncertainty of 
reduction* is of the order of 1 in 2000 only. He made the kiloealoric 
at this temperature on the gas-scale equivalent to 426*2J|^ji|p*am- 
tnetres in latitude 45°, or the pound-Fahrenheit unit eqoivalent 
ho 776*8 foot-pounds under the same conditions, a result agreeing 
remarkably well with that of Joule. 

^Express^ in absolute units on\he C.G.S. system, which are the 
[nost convenient and the most commonly adopted for comparison, 
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Rowland’s valudt of the equivalent of the gram-calorie at 20® C 
is 4*1^ joules, the jouje being defined as 1 watt-second of electric 
energy, tor 10’ ergs C.G^. 

The equivalent o| the mean thermal unit (0° to 100° C.) ir 
mechanical energy was directly determined by Reynolds and 
Moorby {Phil Trans, ^ 1898) by heating a measured stream of water 
from the freezing to the boiling point in a Froude-Reynolds 
hydraqj^c brake nipunted on the shaft of a 100 H.P, steam-engine. 
In spite of the diflteulties of accurate measurement on so large a 
scale with the calorimeter at the boiling-point, they succeeded in 
obtaining a result comparable in accuracy with that of Rowland 
at ordinary temperatures. When allowance is made for the fact 
that the water was not supplied exactly at the freezing point (where 
its specific heat varies somewhat rapidly with temperature) the 
value which they gave the mean gram-calorie in absolute units 
may be taken as 41 84 jouks, which is equivalent to 426*6 kilo- 
grammetres per kilocalorie, or to 777^ 6 foot-pounds per B.Th.U. 
in latitude 45°. In order to compare this result with that of Row- 
land, it is necessary to know the variation of the specific heat frOm 
0° to 100°, or at least the ratio of the specific heat at 20° C. to thco 
mean over the whole range. Ludin’s formula (loc, cit.) gives 1*0063 
for the ratio of the mean calorie to that at 20° C., which would 
make the mean-calorie equivalent to 4*206 joules, if the calorie 
at 20° C. is 4*180. The discrepancy between 4*206 and 4*184 *is 
beyond the probable limits of error of Reynolds’ and Moorby’s 
experiments, and may be taken as an indication that Ludin’s 
formula is incorrect. Better agreement has been obtained by 
electrical methods of measurement. 

6. Electrical Methods of Calorimetry. Griffiths (Phil 
Trans.f 1895), anS Schuster and Gannon (Phil Trans,, 1896) 
measured the rise of temperature produced by passing an electric 
current through a resistance immersed in water in a calorimeter, 
and deduced values of the mechanical equivalent of the gram- 
calorie from those of the electrical standards employed.^® If their 
restiits 10^ corrected for an error (at that time suspected, and 
subse^^Stdy proved) in the electromotive force of the Clark 
Standiia cell, they become 

Griffiths, gram-calorie at 20° C. * 4*187 joules, 

Schuster and Gannon, gram-Calorie at 19° C. = 4*188 joules. 

Q 0 

Griffiths* observations extended over the ramre IS"* to sx* r 
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confirmed Rowland’s results for the diminution o^ffie specific heat 
of water over tliis range of temperature. 

In the continuous eleclric method* of Callendar and Barnes, 
a steady current of water passing through a fi^c tift^e is heated by 
an«l^tric current through a central conductor. The difference of 
1;emperature between inflow and outflow is taken by a single reading 
of a pair of differential platinum thermometers, wJiieh permits a 
much higher order of accuracy than is obtainaliie with mgrciiry 
thermometers. The annexed Fig. 1 shows a ^diagram of the 
arrangement. The flow-tube and thermometer pockets at either 
end are hermetically sealed in a vacuum-jacket to minimise external 
loss of heat. The method possesses sj)ecial advantages for observing 
the variation of the specific heat, beeaiise the external water 
jacket surrounding the calorimeter can be maintained by a regu- 
lator at any temperature at which the s|)ccilic heat is required. 
The absolute electromotive force of tla* standard cells employed 
was determined at the same tifnc by Kingt with an eleetrodynamo- 
mj^er specially designed by the author for the purpose, and was 
prolfably correct to 1 in 10,000. King’s work has recently been 
^.srtfied by Prof. Norman ShawJ, who has sueec*(’ded in obtaining 
a very high order of accuracy with the same instrument. 

The results obtained by this method for the specific heat of 
water at various temperatures are indicated in Fig. ‘2. The values 
•of the total heat deduced from the specific heat agreed with 
Rowland’s values to one-hundredth of a calorie over the range 5® 
to 80® C. The result obtained for the equivalent of the mean gram- 
calorie over the range 0® to 100® (\, was 4*1868 joules, exceeding 
that found by Reynolds and Moorby by less than 1 in 1000, which 
is probably within the limits of error of their experiments. 

Dieterici (Ann. Phtjs., 16, p. 508, 1005) employing an electrical 
method with an ice-calorimeter, reading to about 1 in 1000, subse- 
quently found the result 4 1925 joules for the equivalent of the 
mean gram-calorie. 

Adopting the value 4 1 868 joules as the equivalent of the mean 
gram-calonie in absolute units, we obtain the following value for 
the pound-taloric: 

1 mean Pound-Calorie (0® to 100® C.) - 1400 00 footfifl^inds 
(London). 

fkljAwAir and Barnes, B. A. BeporU.lS^lt p. 562, and 1809, p. 624; Phil. 
Tram., 1902, pp. 58-263 ; aleo Bakerian LeRnre, PhU. Tram., 1913, pp. 1-82. 

i^PhO. Tra3i., 1902, p. 81. 

X Pka. Tram. A, 214, pp. 147-198. 
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Owing 'partly tc the great convenience of having an exact 
round number for the mechanical equivalent, this value has been 
adopted in the presAit work. The corresponding value in latitude 
45® would be 1400-7 foot-pounds, and for other units 

1 mean B.Th.U.‘ = 1400 x ^ = 777*78 foot-pounds (London) 

= 778-17 foot-pounds (latP45®),( 

1 mean kilocalorie = 426*98 kilogrammetres (lat. 45®). 

7 . I'he Absblute Scale of Temperature. A necessary pre- 
liminary to all accurate calculations for gases and vapours is the 
definition of the scale of temperature employed. This is generally 
defined in practice as that of the hydrogen thermometer below 
100® C., and as that of the nitrogen thermometer at higher tem- 
peratures. A discussion of all the available data in a paper* read 
before the Physical Society of London in March 1901 led to the 
conclusion that intervals of temperatures reckoned on these 
thermometers from the freezing point upwards agreed with tlfc 
absolute thermodynamic scale almost, if not quite, within the 
limits of error of experiment. It is generally assumed that thenho- 
metric readings are reduced to the scale of one of these gases, ajyi 
it would be useless for the present purpose to attempt further 
reduction to the absolute scale. Since gas thermometers are quite 
unsuitable for the majority of experiments, the reduction ^:o the 
hydrogen or nitrogen scale is generally effected in practice by* 
comparison with a platinum thermometer, or preferably by the 
direct use of a platinum thermometer, if accuracy is required. If 
the reading of the platinum thermometer pt is reduced to true 
temperature t by means of the formulaf, 

t-pt -== 1-50/ (t - 100) X 10-4, 

the experience df many independent observers has shown that the 
values of t obtained agree with temperatures on the absolute scale 
within the probable limits of error of experiment. 

The value of the freezing point of water in degrees Centigrade 
reckoned from the absolute zero of temperature, or the«number to 
be added to the temperature t reckoned from 0® C. Hn order to 
obto^r-ihe temperature T on the absolute scale, \^as taken as 

* Published PhiL Mag,t Jan. 1903. 

t PA»I. TraiM, A, 1887. This scale haa recently been adopted by the Reioha- 
anatalt, Berlin, April 1, 1016, aa tho official scale of temperature for accurate 
testing of thermometera. 
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278*0 in the author’s original paper (J?. SAlWjOjf in accordance 
with the value given by Lord Kelvin (JB. B. 1882). It was shown, ‘ 
however, in the paper aly)vc referred to, tlfet the true value was 
certainly within two or three-hundredths of a degree of 278*10. 
The difference is quite appreciable in accural^ reductions, and the 
vJlu# 278*10 has accordingly been employed for the present work. 
This value has been verified, within the above limits, by maqy 
subsequent computers, though the exact \’ahics given are to some 
extent a matter of taste, depending on the wmghts atla^ed to 
the various series of observations on which the rcsultfis based. We, 
therefore, employ the formulae 

r - / 4 273*10° C. - t + 159*58° 

Most of the fundamental constants required in calculating the 
properties of steam depend directly or indirectly on the values 
selected for the mechanical c(|ni valent aiul for the absolute zero 
of temperature, as well as on the uiiit«of heat. The determination 
bf each constant is liable to» errors of experiment, which will he 
discussed in the following chapters. For these reasons the absolute 
varies, even of the best determined constants, such as R and L 
|t 100° C., are uncertain by at least 1 part in 2000, But in order 
to obtain relative values in the tabulation of the various properties, 
sufficiently exact and consistent for the investigation of problems 
dcjKjhding on small differences, it is necessary to take the values 
of*thc fundamental constants to five significant figures, and to 
work the results in each case to a hundredth of a thermal unit. 

The values adopted for the most important of these constants 
are; 

Latent heat at B.P., L - 539*80 C., - 970*74 F., 

Gas constant for steam per unit mass, R ~ 0*11012, 

Specific heat at zero pressure, Sq = 0'47719>, 

Ratio SJR ^ n + 1 ~ 18/8, Index n 10/8. 

The value of L depends on the scale of temperature, whether 
Centigrade or Fahrenheit, but those of R and Sq are independent 
of the temperature scale, and are the same in all practical systems 
df units, ^en expressed in terms of thermal units per degree. The 
value of iifTor steam can be estimated from the molecufSntftight 
in terms of hydrogen and oxygen. The limiting value of oPVjT ■« R 
at low pressures is found for O, or Nj by calculating the value at 
N,T.P. from the observed density^wid correcting the value of PV 
to ino presstre by Amagat’s coefficient. The value of R for steam 
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is found by multiplyjpg the result for Og by the ratio Oj/H^O of 
•the molecular wfijhts. Values obtained in this way from different 
data Agree to about I in 2000. The value of Sq is- variable to a 
slight ektent witlj temperature, but the range of variation according 
to different experiments is uncertain, and is of little practical 
importance for the present purpose. A mean value is accordjpgiy 
selected, having a simple ratio to in order to simplify the adia- 
batic equation, as explained in Chapter III, § 25, 





CHAPTER II 

THE TOTAL HEAT OF WATER AND STEAM 

8. Intrinsic Energy and Total Heat, fn accurate calori- 
■stric woric, especially with gases and vapours, it is often important 
I define the exact nature of the quantity meastired, whicli depends 
^ the conditions of pressure and volume as Woll as on the tem- 
brature. 

• The quantity of energy existing in a body in a given state is 
died the internal or intrinsic energy, and iji denoted by the symbol 
’ when measured per unit mass. The intrinsic energy E per unit 
i^s is commonly ex[)rcssed in thermal units, c.g. in {X)und- 
llories Centigrade per f)ound, but the Centigrade unit of intrinsic 
icrgy may be more briefly referred to as the cnlorie-Centigrade, 
jcause it is obviously independent of the unit of mass. The 
jmljer representing the intrinsic energy of any substance in a 
J)articular state is evidently the same whether expressed in pound- 
calori&s per pound or in kilogram-calorics per kilogram, provided 
thal the same scale of temperature is employed in both cases. 
When however it is required to reduce the intrinsic energy ex- 
pressed in Centigrade calories to Rritish thermal units, the value 
in Centigrade calorics must be multiplied by the factor 1*8 or f to 
reduce to the Fahrenheit scale. 

The state of a substance may in general be sufTiciently defined 
by the pressure P and the volume V of unit mass.^The product PV 
hai^v^; definite value for any particular state of the substance 
coi^idered, and represents the work done in forcing unit mass into 
an^^closure against a steady pressure P. The product py is ob- 
tained in foot-pounds if the pressure is expressed in pounds weight 
|iff. af. ft, ^d the volume V in cubic feet. More commonly the 
pMssure is ^pressed in pounds per gq, in., in which case the work 
done is 144PF foot-pounds. This may be reduced to its cqfaSfcent 
in mean pound-calories by dividing by 1400, the equivalent of the 
in^an calorie in foot-pounds. The letter A is very commonly 
etj^leyed to represent the reciproc^ of the mechanical equivalent 
(ih ads ease ^1/1400), which has different numerical values In 
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dIffeJrent finits^T^ |etteJr fl’^wil^;be employed to denote 

the njijmewcal factor Jllfi/l 400 on the F.F.C. systeip, or its ^ui- 
valent. in other systeii;is) required to reduce the product PV to 
C^ories when F anji V are expressed in arbitrary units. These 
numerical factors are very often omitted altogether in books ^n 
thermodynamics, because it is tacitly assumed that all the 8erms 
in any physical equation must be expressed in the same units; 
but iiva work lik^; the present it will be more convenient to indicate 
them by special symbols (a, etc.) explicitly in the equations. 

The reduAion factor a is that most often required in thermo- 
dynamical equations. Nearly all the equations in this book will 
give consistent results in any practical system of units, not only 
for P or P, but also for any of the other quantities concerned, 
provided that the appropriate numerical value of the reduction 
factor a is employed for each system. 

When the unit of U or. E is the mean calorie Centigrade, the 
values of the reduction factor a are ^s follows for various units o^ 
P and P, as previously defined : — 


Unit of P 

Unit of K i 

i Unit of PK 

Value of a 

Keciprocal 
o! a 

System of 
unjts 

1 lb./aq. in. 

1 kg./sq* cm. 
760 mm. Hg 

1 mm. Hg 
Lin.Hg 

1 ob. ft./lb. 

1 ob. m./kg. 

1 litre/gm, 

1 cb. cm./gm. 

1 cb. ft./lb. 

144 ft. lbs./lb. 
10000 kgm./kg. 
101-33 j./gm. 
1333-3 erg/gm. 
70-7 ft. Ib8./lb. 

144/1400 

10000/426-7 

24-20 

3-186 xl0“» 
0-0605 

9-7222 

0-04267 

0-04132 

31400 

19-80 

F.P.C. 

K.M.C. 

‘^Atmo-litre 


When the unit of Jl is the mean I3.Th.U., the value of a on the 
F.P.F. system (with P in Ibs./sq. in.) is 144/777-8 = 1/5-4012. If 
the unit of P is the weight of unit mass on one face of the unit cube 
(e.g. 1 Ib./sq. ft. with V in cu. ft./lb.) the value of a is the reciprocal 
of J; but tliis unit of pressure, though often employed in equations, 
is inconvenient in practice, and is seldom used in graduating 
pressure-gauges. 

In writing an equation, it is usually most convenient to insert 
the factor a explicitly, as in oPP, but in working a tern of this 
form, or of the form P/oP, on a slide-rule, it is generally more 
convenient to employ the reciprocal of a, as given i 4 the above 
tablC "b^hsc operation P -r (1/a) x P, or P -r P x (!/«), ; 
requires fewer settings of the slide than the direct multiplication 
a X P X P, or the division P -r a - P. 

The value of a in any othei^ system of units is the ratio oi^tb||:! 
work equivalent of the product of the units of P and P to^tfi»< 
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mechanioad equivalenf^of the thermal unit in the same 

work units aa PV, 

The necessity or repeating an eqiiatioi* in different systems of 
units is in most cases avoided by inscrting^hc^symbol a for (he 
rad^ction factor. This method will be found to save a great deal 
of uncertainty and loss of time in the numerical application, and 
in the comparison of results of different experiments, expressed 
in various systems of units. 

The intrinsic energy E ma\'^ also be expressed in foot-j>ounds or 
other units of work by multiplying the value in thermal units by 
the appropriate value (jf the mechanical ecjiiivalcnt J, or dividing 
by A. It may also be tlirectly measured in meehanieal units by 
electrical or mechanical methods. But it is most comnionly ex- 
pressed and measured in thermal units, and it may be assumed that 
it is expressed in Centigrade ealories throughout this work unless 
it is otherwise specifically stated. • 

The total heat denoted by // is defined as the sum, E -f aPF, 
o^the intrinsic energy K and the work aPV expressed in the same 
units. The total heat is the quantity generally tabulated for steam, 
Jiecause it is more often recpiired in steam-engine practice, and abo 
more easily measured in calorimetric experiments, than the in- 
trinsic energy. It will always be expressed, like the intrinsic energy, 
in Centigrade calorics, unless otherwise stated, and may be reduced 
to other units by the same factors as in the case of intrinsic energy. 
The total heat thus defined is a function of great generality and 
importance in thermodynamics, but it does not exactly correspond 
with Regnault’s definition of the total heat of steam, which refers 
only to a special case. S«)me writers use the term “total energy” 
•for the quantity E + aPV^ for the sake of distinction, retaining 
the term “total heat” in the special sense of Regnault’s definition. 
But the term “total energy” apjjears to be more appropriate for 
the sum of the total heat E -f- aPV, and the kinetic energy AU^jUg 
(expressed in calories), when the fluid is moving with velocity U, 
The kinetic energy is a very inijiortant factor in many steam 
problemsy^and it is useful to include it in the term “total energy.” 
The advantages gained by adopting the wider definiti^p total 
heat^ (including Regnaultb total heat of steam as a special cai^) 
are so great that the term total heat and the symbol H are now 
g)|^erally used as denoting the function E + aPV, 

%PkiLMatf., 1003, p. 00. JSf. B., 1902, Thennodynaiiiiot and Vaporiaatioo, 

38, pp. 286 and 628. 
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9. CalorimOtric*' Measurement of E and H. When a 

quantify of heat MQ supplied to a body of mass ilf, the whole of 
the hea* goes to increase the intrinsic endrgy, say from E^to 
provided that there js no external work done by expansion or 
otherwise. The quantity of heat Q supplied under this condition 
per unit mass, divided by the rise of temperature, is called the 
mean specific heat at constant volume over the range of temperature 
considered, and ift equal to the increase of intrinsic energy per 
degree at constant volume. 

If on the other hand the body is allowed to expand, say from 
specific volume Fj to specific volume Fg , under a constant external 
pressure P, part ofi the heat Q supplied per unit mass is expended 
in performing external work, which is equivalent to aP Fj) 
per unit mass when reduced to calories. We have therefore the 
equation 

« - Pg - Pj + aP‘(Fg ~ V,) 

== (Pg + aPFg) - (E, + aPV,) //g - H,, (1) 

which is simply the expression of the law of conservation of energy. 

The expression on the right hand side is the change of totals, 
heat at a constant pressure P. The heat supplied per unit mass at 
constant pressure divided by the rise of temperature is called the 
mean specific heat at constant pressure, and is equal to the increase 
of total heat per degree at the same constant pressure. It is seldom 
practicable to keep the volume of a liquid or solid constant while 
it is being heated, so that the change of intrinsic energy at constant 
volume cannot as a rule be measured directly by experiment. But 
it is nearly always [)ossiblc to keep the pressure constant, and to 
observe the specific heat at constant pressure, or the increase of 
the total heat, frevn which the change of intrinsic energy may be 
deduced if required. In the case of solids and liquids, the changes 
of volume are small, and the difference between the total heat and 
the intrinsic energy is comparatively unimportant at moderate 
pressures. But in the case of gases or vapours the difference may 
be of great importance, on account of the large changes oi volume. 
For in the case of water, the expansion from Ojto 100° C. 

under atmospheric pressure is 4*8 per cent, of the volume at 0° C, 
The term aP (Fg - Fj), (takinga = 144/1400, P = 14*70 lb$./sq. in., 
Fj «« *01602 cu, ft,/lb., Fg - Fi « •048Fi), reduces to *00105 of a 
cidorie, which is only 1 part in ldb,000 of the increase of total heat, 
namely 100 calories. The change of intrinsic energy at constant 
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pressure is for all practical purposes the saile %3^that of total heat 
in this particular case, but in the case of a gas or vapour the two 
may differ by 80 per cent, or more, and it must not be hastily 
inferred that the distinction is immaterial /)veii in the case of a 
liquid or solid. 

^hus, if the volume of water could be kept constant while it 
was heated from 0® to 100® C., the pressure would increase by about 
850 atmospheres, and the increase of H would bj greater than that 
of E by the term a(P — Pq) Uq, which amounts to about 21 cals. 
The actual increase of // would be about 15 caloi4es greater than 
in the previous case in which the water was heated under a constant 
pressure of one atmosphere, and that of E would be about 6 calories 
less. 

In work of precision it is usual to define the pressure under which 
the measurements are made, though the effect of pressure, in the 
case of a liquid like water at ordinary temperatures, is too small to 
be detected in the majority of experiments. The usual definition 
of the mean calorie is equivalent to one-hundredth part of the 
Change of total heat of water when heated from 0® to 100® C. 
under a constant pressure of one standard atmosphere. But since 
the accuracy of a calorimetric experiment rarely surpasses 1 in 1000, 
the calorie might equally well be defined for most practical purposes 
in terms of the change of intrinsic energy under the same conditions. 
• In the present work, the unit of heat in terms of which the 
total heat of water is expressed has been taken as one-hundredth 
part of the change of total heat of water between 0® and 100® C. 
when the water is heated under the pressure of its own vapour only. 
The quantity of heat required in this case exceeds that required 
when the pressure is kept constant and equal to one atmosphere, 
by the small quantity a {pi^Q — p©) which amounts to 0*024 cal. 
or about one part in 4000 of the whole. The mechanical equivalent 
of the mean gram-caloric thus defined is taken as 4*1868 joules, 
in which case that of the mean gram-calorie under atmospheric 
pressure would be 4*1858 joules. The difference between these two 
units is*heyond the limit of accuracy with which the mean calorie 
can be determined, the best estimates ranging from 4*1882 
(Reynolds and Moorby) to 4*1925 (Dicterici). The qualltftjpchielly 
required in steam-engine work is the total heat h of the liquid 
under its own vapoiu* pressure, and it is a matter of some con- 
venience that the values of h sJl the fixed points 0® and 100® C. 
slKmld be exactly 0 and 100 respectively. 
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10, The E<iijatl)n of Steady Flow. One of the simplos^ 
aiustrations of the law of conservation of energy, and one of the 
most unportant for the theory of steam, is the case of steady flow 
of a fluid. Suppose t Jat steam or water or any other fluid enters 
ah enclosure AB (Fig; 8) through the inlet A with constant velocity. 
Vi at a constant pressure and specific volume and leave^he 
enclosure at B with constant velocity U 2 iQ>tsi constant pressure 
and specific voJupc Fj. When the flow has become steady, it 
follows frftm the l^iw of conservation of mass, that for each unit 
mass of fluid entering the enclosure at A, unit mass of fluid must 
in the same time leave the enclosure at B, provided that there is 
no leakage or other.oiitlet. The enclosure AB may contain a throttle 
valve, or a porous plug, or an expanding nozzle, or a calorimeter, 




EnclosJre 
c 0 n t a i n I n ^ 
any appliance 
admitti of 
St eady f lowi 


Pig. 3. 


or a turbine, or any other aj)pliance which admits of steady flow. 
It may even contain a reciprocating engine, provided that the 
dimensions of the receivers at the inlet and outlet are sufficient 
,to render the flow practically iiniform at these points. 

The energy entering the enclosure at A with each unit mass of 
fluid, is the Total Energy per unit mass, + aPiVi + AU^l2gf 
consisting of the sum of the intrinsic energy Fj, the work aPiVi, 
and the kinetic energy AlJ^l^g, in the initial state, Thp energy 
leaving the enclosure at B per unit mass is similarly ,, the total 
energy*®, % dPJP^ + AV^j2g in the final state. By the law of 
the conservation of energy, the difference between the total energy 
entering and the total energy leaving the enclosure per unit mass, 
must be equal to the sum of the axtemal loss of heat measured 
per unit mass passing tlu^ugh, and the external wor& AW dofie 
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^ toe appliance^ Owasuied in equivalent e|lt»}(| |per; unit mass. 
‘!hK ccnoplete equation may be urritten, 

H, - ^ (£;,« - t/,*)/2g 4,«. + AW. .,..(2) 

r • 

This includqs a number of special cases whidh may be considered 
I se{!Mitiately, 

(1) The Throttle. If the appliance is a simple throttle valve, 
or porous plug;, or small aperture, the function of which is simply 
to reduce the pressure, without any external wqjt, or loss of heat, 

• or increase of velocity, we may put the terms on the yight hand side 
equal to zero, and we obtain the very simple and imix)rtant result 
that the total heat remains constant, or //i.= //g. This is the 
essence of the “{X)roiis plug” method (Chapter III) devised by 
Joule and Thomson for investigating the variation of the total 
heat of a fluid. 

(2) The Nozzle. The object of a iio/zle, as employed in an 
, impulse turbine, is to convert as much as |X)ssiblc of the energy 

into the kinetic form witfiout external loss or work AW. 
Pitting these two terms equal to zero, we obtain the condition 
= ( 8 ) 

which shows that the kinetic energy generated is equal to the drop 
in total heat provided that there is no external loss. If there is 
friction, the drop in total heat is diminished, but the equation still 
holds. If eddies are formed, part of the kinetic energy will be 
unavailable. The flow must evidently be frictionless and linear to 
secure the maximum velocity. The maximum velocity obtainable 
under ideal conditions is given by the drop of total heat in “ adia- 
batic” expansion, as will be explained later (Chapter VII). 

(8) The Turbine. The object of the turbine is to obtain the 
maximum of external work AW^ without heat |pss Qg, or excessive 
waste in kinetic energy AU 2 ^l 2 g of the steam rejected. If Q, = 0, 
and f/g « f/i, we obtain 

III - Hz AW, (4) 

which shows that the external work done is ecpial to the drop in 
total heat. The maximum drop of total heat obtainable under given 
conditions without external loss is that due to adiabatic^xponsion. 
There is necessarily a great deal of fluid friction and eddying motion 
in a turbine, which has the effect of reducitig the drop of total heat 
to about I of the ideal maximum* But this effect is included in 
ilM- equation, where Hi — represents the actual (and not the 
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adiabatic) value of t^e drop of total heat. There is generally some 
'e^ctemal loss Q*, which must be subtracted from the heat-drop 
Hi in estimating the actual output, W (Chapter XI). 

(4) * The reciprocating engine, with the limitation already im- 
plied, leads to the sime law. 

It will be observed that all the equations in wluch the wdWc * W < 
is involved give no direct information with regard to the tvork 
obtainable, They^simply assert that, if external work is done, there 
must be»an equivalent drop of total heat, which is all that can be 
obtained fronk the law of conservation of energy. To find the limit* 
obtainable it is always necessary to refer to Carnot’s principle, as 
explained later (Chapter VII). 

(5) Th£ Calorimeter, The object of the calorimeter is to measure 
the change of total heat //j — between given states by observing 
the quantity of heat Q per unit mass which must be abstracted 
to reduce the fluid fromthe^first state to the second. The change of 
kinetic energy, and the work W are generally negligible, but can - 
be allowed for if appreciable. The most convenient way of measuring 
Qa, is by observing the rise of temfMirature of a steady streamSf 
cooling water. is often measured in this way in steady flow 
methods of calorimetry. It is also possible to reverse the process,* 
and observe the increase of total heat produced by supplying energy 
with a stream of hot water, or an electric current, or a friction 
brake, or other means admitting accurate measurement. Other , 
methods of calorimetry in which the flow is not steady, may gener- 
ally be reduced to the equivalent case of steady flow, without 
material uncertainty as to the results. Two of the best examples 
are afforded by Regnault’s measurements of the total heat of 
water and steam which he denoted by h and U respectively. 

II. The Totkl Heat of Water, h. The intrinsic energy and 
total heat of water are generally reckoned from a zero corresponding ^ 
to the state of water at the freezing point, because we are concerned 
only with changes of energy, and it is impossible to specify ac- 
curately the absolute value of the energy in any given staf^. Below 
100® C. and atmospheric pressure, the changes of pv in the case of 
water^are small that it is seldom necessary to make any practical 
distinction between the intrinsic energy and total heat as already 
explained. Above 100® C. the distinction becomes more important as 
the pressure and volume increase^and it is necessary to consider the 
method of experiment employed,and the quantity actuaUy naaasurfid* 
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Regnault operated by allowing 10 litres oAwaty, under satura 
_jn pressure in a boiler at various tempejptures betweei^lOT^ 
and 187® C,, to pass throsjgh a throttle- v^ve into a caloijmeter 
containing 100 litres of water at atmospheri| pit^ssure and tem- 
pei^ture. Passage through a throttle-valve does not alter the total 
•heat,^aS we have already seen, provided that there is no external 
loss of heat and no change of kinetic energy. If kinetic energy is 
generated, it is reconverted into heat in the ealori\|ieter. The result 
of Regnault’s experiment is the same as if thS water flom the 
•boiler, after passing the throttle, had a quantity of h%at Q per unit 
mass abstracted from it, and were rejected at the final temperature 
of the calorimeter and atmospheric pressure. 'The quantity Q*, 
estimated in the usual way from the thermal capacity and rise of 
temperature of the calorimeter, measures the change of total heat, 
^ — /tj, from boiler pressure and temperature to the final tem- 
perature of the calorimeter and atmospheric pressure. Unfortu- 
nately Regnault was ignorant^of the variation of the specific heat of 
water at ordinary temperatures (subsequently discovered by Row- 
larm), and of the temporary variations of zero of a mercury ther- 
ijometer, which cannot be neglected in accurate calorimetric work. 
The first source of error can be corrected by reference to the original 
data with a fair degree of certainty, but the second only by estima- 
tion from the behaviour of similar mercury thermometers. 

12. Explanation of the Formula for h. The formula 
employed for the heat of the liquid h in the author’s original paper 
{R, S,, 1900) represented a combination of Regnault’s results with 
those of the continuous electric method. It was shown, however, 
by MacFarlane Gray* {Proc, Inst, C, E., 1901-02, Part I, vol. 147, 
p. 8) that the results of the continuous electric method could be 
represented very closely above 40® C. by a thermodynamical 

formula, A = *< + aTv {dpIdT) (3) 

• According to Gray (letter dated June 15, 1901) thie formula was given by 
Paul de St Robert {Thermodynamique^ Turin, 1857) as representing Regnault’s heat of 
the liquid, bi^^ without any exact definition of the quantity denoted, which could 
in fact hardly have been expected at such an early date, when the function E -^aPV 
was piaotioall^unknown, having been first applied by Joule and Thofilton la their 
investigation of the equations of steady flow {Proc, R, 8., 1856). The simplicity and 
accuracy of all the derived relations given in this book depend primarily on the exact 
definition of the quantity denoted by the formula. On this point see also R. B« 
Ba 3 mes {Seienee Abtiracit, 2059, Nov, 190^. After a long correspondenoe on the 
snbjeiit Gray refused to be converted to the author’s definition of total heat and of 
tim quaiiti^ denoted by A in the formula (5). 
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in which (dpldf) ref^resents the rate of increase of the saturation^ 
pressure p with temijerature at 'R Gray defined h in the same way 
as Renault, and too^ the above expression as representing “the 
quantity of heat ta^en in by the liquid from 278 to T, the pressure 
during the heating being that due to the higher temperature.”^ 

In the revised equations {E. B., 1902) the author adoptJll thi# 
expression, but with an essential ehange in the definition, as 
representing th% thermodynamieal total heat E + apv of the liquid 
under saturation* pressure p. The total heat under this condition 
is greater thAn the quantity of heat involved in Gray’s definitioif 
by the difference a(p-po)*^'o approximately, which cannot be 
neglected in considering the properties of the liquid at high pres- 
sures. The advantage of this definition is that it greatly simplifies 
the relations between the volumes and total heats of the liquid and 
vapour, and gives a simple and exact expression for the entropy. 

The formula for h was also interpreted as implying that the 
liquid contains in solution its owiv volume of the vapour, the 
latent heat of which contributes the term vLI(V - v) to the total 
heat of the liquid, where V is the volume of the dry saturated 
vapour (Phil, Trans, A, 1902, p. 147). If h is to be zero by definition 
at 0° C., we require to add to the formula the small constant term 
- 0‘008, representing the value of vLI(V - v) at 0® C., but this 
is so small that it may usually be neglected. We thus obtdln the 
expressions 

h = st ^ vLj{V — v) ~ ()*003 = st-\- (H — st) vjV — 0*003, ...(6) 
which arc exactly consistent with Clapeyron’s equation, namely 


II aT (V ~ v) (dp/dT) (7) 

and lead to the convenient relations 

(h - st)lv = LI(V - i;) (H - styV, (8) 


which are much simpler than could be obtained by neglecting the 
variation of the specific heat of the liquid entirely, and are pre- 
ferable to any of the purely empirical formulae commonly employed 
for the variation of • 

If the value of the constant s is determined by thb condition 
thaUi is<to be 100 mean calories at 100° C., where the*value of the 
term vLI(V - r) is 0*887 calorie, we obtain 

s = 0*99666 « 1 - 1/800 nearly (9) 

The value of s found in this wny is practically equal to that of the 
minimum specific heat at 87*5° C. indicated by the contiiftioua 
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nte^noo, which is 0*9969 in terms of th^m^an speciftc heat 
between 0® and 100® O. 

It will be observed that «the. formula aoes^ot pretend to i^pre- 
sent the effect of the ice molecules in the liq^^id, Vhich produce 
important effects on the variation of the speciftc heat in the neigh- 
ll0urh(9>d of the freezing point. The maximum error from this cause 
is only a tenth of a ealorie between 20® and 40® C., with smaller 
deviations at lower and higher temperatures. This is to unimportant 
in steam-engine work, where h is rarely required for Small differences 
at low temperatures, that it was thought undesirable tf> complicate 
the formula by including a term to represent the iee moleeules. In 
accurate ealorimetry on the other hand, sinee the results depend 
chiefly on small differences of total heat in this region, it is essential 
to employ a formula which includes the effect of the ice molecules, 
such as that proposed by the author in a mgre reeent paper {Phil. 
Trans. A, 212, p. 1, 1913). 

13. Comparison with Experiment. The effect of the ex- 
perimental evidence on which the formula is based, is most readily 
appreciated by plotting the value of the small difference h — t os 
in Fig. 4 (p. 32). Between 0® and 100® C. the difference is too 
small to be shown clearly on the scale of the diagram, and is quite 
unimpdrtant in comparison with the uncertainty of the total heat 
// of steam. The formula is represented by the full curve above 
100® C. in relation to the observations of Ilegnault and Dieterici, 
which are distinguished by 4- and x crosses respectively. 

The observations of Regnault have been expressed in terms of 
the mean calorie by reference to the original calorimetric data, 
assuming the variation of specific heat given by the continuous 
electric method between 0® and 100® C. But the}^ have not been 
corrected for errors of thermometry because any such correction 
would be highly speculative. Each point represents the mean of 
5 to 10 experiments differing from the mean by two or three parts 
in 1000 in either direction. The results at 110® and 120® C. are 
evidentljf f!oo high, and the general trend of the points plotted 
shows a systqpiatic deviation from the formula which mig^t easily 
be explained by thermometric errors. The experiments agree 
distinctly better with the author’s definition of h than with Gray’s, 
because the quantity actually measured by Regnault was the 
chan^ of E + apv^ as previously Explained, and not the heat 
sup{med at constant pressure p. If Gray’s definition of the qt^tity 
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represented byjthefformula were adopted, it would be necessary t0 
depress each of R^ault’s points by the corresponding value of 
shown in the Icjwer curve, which- would appreciably increase 
the discrepancy. 

The observations of Dieterici {Ann, Phys, 16, p. 598, 1905)^were 
not available at the time when the formula was publislftd, bilt 
have the advantage of being comparatively free from thermometric 
uncertainties. *He employed hermetically sealed bulbs of quartz*- 
glass cbntainin^ suitable quantities of water, which were heated to 
the required temperatures and dropped into a Bunsen icc-calofi- 
meter at 0° C. The results which he gives are expressed in terms of 
the mean calorie, and represent the change of intrinsic energy E 
from 0° to t under saturation pressure. In order to deduce the 
corresponding values of h as represented by the formula, it is 
necessary to add the yalue of apv shown by the lower curve. This 
correction has been applied to the points as plotted, and brings 
them into very good agreement with the formula, except for one 
observation at 156°, which is evidently an experiments error. 
Dieterici continued the observations as far as 300° in spile of 
increasing difficulties, but the results at these temperatures are of 
little importance for steam-engine work, and arc not shown in the 
figure. Up to 240° C. they agree very well with the formula. Beyond 
this point they fall slightly below it. This may indicate Mliire of 
the formula at high pressures, but it is equally likely that the diffeij. 
ence is to be explained by experimental difficulties. Up to 220° C, 
the thermal capacity of the quartz-glass bulbs was about equal to " 
that of the contained water. Beyond this point it was necessary to 
make the bulbs much thicker in order to withstand the pressure, 
and the thermal capacity of the bulbs was about four times that 
of the contained water, which would greatly increase the uncer- 
tainty of the results for the total heat of water. 

Many steam tables (sueh as those of Mollier) still employ 
Regnault’s formula for the total heat of water, namely 

A = < + 0 00002^* + 0 0000008/8 (10) 

t 

with or^witho\it a reduction to the mean calorie. Th^ values given 
by This formula when reduced to the mean calorie by dividing by 
1*005, are shown by the dotted line in the figure. This line wduld 
represent Regnault^s observations very fairly if they were aH 
depressed by 0*5 calorie, which is the probable error at 110° C. 
But the empirical formula is not nearly so simple as the tll&rmo** 
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dynamical fom and disagrees material^ wil:h Dieterici’s 
experiments. Many ifecent tables employ Di^erici’s formula^for 
the mean specific heat abovtf 100° C., but ncgl(^t the eorrectioi^apu. 
His formula is of the same type as Regnault’s §nd •equally incon- 
veni^^in practice. It is obvious from the figure that the thermo- 
dynamical formula, with the author’s interpretation, represents all 
the available experiments within the limits of probable error. It 
has accordingly been retained without modificatisn, since it is 
greatly to be preferred for theoretical reasons, fn any case the 
uncertainties of the total heat of the liquid are of very small practi- 
cal importance as compared with those of the total heat of the 
vapour, which are shown on the same scale in tlve upper part of 
the same figure. 

The thermodynamical basis of formula (5) is further explained 
in Chapter VIII, where its application is extended to the critical 
point. 

The Total Heat of Steam, H. The total heat of dry 
saturated steam was defined and measured by Regnault* as the 
qq^ntity of heat required (1) to raise unit mass of the liquid from 
0°C. to the temperature t of the boiler and (2) to evaporate it 

* III whe author's original paper (JR. S. 1900) all tho ftxpressions were worked out 
in te]y;a8 of intrinsic energy E according to the usual custom in thermodynamios 
•Ji that time. Regnault’s definition was also adopted for the total heat // of saturated 
steam, for comparison with tho values given by his cx|)eriment8. The heat of the 
liquid h was taken from a formula which was assumed to reproHOnt the intrinaio 
energy. This afforded a perfectly consistent system which is still often adopted. 
The expressions given for H (as defined by Regnault) were necessarily less by the 
term a (p — p^ b than the expressions given for // as now defined. The new definition 
of total heat as a name for the function E + o,P V was first introduced in the revised 
expressions (E. B., 1902), but the expressions for the intrinsic energy and entropy 
remain unaltered. The change of definition necessitated in tHe first instance the 
use of a different symbol F (PhU. Mag., Jan. 1903) for the total heat E+apV, 
but the new definition has been adopted in the International Notation, and is now 
so well imderstood, that no confusion is likely to arise. Since everything required, 
including R^inault’s heat of formation, can be more simply and accurately expressed 
in terms of H ^E +aPV than in terms of Kegnault's definition of N, it hardly seems 
oeo e es a ry to re^*ain his symbol in its original signification, which dates from a period 
before the ftmt law of thermodynamics was formulated, and before the important 
properties of .tlft function + were investigated by Rankine, aa9 by Joule 
and Thomson (1854-1866). Mollier employs the symbol / for E+aPV, and calls it 
the total enei^. He also uses Regnault’s formula for h (giving ^=100*6), which 
complicates maiiy of the expressions unnecessarily, and introduces minor discre- 
pancies in t he especially in th%deduction of the saturatum pressure, 

and hifthe oi the entropy of the liquid by integrating {dk/dt)JT (see 

Cliap.VU). 



80 


PfiOmiTIlS OF [08 

at that temp^atu](, the whole operation being perfd^^ uiM^r i 
cor|^tant pressure ^ equal to the saturation pressure at the 
perajure of the boilig*. The heat of formation thus dehned be 
regaled as c(9nsii^wg of two parts. The second part is evidejidy 
the latent heat of vaporisation L at saturation preSi^^ emd 
temperature, about which there is no question. But the f^t; po)^ 
the heat of the liquid, is the change of total heat h from 0^ tp C. 
at constant jyessure p, and differs slightly from the quantity 
actuary rneasuted by Regnault in his calorimetric experiments 
on the liquid. The difference amounts approximately to a (p^ Pi) Vq, 
where Vq represents the volume of the liquid at 0° C. and atmo- 
spheric pressure pj. The numerical value of the difference is zero 
at 100® C., and only 0-85 calorie at 200® C., which is much less than 
the probable error of Regnault’s experiments and is quite un- 
important in the casc/)f steam. But it has given rise to some con- 
fusion, and the correction has often been applied with the wrong ^ 
sign. The heat supplied to the liquid in the boiler at constant pres- 
sure p is less by the amount a(p - Pq) Vq approximately thag the 
quantity which Regnault measured for the liquid and denoted 
by A. So that the total heat of steam, which Regnault measurpd 
by condensing steam in a calorimeter under a pressure equal to 
that of saturation maintained by an artifieial atmosphere, would 
be equal, neglecting experimental errors, to 

L-j-h-a(p-po)vo, 


The last term represents approximately the work done by the 
feed-pump in forcing the water into the boiler against 
pressure p ~ po* This energy is not actually supplied as 
this particular case, but should obviously be included in the 


h?at, which then reduces to L -h h. 

If on the other hand the total heat of dry saturated steam 
measured in the same way as Regnault measured that of 
namely by passage through a throttle and condensation at idaK 
spheric pressure (which has been done by Willans and 
the quantity measured (when corrected to zero) wouki be sb^y 
L + A, which is the quantity really required. More genera^^^ 
method gives the change of total heat Ht defined as the " 

dynamic function E + aPV, from steam to water at atmospi^ 
pressure, whatever be the initial state of the steam with ttpeedl^- 
temperature, pressure, superhdht or wetness. The name Tqlid 
appears particularly appropriate on this account, beeaip^ m 
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of M if the total quantity of heat actu|lly#K 9 easured under 
experimental conditions. 

15. R^wlt^s Experiments on a &ndl^ JRegnailit re- 
presented the results of his experiments on the tJlul heat of saturated 
jtea(fnd)etween 0® and 200® C. by the simple linear formula, 

ff - 606-5 + 0-805t (11) 

which was universally adopted for more than fifty years, and gives 
in reality a very fair value of the mean rate of vfttiation between 
fOO® and 200® C., where his experiments were most* concordant. 
That this formula did not represent the variation below 100® C. 
(which is most important in these days of turbines) in an equally 
satisfactory manner, was first shown by the experiments of Dieterici 
(fVied, Ann, 87, p. 506, 1889) at 0® and of E. li, Griffiths 
{Phil, Trans, A, 186, p. 261, 1895) at 80° and 40° C. These observa- 
tions have been confirmed by all subsequent work, and there is no 
doubt at the present time thai Regnault’s formula is insufficiently 
acci^ate in this region as well as theoretically inadmissible. 

In order to appreciate the value of the experimental evidence, 
tljf results of Uegnault and subse<|uent observers are plotted in 
Fig. 4 on the same scale as that already employecf for the total 
heat of water. Since the object of the figure is to bring out clearly 
the dffferences between various methods, the difference of each 
^resiflt from the value given by Hegnault’s formula at the same 
temperature is the quantity plotted in the figure. Regnault’s 
fonnula is represented by the horizontal straight line marked 0. 
Observations giving a lower result than Regnault’s formula lie 
below the line, those giving higher results above. The differences 
are plotted in mean calories Centigrade. The actual observations 
recorded by Regnault himself are shown by the pjain circles, each 
of which represents the mean of several experiments under similar 
conditions. The crossed circles represent results of subsequent 
observers. The plain circle giving the value 686*7, or 0*8 calorie 
less than Regnault’s formula, at 100® C., represents the mean of 
88 experii^nts giving 686*7 for the total heat at atmospheric 
pressuK; or {[86*2 calories for the latent heat at 100® C., if Rggnault’s 
fbi^V^ is adopted for the total heat of the liquid. Kegtuult was 
well aware that this result was probably too low on account of the 
presence of a small proportion of water in the steam, but he was 
unable to eliminate this source of e/ror completely. The four plain 
clrol^ between 65 ® and 85 ® C. represent the results of 22 expert* 
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inenli iiqi^our ^ttps, some of which nearly ij^act^the line, while 
others Ife 5 or 6 calories below. The mean of al^hows a defect {rom 
the fomula of 2*5 calories, or 0-4 per cent, of the total heat at 
7$^ C Combining the mean of these with the ojf^ervation at 100® C. 
we ^ould obtain a rate of increase of 0*40 in place of 0*30 for the 
^tai l!eat between 75® and 100® C., as remarked by Griiliths. 

>. Regnault’s observations are liable to another source of error 
which has not previously been notic<?d. The calorinseter gains heat 
by conduction through the pipe by which the stt^m is admitted, 
ftegnault estimated this gain by observing the rise of •temperature 
of an exactly similar calorimeter, with similar connections, to 
which no steam was admitted. lie assumed that j:hc gain of heat 
j)y conduction through the connecting pipe would be the same for 
the calorimeter in which the steam was condensed as for the idle 
calorimeter, since both were connected to ^the same distributing 
tap at the temperature of the steam. Tips assum])tion is evidently 
unsound, because the flow of^steam would necessarily reduce the 
temge^turc gradient in the connecting pipe, on which the flow of 
beat by conduction depends, lie made a similar error in his experi- 
ments on the specific heats of gases. The effect of overestimating 
:he correction in this manner was to make his results too low. 

Ir\ the experiments above 100® C. the possibilities of error from 
leakage increased rapidly with increase of pressure. Great trouble 
^was*experienced from this cause and the effects of leakage became 
very obtrusive when the pressure reached 10 atmospheres. The 
joints had to be renewed daily, and many other precautions taken 
which had previously been neglected. It wojild appear that errors 
from leakage were largely responsible for the low points between 
150® and 175® C., since Regnault gave no weight to these points 
in selecting his formula. 

The three sources of error above mentioned would all tend to 
make the results too low by an uncertain amount for which no 
direction can now be applied. The observations arc also affected 
by the calorimetric errors previously mentioned in the case of the 
liquid, for ^Jiich some appropriate correction might be estimated. 
But these corrections are so small in comparison with the un- 
certain SQUrcesr of error that it has not been thought necessary to 
ihake any reductions of this kind in the case of steam. 

Regnault’s observations between — 2® and 16® C., the means of 
which in three groups are indicated by the plain circles in the 
neiglfllbiuiiood of 8® C., were obtained with a different method and 
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apparatus undgr cQfiditions most unfavourable to accihra^. The 
results of experimegits under similar conditions varied by 10 or 
15 clones, and thoug|i the mean of all agreed fairly with his formula, 
it is plain that Renault himself attached little weight to this 
series of observations. 

i6, Dieterici, Griffiths and Joly. Dieterici (^oc. dt 1880) 
measured the ktent heat at 0° C. by evaporating a known weight 
of wat0r in a Bhnsen ice calorimeter and observing the weight of 
mercury extfuded. The observations were very concordant, seldoin 
differing by more than one calorie from the mean value 596*8, 
which is indicatod in the figure by the point marked D at 0° C. The 
weakest point of the determination was that he assumed the 
constant of the ice calorimeter to be 15*44 milligrams of mercury 
per mean calorie from the mean of the results of previous observers, 

Griffiths {Inc. cit. 1895) .measured the latent heat of evaporation 
by observing the supply of electrical energy recpiired to keep the 
temperature of his calorimeter constant while a known weigjjt of 
water was being evaporated. He at first employed a current of 
air for evaporating the liquid, but finally succeeded in obtaining 
much better results by evaporating the water drop by drop under 
its own vapour pressure from an accurately weighed tube. His 
results for the latent heat in terms of the calorie at 15® Cl were 
578*7 at 80*0®, and 572*0 at 40*15® C. He observed that these two;^ 
results lay very nearly on the straight line, DGR in Fig. 4, joining 
Dieterici’s value at 0® C. and Regnault’s value at 100® C., so that 
the variation of the total heat between these limits could be repre- 
sented with considerable accuracy by a linear formula with a co- 
efficient 0*40 in place of Rcgnault’s 0*805, provided that Dieterici’s 
calorie and Regijault’s unit were both equal to the calorie at 15° C. 

In order to test the possibility of this assumption, Griffiths 
persuaded Joly to make a determination of the relation between 
the latent heat of condensation at 100® C. and the mean specific 
heat of water from 12° to 100° C. with the Joly steam calorimeter 
which was admirably adapted for the purpose. The results of ten 
closely concordant experiments gave the mean speejpe heat from 
11*89® to 99*96® C. as 0*9952, if the latent heat at 99*96® C. were 
assumed to be 586*66. This showed either that the mean thermal 
unit must be much smaller than the calorie at 15® C., or that 
Regnault’s value of the total hfeht at 100® C. was too low. The latte 
supposition was the more probable, because Joly’s methoa was 
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free from nearly all the uncertain errors alnftuly^enumerated in 
the case of Regnault’s method. 

A satisfactory compafison between thq$e im|»ortant results 
first became possible in the course of the pi^^ilimmary reduction 
of tU^observations on the variation of the specific heat of water 
between 0® and* 100® C. by the continuous electric method (Brit, 
Assoc. Rep. 1890) which showed (1) that Griffiths* unit was in 
fact very nearly equal to the mean calorie, as he hafl supposed, and 
^ 2 ) that the value of the latent heat at 100 ° ( 5 . deduced from 
Joly’s experiments should be 530*3 in terms of the same unit. 
The points marked G and J are plotted on this assumption in Fig, 4. 

The continuous curve marked G.JC passing tbrough these 
points and extending from 0° to 200° C. represents the theoretical 
curve of variation of the total heat of steam deduced from measure- 
ments of the specific lieat and the cooling, effect as described in 
the next chapter. This curve agreed wery well with Joly and 
Griffiths, but appeared to indicate that all Rcgnault’s results 
betvcccn 100° and 200° C. were too low. It was impossible to 
escape from this conclusion if the results of .Joly and Griffiths were 
admitted, because it was obvious that the curve of variation must 
be continuous, and the agreement with Joly and Griffiths below 
100° C, afforded very strong evidence in favour of the theoretical 
curve at higher temperatures. 

Dieterici’s value at 0° C., though agreeing far better with the 
theoretical curve than Rcgnault’s value, could not be brought into 
exact agreement with it unless the constant of the ice calorimeter 
were 15*50 in place of 15*44 mgm. per calorie as assumed by 
Dicterici. The constant was subsequently redetermined by Die- 
terici with great care in 1905 (loc. cit. p. 003), lie found the value 
15*491, which has recently been confirnuxl by £• Griffiths (Proc. 
Phys. Soc. 26, p. 1, 1913), who found 15*480 for 4*184 joules, or 
15*498 per mean calorie of 4*187 jouk^s as here employed. The 
corrected result obtained by employing this value of the constant 
is distinguished by a double circle which falls very nearly on the 
theoretical curve at 0° C. 

The equation of the theoretical curve for dry saturated steam 
at a pressure p is as follows : 

H « 0*4772r - SCp -f 464 calories C (12) 

where S is the specific heat at p, and> C the Joule-Thomson oooling- 
effeett 
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17. Result!^ of Later Observers. Subsequent observations 
of tMe latent heat Aave tended to confirm the conclusions thus 
reached. Henmng i^n. Phys, 21, p. ^49, 1906) obtained values 
of the latent heatm six points between 30° and 100° C. by a 
modification of Griffiths* method, suggested by Ramsay an4 Mar- 
shall’s experiments {PhiL Mag. 41, p. 88, 1896). His results are 
expressed in terms of the calorie at 15° C. which he takes as equi- 
valent Jo 4*188 joules from the observations of Jaeger and Steinwehr 
{Zeit. Instr. ?5, p. 104, 1905) with similar Weston cells. His result^ 
are indicated by circles enclosing ( }- ) crosses at 30*1, 49*1, 64*9, 
77*8, 89*8, and 100*6° C. Each point represents the mean of a 
number of observations, which are not quite so consistent as those 
of Griffiths, because the external loss of heat was not so perfectly 
compensated. Three of the points lie practically on the curve, but 
the two at 30° and 49^ are appreciably higher, while that at 100° 
is slightly lower. 

A. W. Smith (Phys. Rev. 25, p. 145, 1907), employing a current 
of air for evaporation, expressed his results for the latent helit in 
joules per gram, assuming the electromotive force of the Weston 
cell to Ibe 1*01888 volts at 20° C. His values are reduced to the safcie 
unit as that here employed by taking the electromotive force of the 
Weston cell to be 1*0188 volts, and the mean calorie to bq 4*187 
joules*. His observations are indicated in the figure by the circles 

* There ia necessarily some uncertainty in reducing results, such as those ol 
Smith, expressed in terms of the electrical units. Fortunately Griffiths’ results, 
though obtained by electrical methods, wore directly referred to the calorie at 16® C., 
the absolute values of his electrical standards and of the mechanical equivalent of 
heat being immaterial for the purpose of reduction (Griffiths, loc. cif., p. 272). 
Dieterioi also determined the constant of his ice calorimeter directly by means of 
water at 100° C., so that his results can be corrected with a fair degree of certainty 
to mean calories, sine e no electrical measurements were involved. Henning’s results, 
as given in terms of the calorie at 16® C., were similarly independent of any assumption 
wiUi regard to the electromotive force of the cells employed, because the same cells 
were employed in the determination of the equivalent factor for reduction. Henning 
(ilnn. Phya., 20, p. 444, 1900) complains with apparent reason that Smith reduced 
hii results incorrectly. Smith also reduced the results of Griffiths and Dieterici to 
joules, for comparison with his own observations, by making certain assumptions 
with regard to the electrical units. These reductions brought the results of Dieterioi, 
QHffiths, slid Henning, into very good agreement with Smith’s, bufinvolve materul 
errors and uncertainties. Unfortunately Davis and other writers have accepted 
Smith’s reduotiona implicitly. Thus Dieterici’s result, expressed in mean calories 
and corrected for the constant of his ice calorimeter, after conversion into joules 
by one factor and reconversion baokointo calories by another, is brought nearly 
into agreement with his original unoorrected value t Griffiths* and Heming’s 
results are similarly raised from their original values in terms of the calorie at 16 ® C., 
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with diagonal ( x ) crosses, at 14*0, 21-2, 28*^ aij^ 89*8® C. They 
are seen to be systeftiatically higher than of Griffiths^ and 

Henning, but agree clos^y with Dieterici’s iincorrected result. 
At a later date (Phys, Pei\ 33, p. 181) Smith to(^ some observations 
at 100® C. The point shown at 100® C. with a diagonal cross is one 
ahiclf Smith obtained by slow evaporation, and is nearly 1 c*Jorie 
higher than Joly’s observation. He obtained much lower values 
jy rapid boiling, which he explained by sup})Osing#that water was 
larried over in minute (piantity with the steam, •a very probable 
l^ouree of error in such cases, lie considers that the Ifighest values 
merit the greatest confidence on this account. There is a good deal 
of truth in this, especially at high temperatures ‘qn acco\mt of the 
density of the vapour, but the discrepancy affects all Smithes 
obst'rvations to a similar extent, and might easily be explained by 
other causes. In any case it woidd not majerially affect the form 
of the curve of variation. . 

Henning (Ann, Phys. 29,.p. 441, 1909) subs(‘quently made a 
se-i^ of observations of the latent heat at 5 points between 100® 
and 180® C., the results of which arc indicated in the figure by 
( 4- ) crosses. The values of the total heat are* deduced from those 
of the latent heat by adding the total heat of the liquid obtained 
from Dietcrici's formula, which is in jjraetical agreement with 
that ^iployed by the author, and cannot introduce any material 
(lisSrepancy. The results are too discordant to be rcprescntofl by 
any reasonable formula, but confirm the eonelusion that Regnault’s 
observations in this region were considcral^ly too low. The wavy 
line marked “ Henning’s Table” represents his tabic of the probable 
valiies of the total heat, which has commonly been adopted by 
subsequent writers. But this curve was deduced by a graphic 
process of smoothing and does not represent the actual observa- 
tions satisfactorily. It is obviously inadmissible for theoretical 
purposes, as it involves a discontinuity in the curve at 100® C. 
and would necessarily introduce inconsistencies in all the thermo- 
dynamical relations. Three of the five observations are in very fair 

whereas ^ ihey v«hoald have been slightly lowered in reduction to mean coloriaa, 
becauae the calorie at 15® C. ia about 1 in 2000 lesa than the mean cidorie. AU un- 
neoeaaary reduefipna of thia kind are strongly to be deprecated. It haa aeAned better 
in the present work not to apply any reductions to the work of other obaervera when 
the oorrection ia amall aa compared with the uncertainty of meaaurement. It ia 
well to bear in mind such corrections when comparing obaervationa or choosing a 
formnlsi. But they may prove very confming to subsequent oomputera who are 
not fattiiliar witii all the conditions assumed in the redactiona, and have frequently 
zesnlted in material errors of the kind deaciibed. 
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agreement author’s theoretical fturw, but the other two 

are ^ower by about ^-5 per cent., which is quite a possible error in 
such difficult experinients, and is less than the differences between 
the individual Dbse|vations at each point. 

The method of deducing the variation of the total heat |rom 
observations of the specific heat and the cooling effect, as exj^ained® 
in the next chapter, has the great advantage that the observations 
are comparatively simple, and that errors from wetness, or leakage, 
or loss\)f heat, ate easily eliminated. Moreover, the whole variation 
between 10(1° and 180° C. is less than one-twentieth part of th^ 
total heat, so that an error of 1 per eent. in the specific heat, or 
in the cooling effpet, would produce an error of less than a twentieth 
of 1 per cent, in the value of the total heat at 180° reckoned from 
100° C. The results prove conclusively that the true values of the 
total heat at 140° and 100° C. cannot possibly be so low as Henning’s 
observations at these poii^ts would appear to indicate. Although 
no satisfactory observations of th^ specific heat or the cooling 
effect are at present available at pressures above 10 atmospljpres, 
it seems justifiable to extrapolate the saturation curve to 200° C., 
and to give grcatci' weight to Henning’s observation at 180°.J7, 
than he does himself on account of its close agreement with the 
theoretical curve. 

1 8, Empirical Formulae for Hs and L. Since Regnault’s 
linear formula for the total heat of steam was shown to be un- 
satisfactory, many attempts have b(‘cn made to construct more 
suitable empirical formulae to represent the observations. The most 
obvious type to select is a parabolic formula such as that proposed 
by Ekholm {Fori, Phys, 46, ii, p. 371), 

U - 596-75 + 0-440H - 0 000684/2 (18) 

Regnault calculated many similar formulae to represent his observa- 
tions on other vapours. It is very easy to calculate a formula of 
this type to represent any selected values of the total heat of 
steam over a limited range. But such a formula has ng^theoretical 
significance, and cannot be trusted for extrapolation. A formula 
capable *of extrapolation is particularly desirable in the case of 
steam, because the direct observations are numerous and fairly 
concordant between 0° and 100° C., but the observations at higher 
temperatures are comparatively few, and rapidly become imcertain 
and discordant with increase of pressure. 
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Of empirical formulae hitherto proposAif &>r ij;ie latent heat, 
the most suitable t 3 rpe for extrapolation is t)^t of Thiesen (f^erh, 
Deui, Phys. Ges, 16, p. 80? 1897), which has been found to suit a 
great variety of cases. It is based on the generally accepted view 
tha^the latent heat must vanish at the critical temperature 
•and was originally given in the form 

L = (14) 

where is a constant representing the value of LSvhcn t ^ 1, 
and the index J was at first assumed to be the samfe for all sub- 
stances. It appears necessarjs however, to admit slight variations 
in the value of the index for different substances.; 

In the case of steam, Henning represented his observations 
below 100° C. by a formula of this type, namely, 

L = 94-210 (305* - (15) 

in which the critical temperature is assumed to bo 365° C. Davis 
and'^Jakob in reducing results of experiments on the sj)ccific heat 
above 100° C. employed a similar formula, mynely, 

L - 92-93 (365 - (16) 

A formula of this type has generally been adoj)ted by other com- 
puters for the purpose of extrapolation. It is essential, however, 
if the formula is to have any weight for this purpose, to employ the 
correct value of the critical temperature, which makes a very 
considerable difference in the results. 

Traube and Teichner (A7m, Phys, 13, ]). 620, 1904), by the 
meniscus method, found the critical jK>int of water to be 874° C. 
This observation is easily verified with a silica tube, and there is 
no doubt that their figure is a close approximation to the true 
critical temperature. If this value is inserted in the above formulae^ 
keeping the index and the value of L at 100° C. the same, and putting 
the expression in the logarithmic form, as required for practical 
calculatiofk^ we obtain, for Henning’s formula, 

,logL « 1-96955 + 0^81248 log (874 ~ i) ....(17) 

Similarly with the formula employed by Davis and Jakob, if 
we keep the same value of the in<|ex, but alter to 874, and take 
L - 589-8 at 100° C., we obtain 

log L « 1-96898 + 0-8150 log (874 - t). 


.(18) 
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If on the o4her^and we take the same value of L at 100® 
but calculate the vVlue of the index to make L == 594*8 at 0® C., 
we obtain 

logLU 1.97145 + 0*31192 log (874 - t)* (19) 

The values given by these formulae are collected in tfc^ fol- 
lowing table for comparison with those given by Henning and 
Jakob. 

^fable I. Values of L by Formulae of the Thiesen type, 

* 


Temp. 

Cent. 

Henning 

;fc=0-3125 

/^=305 

Davis and Jakob 
ifc=0-3l60 
«^=366 

Author 

ifc=0-3119 Theoretical 
<c= 374 fomula 

0° 

695-4 

693-7 

696-1 

694-8 

594-3 

694-3 

20° 

685-1 

683-6 

685-6 

684-6 

684-2 

683-8 

40° 

674-3 

673- 1 

574-7 

674-0 

673-7 

673-2 

60° 

662-9 

662-2 , 

663-3 

662-9 

662-7 

662-3 

80° 

661-1 

660-7 

661-4 

661-4 

651-3 

661-1 

100° 

638-7 

638-7 

638-9 

' 639-3 

639-3 

639-3 

120° 

626-7 

626-1 

626-7 

626-6 

626-7 

626-9f 

140° 

611-9 

612-8 

611-8 

613-2 

613-4 

613-6 

160° 

497-2 

,498-7 

497-0 

498-9 

499-3 

499-3 

180° 

481-6 

483-6 

4812 

483-7 

484-2 

483-9 

200° 

464-6 

467-4 

464-1 

467-4 

468-1 

467-4 


All the formulae agree in giving higher values than Henning’s 
table between 120° and 100° C. even when 365° is taken for 
The substitution of the correct value of the critical temperature 
raises the values by about 3 calories at 200° in each case, and 
brings them into close agreement with the author’s theoretical 
formula. It also improves the agreement with the observations 
of Griffiths and Dicterici, especially the latter, if the point at 100° 
is raised to 589*^. 

The employment of the erroneous value 865° for the critical 
temperature appears to have led computers, who have commonly 
employed this formula for extrapolation, to raise all the values of 
R and L unduly at low temperatures, and to depress them exces- 
sively at 200° C., against the weight of experimental evidence. If 
the corrwt value of the critical temperature had be^ recognised 
sooner, it is probable that more weight would have been attached 
to Henning’s value at 180° C., and it would have been admitted 
that Regnault’s values at 190° C. were probably still too low like 
bis values at 100° C. Thiesen’f formula undoubtedly gives some 
useful indication of the values of the latent heat to be expected 
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t ftween 100® and the critical temperature. At tjje same time it 
ust be remembered that it is merely ai^ empirical fori^iula, 
without thermodynamical foundation apart from the vanishing 
of the latent heat at the critical temperature. Thb dotted curve 
shourjin Fig. 4 represents the values of the total heat obtained from 
*the formula for the latent heat shown in the last column but one 
of the table, calculated from the observations of Dieterici and Joly 
at 0® and 100° C. This curve agrees with the full cufve representing 
the theoretical formula within 1 in 1000, intersecting the tifiithor’s 
curve at 160® and again at 260° C. Between these |>oints, it 
lies a little above the author’s, and it is very likely that it gives too 
high results at 200° and above, though the index is very nearly the 
same as Henning’s. The index 0*3150 employed by Davis and Jakob 
gives exact agreement with the author’s vahies at 100° and 200°, 
if the critical temperature is 374°, and it. is to be preferred for 
extrapolation, above 200° C. It agrees with the tlieoretical formula 
within less than 1 in 1000 frqrn 100° to 200°, and within 1 in 5000 
fro^ 200° to 230° (where the agreement is again exact), and the 
difference is still very small at 250° C. The author’s formula for 
tl^e total heat, which applies to dry steam in afi> state, superheated 
or supersaturated, and is in many ways simpler and more con- 
venient than Thicsen’s, has accordingly been extrapolated in the 
table! to 259° C. Although the direct experimental evidence docs 
, not extend beyond 180° C., it seems reasonable to infer that the 
values are sufliciently accurate for practical purposes at higher 
temperatures, because the calculated values of the saturation 
pressure (which depend on small differences and afford a very 
severe test of the theory^ also agree with observation to within less 
than 1® C. at 250° C. The values of the saturation- volume, in so 
far as they depend on dpjdl, are much less certain ^than those of the 
total heat, but are probably as aceuratc as any that can be ob- 
tained by experiment at these pressures. In any case they are 
exactly consistent with the adiabatic equation and other formulae, 
and will serve as a useful guide for theoretical extensions. 
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19! Origiri of the Present Theory. Since the measure^ 
ment of the Specific beat of steam, and the application of the Joule- 
Thomson method to deduce the variation of the total heat, formed 
the starting poi^t of the present theory, the conclusions will be 
rendered more intelligible if sonic account is here given of the 
steps by which they were reached. 

It was early remarljed by Rankine (1850), and subsequently by 
Kirchhoff (1858), that the. coefficient 0*305 in Rcgnault’s formula 
for the total heat of saturated steam, ought to be equal to the 
specific heat S at constant pressure, if steam obeyed the la^ of 
an ideal gas with constant specific heat, for which 

aPy = RT, and E 4- aPV - ST + B (1) 

where R, S, and B are constants. The specific heat S of superheated 
steam was measured shortly afterwards by Regnault at atmospheric 
pressure over the range 121® to 222° C., and found to be O-'is, 
which greatly exceeded the value 0*305 required by the formula 
for the total heat on the ideal-gas theory. The experimental value, 

S * 0*48, was generally accepted, and the discrepancy explained 
by supposing, as Kirchhoff suggested, that steam at low pressures 
departed widely from the ordinary gas laws. Some writers, how- 
ever, held that the value 0*48 was probably in error, because the 
quantity of heat corresponding to the superheat of the steam 
from 124° to 222° C., namely 47 calories, on which the experi- 
mental value of S depended, was only a small fraction of the total 
heat, about 700 calories, measured in condensing the superheated 
steam in the calorimeter. But this objection would a*pply with 
even greater force to the value of the constant 0*805 ii^the formula 
for the total heat of saturated steam obtained by condensing steam 
at widely different pressures. 

One of the most consistent views was that held by Osborne 
Reynolds and Perry (Steam-Engine, 1899, p. 582) who coosic^fl^ 
that the specific heat should approximate to 0*805 at low presitties 
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• and temperatures, bift increased considerablv wi^i temperature, 
rising to a mean value in the neighbourhood of 0*48 over the range 
124® to 222® C. This view ueceived some support from a calculation 
made by MacFarlane Gray on the basis of R?gnaulVs experimnts. 
He noticed that if the specific heat were calculated from the id ex- 
•perinoSi^ts at 128*7® C. giving 645*68 as the mean value of th^ total 
heat at this point at atmospheric pressure, assuming H 686*68 
at 100® C., the value of S obtained, namely 8*95/23tf', or 0*878, was 
intermediate between 0*305 and 0*48. Gray himself believed that 
the specific heat was constant and equal to 0*385 (as calculated 
previously by Raiikine on the assumption that the ratio of the 
specific heats was and explained the difference between 

RegnaulVs experimental values, 0*38 and 0*48, o\'er different 
ranges, by supposing that “any particles of moisture in the steam 
at 100® C. would not be evaporated up to 124® C. ; but they would 
be more likely to be evaporated in the higher range of temperature.** 
Zeuner, on the other hand Ver, DeuL Ing» xi, p. 41, 1867), 

suc^eded in fitting the value S = 0*48 with other properties of 
saturated steam by admitting large deviations from the ideal 
state at low' pressures, and considered that S should be independent 
of the pressure in accordance with his well known equation for the 
volume (Chap. IV, equation (1)). It will be seen that the state of 
unceltainty with regard to the actual value of the specific heat 
•of*steam was most unsatisfactory about this time, and that it 
was a matter of some practical importance to make further appeals 
to experiment by new methods. 

20. The Throttling Calorimeter. Joide and Thomson were 
the first to explain how it was that saturated steam became dried 
and superheated by throttling to low'cr pressures,^ but they do not 
appear to have made any measurements for steam. The first 
application of their method to steam seems to have been made by 
Peabody (Thermodynamics of the Steam Engine, p. 287) in the use 
of the “Throttling Calorimeter” for determining the wetness 
fraction J*r- q. According to Rcgnault’s fon>iula, the total heat 
H' of wet steam at i' Is 

H'* 687 + 0*805 (f- 100) - (1 - g) (2) 

where L' is the latent heat at t\ If the steam is throttled to atmo- 
spheric pressure, the total heat rvmains the same (provided that 
there is no loss or gain of heat or kinetic energy) and is given in 



44 PROPERTIES OF STEAM [ch. 

tenns of the njean specific heat S at atmospheric pressure by the 
expression | 

® H'= m + S (<'% 100) (8) 

t 

where t" is the observed temperature of the throttled steam. 
Equating the two values of the total heat, we obtain a formula for^ 
the wetness fraction 

(1 -x q)L' - 0-805 (/'- 100) - S (t"- 100) (4) 

The mtethod is ^^ery delicate, because an increase of 1 per cent, in 
the wetness 6f the initial steam lowers the temperature t” observed 
after throttling by about 10® C. Ewing and Dunkerley (B, A, 
Report^ 1897, p..554) applied this method to find the value of S 
in terms of Regnault’s coefficient 0*305 for the variation of total 
heat of dry saturated steam. They took the steam as directly as 
possible from a separator to the calorimeter, and calculated S, 
assuming j = 1, by means^of the formula 

S == 0-805 (f- 100)/(r- 100) (5) 

In this way they found values of S intermediate between 0*805 and 
0-48, but no details were given in the report. 

A very complete investigation, founded on the same principle, 
was made in the laboratory of Osborne Reynolds by J. H. Grindley 
{PhiL Trans, A, 1900, p. 1), who found values of S ranging from 
0-887 at 100®, to 0-665 at 160® C. These experiments were of greatc^ ’ 
value, and will be more fully discussed in a later section, but they 
left the true value of S more uncertain than ever. 

Prof. J. T. Nicolson and the author in their experiments “On 
the Law of Condensation of Steam” {Proc, Inst, C, E,, 1898), 
employed a throttling calorimeter of the type shown in Fig. 5, 
connected to a large vertical steam-pipe supplying the engine. The 
steam-pipe could be made to act as a fairly efficient separator by 
turning the entrance nozzle as indicated in the Ago0(, The steam 
was throttled through a thin tube of small bore, in to eliminate 

the error due to conduction of heat through the throttle, to whi(^ 
most forms of throttling calorimeter then in vQ^e liahlc^ 
After circulating round the thermometer pocket, the 
steam, before leaving the apparatus, was made to cixci4a^ t^ce 
round the calorimeter to minimise external loss. The whole ap« 
paratus, including the steam-pipe and the throttle tube, ^aa well 
lagged in the usual way. The pressure after passing the ti^t«^^\was 
generally atmospheric, but an exit throttle and gauge weii^ pThnid^ 
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for raising the pressure and observing its value jvhei^ requir^. The 
exit could also be connected, if desired, to a condenser vacuun^, or 
to a surface condenser at atmospheric presume, when it re- 
quired to measure the quantity of steam passed. Provision was also 
mad^lpr readily changing the throttle tube, to- suit different initial 
pressures. 

The wetness fractions determined witli this apparatus, employing 
formula (4) with Regnault’s coelTicients, persisted In coming out 
T^gaiive (which was obviously impossible), in spite of all precjRitions 
which experience in calorimetry could suggest. This sftowed either 



Fig. 6. Single Throttling Colorimeter. 

that Regnault’s value of S was too high at temperatures near 
100*" C., a^many had already suggested, or else that his value of 
the coeffidi^t 0-805 for the variation of the total heat was too low 
in the same«region, and should be more nearly 0*40, as Griffiths 
(loc, cU, 1895) had proposed as the result of his experiments on the 
latent heat. 

21. Eatperiments on the Specific He^t of Steam. It was 
accordiiigly decided to make a direct determination of the speciftc 
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heat at atmospheric pressure by the continuous electric method,' 
whi^h had been dev|^d some years previously for the determination 
of the mechanical equivalent, and which had already been brought 
to a fairly high degree of accuracy by investigating the various 
sources of error incidental to the method. A steady cui^pt of 
steam at atmospheric pressure, superheated by throttling in th# 
manner already described, was passed through a tube, suitably 
jacketed extcAially and containing an electric heating coil. The 
electrib energy supplied was measured by means of Weston instru- 
ments, calibrated by the potentiometer method. The rise of tem- 
perature, due to the watts supplied, was observed by a pile of 
several thermo-jn notions in series, standardised by eomparison 
with a platinum resistance thermometer. The external loss was 
eliminated by taking two sets of observations at the same rise of 
temperature with different currents of steam, the current of steam 
in each case being measured by condensation in a surface condenser. 
The results obtained for S showed discrepancies of 1 or 2 per cent, 
as was to be expected from the comparative roughness o| the 
method of measurement and the difficulty of keeping the steam 
current perfectly st^lady, but indicated a value of the specific hfyat 
falling from 0*50 to 0*49 over the range of temperature from 1 10® 
to 160® covered by the experiments. This was regarded as a 
decisive confirmation of Ilegnault’s value over the higher ^ange, 
and as showing that the limiting value of the specific heat at zera^ 
pressure was probably nearly constant, as in the case of many 
other gases. 

22. Variation of the Total Heat. Having thus obtained 
by direct experiment the values of the specific heat at atmospheric 
pressure over the required range of temperature, it was possible to 
deduce the variation of the total heat of dry saturated steam at 
temperatures above 100® C., from the observations already taken 
with the throttling calorimeter, by means of the equation 

= .^.c (6) 

where Hg is the total heat of dry saturated steam jt the initial 
temperature and pressure, and S is the mean specific heat at 
atmospheric pressure from 100® C. to the temperature observed 
after throttling to atmospheric pressure. The curve of variation 
of total heat found in this wayfas shown in Fig. 4, p. 82, instead 
of being straight like Regnault’s, with a constant coefficient 
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^dBjdT - 0-805, showed a decided curvature, the i^ite of increase 
falling from 0-40 calorie/1® at 100® C. to 0-8o|Lt 160® C. Thi^ in- 
dicated that Regnaulfs coefficient 0*305 mi^ht be a fair average 
over the range 100® to 200® C., where his experimdits were most 
concq ^ ant, but that the coefficient probably increased at low 
temperatures, approximating to the value 0*475 (as it should 
according to Rankine’s theory) at low pressures, where the vapour 
should behave nearly as a perfect gas. This view, wlfile disagreeing 
materially with Kirchhoff’s, and with Rcgnanlt’s observatfcns of 
A at low temperatures, gave good agreement with thetixperiments 
of Dieterici at 0® C., and of Griffiths at 30° and 40® C., but the 
curve could not be fitted with cither if Regnanlt’s .value at 100® C. 
was adopted. Fortunately Joly’s observation at 100° C., when 
reduced on the highly probable assumption (since verified by the 
results of the continuous electric method), ^hat the mean specific 
heat of water from 0® to 100° C. was nearly e(|ual to that at 15° C., 
served to bridge the gap by indicating that RegnaulFs value at 
100®^. w'as probably 2 or 3 calorics too low. These results agreed 
in showing that the coefiieient dll/dT for saturated steam was not 
constant and equal to 0*305, but diminished fr5ni 0*48 at low pres- 
sures, to 0*40 at 100° C., and about 0*22 at 200° C., in consequence 
of the increasing deviation of the volume of the vapour from the 
ideal ^lue with increase of pressure. This diminution of dlljdT was 
^cle?rly necessitated by the existence of the Joulc-Thomson cooling 
effect, which also required a corresponding variation of the specific 
heat with pressure. This is easily seen by considering the relation 
between the specific heat, the cooling-effect, and the variation of 
the total heat, 

23. The Cooling-Effect, C. The cooling-effect C is defined 
as the ratio of the fall of temperature to the fall of pressure in a 
throttling process at constant total heat. It is a coefficient of equal 
importance in theory to the specific heat, but Inis the advantage in 
practice of being more easily measured, since no measurements 
of heat quantities are required. 

To illustrate the relation of C to iS and dUjdTy w-e may refer to 
the annexed -figure, drawn to scale, which shows a portion of the 
saturation line AC on the t diagram giving the pressure p of 
saturated steam in lbs. per sq. in. for temperatures t between 140® 
and J^OO® C. If dry steam is takeff at any point A, say at 80 lbs. 
and 155*5® C., and is throttled to a lower pressure, say 00 lbs.. 
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the state of tlje steam after throttling will be represented by the* 
point B at 151° C. ^he temperature at this point is lower by the 
difference BD = 4*5° C. than the initial temperature at A, but the 
total*heat H is^the safne at B as at A. The line AB represents a line 
of constant total heat on the p, t diagram. The cooling-effect C is 
the slope of such a line at any point, and is measured by tlS%ati(^ 
BD/AD of the drop of temperature dt to the drop of pressure dp^ 
which is commonly denoted by the differential coefRcient {dtldp)g, 
where^he suffix H indicates that the ratio of dt to dp is taken under 
the condition of constant II. Since the lines of constant U are nearljr 
straight, the numerical value of C, namely 4*5/20, or 0*22571b., 



Fig. 6. Cooling-Effeot on p, t Diagram. 


found in this way over a finite range, may be taken as representing 
very nearly the slope of the curve AB at the middle point of the 
range, namely 'at TO^lbs. and 158*2° C. The cooling-effect C has a 
positive sign when a drop of temperature accompanies a drop of 
pressure, as is usually the case in dealing with vapours®*' 

Since the total heat at A is the same as that at the drop of 
total heat dH from A to C along the saturation curve is the same as 
the drop of H from B to C, namely the product x BC of the 
specific heat S at 60 lbs. and the drop of temperature BC, since BC 
is a line of constant pressure. The drop of total heat per degree faU 
along the saturation curve, denoted by {dHIdT)^^ is therefore 
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^uid to ^ X BC/DC, since DC is the drop of t corresponding to the 
drop of H, between A. and C. In other words| {dH/dT)^ must be 
less than S in the ratio BCVDC. The temperature at the point C, 
taken from the tables at 60 lbs., is 144*8° C. tience* * 

DC = 155*5 - 144*8 = 10*7° C, 

But BC = DC - DB - 10*7 - 4*5 - 6*2° C. 

So that the ratio BC/DC — 6*2/10*7 ~ 0*58 at this* point; or the 
rate of increase of Hg with temperature is little more than h^flf the 
value of S. But the value of S at 00 lbs. near the saturation line is 
not quite the same as at atmospheric iiressure. 

It is easy to put the relation in a more j^cnerat form in terms of 
known coellleients. Since 1)B C x DA, by the definition of C, 
and since DA/DC is the ratio of the drop of pressure to the drop of 
temiKjrature (or the familiar coeflicient dp/dQ along the saturation 
line, the ratio BC/DC is 1 — C (dpjdi)^ oi; 

(dIIId7\=^S{l~-Cdp/dt) (7) 

This well known relation is mathematically exact in the limit for 
small differences of p and f, being in fact simply the general ex- 
pression for the variation of H in terms of and C\ upj)lied to the 
saturation line (Ai)pendix I (15)). It shows that the rate of increase 
of Hg Will be practically equal to S at ()°C. (since dp/dt is very small), 
hufTbiust diminish rapidly at high pressures since dpidt increases 
much faster than C diminishes with rise of temperature. It is 
also clear that {dllldT), must vanish, or the total heat of saturated 
steam must reach a maximum, when Cdpjdt ~ 1, or when the line 
of constant total heat becomes tangential to the saturation line 
on the p, t diagram. Beyond this point saturated steam would 
increase in wetness, instead of being driecl, by throttling. But this 
point is beyond the range of any existing experiments on C, Of 8, 
or Hg, 

In applying mathematical relations of this kind to the results 
of experiment, we are often met by the difficulty that the coefficients 
r^uired, sUbh as S and C and dpjdt, have to be measured over 
fihiU ranges of temperature, as in the foregoing numerical example, 
and that the. values so found will not be quite exact when applied 
to points indefinitely close to the saturation line, where they 
cannot actually be measured. The only satisfactory way of meeting 
this difficulty is to frame a simp]c.>theory of the relation of the 
coefficients concerned. Any such theory must be exactly consistent 

Os. 
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with the laws ^ thermodynamics, and must at the same time repre-* 
senj the actual v4iation of the coefficients within the limits of 
accuracy of experimental measurement. 

24. The Joule-Thomson Equation. The experimental 
methods of determining S and C depend essentially on otflSrving? 
variations of ff, but it is most important that the expressions 
chosen to repiescnt the results of such experiments, especially the 
variation of C with temperature, should be thermodynamically 
consistent with the variations of the volume F, the next most 
important quantity required in praetieal thermodynamics. This 
agreement is readily tested by means of the seeond law of thermo- 
dynamics (Appendix I (39)), which gives the relation 

SC = aT (dVIdT)^- aV (8) 

This important relation was first given by Joule and Thomson in a 
different form (Phil, Tram,t 1854, p. 355), but they reduced it at * 
a later date (Phil, Trans,, 1862, p. 587) to the above shape which 
is most convenient for the purpose. 

Joule and Thomson found as the result of their experiments on 
air and COg , that the cooling-effect in both cases was independent 
of the pressure, but diminished rapidly with rise of temperature. 
The diminution of C with rise of temperature might have been 
represented by a great variety of empirical formulae* ; but Chey < 
adopted the expression C ~ KJT^ because it gave a solution of the 
thermodynamical relation (8) agreeing closely with an equation 
which Rankinc (Phil, Tran^,, 1854, p. 387) had deduced from 
RcgnaulFs experiments on the deviation of the volume of CO, from 
the ideal value. By integrating equation (8) on the assumption 
that S was constant, and that V must approximate indefinitely 
to RT/P at higjh temperatures, Joule and Thomson obtained their 
well known form of characteristic equation for V in terms of T 
and P, namely, 

aV = RT/P - KSIST^ (9) 

The original equation of Joule and Thomson was^fiable to the 
objection that it did not represent the result which ^hey observed 
in the case of hydrogen, namely a rise of temperature with fall of 
pressure (or a negative value of C), which increased instead of 

* Other writers have in fact snggttted different formulae for C, some of whidh 
fit the actual obserrations of C better^ut give absurd results for F. It is theiefors 
most important to select a suitable type of formula {PhiL Mag., Jan. 190S). 
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diminishing when the temperature was raised. It appears probable 
that, at sufficiently *high temperatures, all 4>thcr gases wauld 
behave in the same^way sSk hydrogen does ordinary tempera- 
tures. This is most rcadily included in the tbrmuTa by putting 
V — place of V in the left hand side of (9), where & is a small 
?jonstant representing the limiting volume beyond which the gas 
cannot be compressed however great the pressures The introduction 
of b into the equation considerably improves the agreement at 
high pressures. 

The method of integration, assuming S constant, is obviously 
inadmissible if S is really variable. We find in fact that the original 
equation of Joule and Thomson does not rej)r(‘sent the properties 
of COj quite satisfactorily with the value of K deduced from the 
observations on the cooliiig-cffeet. The agreement is greatly im- 
• proved if account is taken of the known valuation of »V with tem- 
[>erature. The easiest way to do this {Phil, Mag.f Jan. 1908, p. 75) 
is to proceed in the inverse order if the variation of S is known. 
Assurie an equation of the type 

r - 5 - RT/aP - KIT\ (10) 

and deduce the values of K and n by comparing the experiments 
on S and C >vith the resulting expression for SC by nlation (8), 
nanielv. 

SC^a(n+ l)KIT^~ab (11) 

In the case of steam it was evident from the magnitude of the 
cooling effect, and its ra])id variation with tenqierature, that there 
must be a considerable variation of S with pressure, according to 
the thermodynamic relation, which follows from the first law 
(Ap[x;ndix I (35)), 

{dS/dP)t = - (dSCIdT)^ (12) 

The large variation of S with pressure, while not at all affecting the 
previous deduction of //, from equation (0) by the throttling method, 
for which the value of S at atmospheric pressure alone was required, 
raised a fresh difficulty in another quarter. It appeared at first 
sight to be ii^ponsistent with some previous experiments on the 
adiabatic expansion of steam, which required a constant value of 
the index representing the ratio of the specific heats. The solution 
of this difficulty was not immediately obvious, but it ultimately 
led to a considerable simplificatioh of the expressions for the 
various properties of steam. 


4-2 
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25. The Adkbatic Equation for Dry Steam. In the** 
expfriments on tire Law of Condensation of Steam at McGill 
Collcige in 1895, a large number of observations of the temperature 
of steam under various conditions in the cylinder of a steam-engine 
had been taken by mcans^ of a delicate platinum therm^eter, 
constnicted of wire *001'' in diameter, which was siiiricientfy sen- 
sitive to measure the temperature of the steam to about 0*1° C, 
under favourable conditions with the engine running at 100 revs, 
per nun. In most cases the temperature found was simply that of 
saturation corresponding to the ])rcssure shown by the indicator. 
But when the steam was dry, the relation between pressure and 
temperature was that given by the adiabatic law, = constant. 

The index of T in this equation is the ratio SjH in the case of a 
perfect gas, and is constant if S is constant. Contrary to expecta- 


c >1 



r Glass- u 

. 

Section of 
Thermometer End. 



Fig. 7. Piaton Thermometer. 

tion, the value of the index n + 1 was found to be remarkably 
constant for steam, and to be very little affected by condensation 
on the walls, or by leakage, or by variation of pressure. Leakage 
and condensation wo\dd both very seriously affeet the value of the 
index deduced from the curtTs sho>vn on the indicator card, 
represented by = constant, since the mass would not remain 

constant. But neither condensation nor leakage had^much effect 
on the pressure-temperature relation, because the ^ermometer 
showed the temperature in the middle of the cylinder where the 
change was practically adiabatic. The constancy of the index was 
tested by a special series of observations, in which the ports of the 
cylinder were blocked with lead to prevent leakage, while the 
cylinder was heated with steam in the jacket and steam^gshest. 
Under these conditions it was possible to test the law over a wide 
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range of pressure and temperature. The value of et + 1 found in 
this way for steam was 18/8, or 4*88. Observations were also taken 
with air in the cylinder urfder the same conditions as a cheyk on 
the performance of the thermometer, because ihe*adiabatic law 
was }^wn for air with a fair degree of certainty.* The thermometer 
was automatically compensated for conduction along the leads by 
connecting a short loop of the same *001'' wire to the ends of the 
compensating leads, as shown in the annexed Fig. 7. The radiation 
ejrror was checked by the experiments on air, and found to be 
very small if the wire was clean. The method, though at first sight 
so unpromising, proved to be tlie most accurate (iis is now' generally 
recognised), for measuring the adiabatic index. ‘ . 


26. General Type of Characteristic Equation. The re- 
sult that the index n + 1 w'as constant for steam and equal to 13/8, 
fitted extremely well with the view' that*<S was constant and equal 
to 0*477, l>ccause the value of R for steam is *1101, and the ratio 
SjR Ts 4*33. But it was not at first sight obvious how the index 
could be independent of the pressure for an imperfect vapour, when 
it was found that S varied so w'idely w'ith pressure. It was shown, 
however, by theoretical investigation, that this property would be 
possessed by any vapour, how'cver imperfect, provided that its 
inUinsic energy E could be represented by the expression 

E - anP (V - h) -f B, (13)* 

where h and B arc constants. It w'as also found that the character- 
istic equation of the vapour must be of the general type 

aP (V - h)IT - F (PjT^^^), (14) 

where F represents any arbitrary function ofc the argument 
(P/r*‘+'),which remains constant in adiabatic expansion. The perfect 


* If Jr=(inP(F’~6) + J5, and //-a(n-f-l)r(F-6)+a6P + 8, it foUovi that 
the epeoifio heats at constant pressure , 3'|>, a nd at constant volume, 3,, are 

8^=ra(n + l)P(dr/dr)p, and (F -6) (dP/dD (W) 


But the difference - 3, is given by the well known ezpreesion (Appendix I, 
(«)). 


- 8,^aT (dP/d7% (dF/dDp (17) 

We thna obtain a simple differential equation for T, namely, 

P»(a + 1) P (dr/dP), ( F - ft) {dTldV)p (16) 


the gsS^cal solnlibn of which is (14), as given in the text. The section may /t»e pot 
in a gmat vaiiety of forms, dnee it involves an arUtmy fmotion, but tha spedal 
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. gas is a speciabcase in which the function F is constant and eqtw 
to but this does liot satisfy the other conditions of the proble^ 
The solution next in^ simplicity of a suitable type is obtained*by 
taking 

aP (V - b)/T = if + KP/T”+^ ^5) 

where R is the constant to which aP (V — b)IT approximates when 
P is small, and K is another constant to be determined by observing 
the deviations from the ideal state as the pressure increases. It 
was impracticable in the case of steam to follow the methods 
adopted in the case of gases, of observing the deviations from 
Boyle’s law, or jthe eoetticient of expansion and the pressure- 
coefficient, Attehipts had been made in this direction, but showed 
little promise of leading to results of sufficient accuracy. It was 
obvious from the measurements already made that the cooling- 
effect C was roughly 'independent of the pressure, as .Joule and 
Thomson had found, but* their method of integration, assuming 
S constant, was inadequate in the case of such large variations of 
specific heat as had been indicated in tlic case of steam. It w^as 
accordingly decided to repeat the throttling experiments with 
additional jirecautions in order to test the possibility of tfiis 
solution, and if found satisfactory, to deduce the value of the 
constant K. « 

27, The Differential Throttling Calorimeter. Th^. 

single throttling calorimeter previously employed was well adapted 

form (16), given in the text, is the most convenient for the purpose for which it is 
required. 

Farther, since the general expression (App. I (40)), for heat received, dQ, is 


dQ=St4T-aT {dVfdTipdP, s (19) 

it follows by substituting the above value (10) for 8pt that when dQ=0, in an adia* 
batio process, we must have 

dPfP ss (n + 1) dTjTt which gives = constant. (20) 


By expressing dQ in terms of iS„, we similarly obtain {V -b) ir*=oonstant» or by 
combining the two, P{V -dl/Tss constant, for the adiabatic equation. 

These thermodynamical relations are more fully discussed ai^d explained in 
Appendix I. 

Since the general expression for the variation of H is, App. I (Id), 
dH^SdT-SCdP, 

the aseumption that SC is a function of the temperature only, agreeing with 
equation (16) or (21), gives a much simpler expression for H, namely eqnatimi (24), 
than the assumption that 0 is a functioarof the temperature only, as made by Jonle 
and Thomson, which is inconsistent with their assumption 8 constant, an^ loads 
to a different type of oharaoteristio equation, as shown in the next chapter, { 99. 
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obtaining the differences of over a considerable range (as 
from saturation to atmospheric pressure), required in the previous 
exf^riments, but it was nc* so well adapted for obtaining v^ues 
of the cooling-effect C ai a particular point, \‘he vdlue of C at a 
partiqular temperature and pressure could be obtained only by 
successive observations (during which the state of the initial steam 
might vary), or by differentiating the curves of constant total heat. 
Since a change of 1 per cent, in the wetness of the steam produced 
a change of about 10® C. in the temperature observed after throttling, 
it was most important to employ a differential method iit which such 



changes were automatically eliminated. This was effected by con 
necting two exactly similar calorimeters (Fig. 8) to the same stean 
supply, and adjusting the terminal pressures p* and p" by inde 
pendent vidves to a suitable difference/;' — p" read on a differentia 
gauge. The corresponding difference of temperature t* — f" was 
read with a differential pair of platinum thermometers. Fron 
which the value of the cooling-effect C = (<' — t”)l(p* — p") at tb 
mean pressure and temperature is directly obtained, with almos 
complete elimination of errors rfbe to variation of wetness o 
external loss of heat. The calorimeters were made of thin stee 
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tube, and each was well lagged and drained, and doubly jacketed 
wit|) its om exhai&t; so that a steady state was reached in about 
5 minutes after turning on the steam. This apparatus was completed 
early in July *1897, and was exhibited to severd members of the 
British Association on the occasion of their visit to McGill (jpllege^ 
but, owing to pressure of other work, the observations taken with it 
could not be reduced in time for the meeting at Toronto. These 
were supplemented by some taken by the fourth year students 
durinjf the following session, and showed that the proposed fonp 
of characteAstic equation (15) afforded a satisfactory solution of 
the difficulty*. 

28. The ebaggregation Volume c. For moderate ranges 
of pressure, such as are commonly required in practice, the relation 
between the pressure, volume, and temperature of a gas or vapour 
may most convenientfy be written in the form 

F 1 5 = RT/aP - c (21) 

The constant R is the limiting value of the ratio aPVjT in fnean 

* The main resuliH «! those experiments were included in the original paper 
(Proc, R. 67, p. 266, 1000, referred to by the abbreviation (i?. -S., 1900) in fais 
work), but the details of the observations and apparatus wore reserved for later 
oommunications. referred to {loc. ctf., p. 268) as “the papers which follow” on the 
“Differential Throttling Calorimeter,** and on the “Electrical Method of Measuring 
the Specific Heat of Steam.” Those two pa})ers were not published in the ProceedufigB 
of iht Roynl Society as originally intended, because Prof. Nicolson was then making* 
preparations to rofieot the throttling experiments on a more extended scale at 
Manohester, and <]id not wish the details published immediately. He also intended 
to work out a new set of Steam Tables based on the author's equations, but was 
ultimately compelled by ill health and overwork to abandon both of these intentions. 
The expeHraents on the specific heat of steam and air were described, and the ap- 
paratus exhibited, at meetings of the Physical Society of London in (^ot. and Nov. 
1902, as recorded in the Minutes of Proceedings for those dates; but the papers 
themselves were not published «n etferuOf because the author, as Honorary Treasurer 
of the Society, did not feel justified in asking the Society to print such long and 
elaborate communications, the essential results of which had already been published 
elsewhere. These papers described additional experiments by improved methods, 
and confirmed the original results, giving 13/3 for the adiabatic index, or the ratio 
SJRt which was accordingly adopt^, in place of Maxwell’s theoretical value 4*5, 
in the revised equations for steam, published in the Encyclopaedia Bfitannica, 1902, 
vot 33, articles Thermodynamics and Vaporisation, which are referred to iu this 
work by the abbreviation {E. H., 1902). This modification was foundto give improved 
agreement with experiment for all the properties of steam, but without afifeoting the 
theory or the general character of the conclusions. Some further details, with 
diagrams of the original apparatus, have since been given in the preface to a paper 
by J. H. Brinkworth. B.So., “On the Sp-^ifio Heat of Steam,” PhiL Tram. B. A, 
Series A, voL 216, p. 383. Confirmatory results for the ratio SJR were obtaifkd by 
Makower, and given in the Phil May., Feb. 1903, p. 226. 
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calories per dcigree when the pressure is small. has the value 
0*11012 if the index n.is taken as 10/8, and the Value of the sp^ihc 
heat Sq at zero pressure is» taken as 0*47710. These values agree 
sufficiently well with the experiments on the*specifle heat anS the 
adiah^^c index, and also with the conventional values of the 
^atoniic weights. It is important for convenience of calculation that 
n should be a simple fraction, and that the ratio SJR should be 
exactly equal to n -f 1, but the absoliite values cannot be deter- 
mined by experiment closer than 1 in 1000. The values i^f the 
constants R and Sq when expressed in mean thermal rniits per unit 
mass per degree are the same in all systems of units, but the 
reduction factor a is different in different systems (Chaj>ter II, § 8), 
The small quantity h is often called the “covolume” or the 
“molecular volume.” It is here assumed to rej)rescnt the volume 
occupi^ by unit mass of the substance wjien the molecules are 
practically in contact, as in the li(pu(J state. It is so small in 
comparison with V that it cannot be determined with accuracy 
by experiments on the vapour, except in the case of non-condcnsible 
gases at very high pressures. It is therefore taken in the etise of 
writer as being equal to the volume of the liquid at 0° C. We thus 
obtain 

6 = 1 cu. cm. per gram, or 0 01 602 cu. ft. per lb. 

• 

•rfiThe small quantity c is called the “coaggregation volume,” and 
•expresses the diminution of volume produced by coaggregation 
or pairing of molecules. As already explained, the simplest ex- 
pression that can be selected for c is 

c^c,(T,IT)\ 

where q m the value of c at some standard temperature pre- 
ferably 100° C. or 378-1° abs. The value of c, rciryiins to be deter- 
mined from the observations on the cooling-effect C, which also 
serves as a subsidiary verification of the value of n. 

The coaggregation volume c affords a very convenient method 
of expressing the deviations of all the properties of the vapour 
from the stiitc of ideal gas, representing the limiting state of the 
vapour at zgro pressure. All the experiments hitherto made on 
gases and vapours tend to confirm the conclusion that the defect 
of volume c — 6 from the ideal volume RTjaP is a function of the 
temperature only to a first approximation at low pressures, and 
can ine represented for a fairly extended range of temperature by 
Supposing c to vary inversely as some power n of T, where n may 
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have different, values for molecules of different types. There is no 
gre^t difficulty in Calculating the deviations from the ideal state 
in terms of c for other assumptions with regard to the variation 
of c, but the Assumption c = (TJT)^ suffices for most practical 
purposes, and gives the following simple expressions: 

Defect of Volume, F, = c — b. 

Defect of Energy, E, ~ ancP, 

Defect of Entropy, O, = ancPjT, 

Defect of Total Heat, H, = (a (n 1) c — ab) P, 

Valhe of AT = a (n + 1) c - ab. 

Value of A - Aq = an (n + 1) cP/T. 

Incremeiit of G ^ TO - //, ^ a (c - b) P. 

Increment of log,, p, a (c — b) P/RT, 

These give very simple thermodynamical relations between the 
various properties, and are greatly to be preferred to any of the 
purely empirical formulae commonly employed. The two last are 
of special simplicity and importance, since they are independent of 
the assumption that c varies as T“**, and remain true for* any 
variation of c provid^cd that it is a function of the temperature only. 
The saturation pressure p of the vapour differs from that of tin 
ideal gas by a factor depending only on the ratio of the defect of 
volume to the ideal volume. If c - 6 is not a function of th§ tem- 
perature only, the increment of G is represented by the integtal 
of a(c — b) (IP at constant T, which is readily determined on any* 
desired hypothesis, but no satisfactory law of variation of c or 6 
at high pressures has yet been discovered. 

In the case of steam we have the. additional simplification that 
the ratio S^jR is equal to u + 1, to a close approximation, which 
has the effect of reducing the equation of the adiabatic t6 the same 
form as for an ideal gas, as already explained. This is so great an 
advantage, that, even if it were not so accurately true as it appears 
to be, it would still be most useful in practice. 

29 * Expressions for if, C and 5. Since the form of the 
characteristic equation has been chosen to satisfy the* condition, 
found experimentally, that the index (n + 1) is constant in the 
adiabatic expansion of dry steam, it follows that the Intrinsic 
Energy E can be represented by the extremely simple expression, 
previously given, 

E^anPW-h) + B (J8) 

where B » 464’00 mean calories Centigrade if E is reckoned from 
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the state of water at 0° C. This expression is perfe^y general for 
dry steam, whether superheated or supersatui^atcd, and includes 
the intermediate case of saturated steam. 

The corresponding expression for the TotA IIcat*H is obtained 


Jby singly adding aFV to the expression for E, since H + oPF, 

H - a (n + 1) P (V - 6) + ahP + B (22) 

This equation, when inverted, gives a very useful expv'ession 
for V in terms of H and P, namely, 

F = 8 (// ~ P)/13aP + 106/13 (28) 


The numerical values of the constants in different "feystems of units 
are given in the Steam Tables, Appendix III, § 191. 

Both E and // are readily expressed in terms of P and by 
substituting V — b = RT/aP — c, from the eliaracteristic equation, 
thus, 

E = nRT — ancP 4- P, 

H ==(n+ l)RT-a(n^l)cP^abP + B. 

^ This equation may also be written in the form 

// - S/r - SCP 4 P, (24) 

wljgre^PC represents the product of the specific heat S and the 
•fcooling-effcct C at a temperature T and pressure P. Sq is the 
limiting value of S at zero pressure, which is taken as constant 
and equal to (w 4- 1 ) P. 

The values of II for dry saturated steam are obtained by sub- 
stituting for P the value of the saturation pressure p corresponding 
to the temperature, together with the appropriate value of c. The 
values thas obtained for P, arc represented by th^ curve in Fig. 4, 
and have already been verified by comparison with direct experi- 
ments on the total and latent heats. It might be supposed at first 
sight that the formula for //, , since it involves p as well as T, is 
unnecessarily complicated, as compared with empirical formulae 
giving P, directly as a function of T, But it is more convenient 
in practice t(> retain p explicitly in the formula, since the saturation 
value of P is merely a special case of the general expression, and 
p is always known. 

The general expression for the specific heat S at constant pres- 
sure^ namely {dufdT)^, is imme^ilttely obtained by differentiating 
the expression for P with regard to T under the conditioa 



60 PUgPERTTES Oi" STEAM [ cb . 

P « constant^ Remembering that c » Cj (Ti/T)", we observe that 
{dcjfr) » - ncIT. Whence 

S » ^dHjdT)^^^ (n +«1)R + an (n -f l)cP/r == + an (n + l)cP/r. 

‘j:25) 

The limiting value of the specific heat *90 zero pressure must 
be constant and equal to (n 4- 1) P, if n is constant. The small 
term involving c expresses the complete variation with pressure 
at difterent temperatures. It will be seen that this term remains 
constant, when P/T"+^ is constant, in adiabatic expansion. 

The value of (dH/dP) when T is constant, is equal to - SC, 
by the definition of the cooling-effect C. Differentiating the ex- 
pression for H with regard to P at constant temperature, we obtain 
the equation for SC, 

SC ~ - (dHldP)j, ~ a {n l)c ~ ab (26) 

This equation shows that the cooling-cffect C should not be quite 
independent of the pressure at constant temperature, but should 
diminish slightly as P increases in consequence of the increase of 
S with pressure. The value of c may be deduced from this equati 
if C is known for any given P and T. 

30. Relation between C and c. Substituting for S its value 
in terms of c, the last equation (26) may be employed to finJ C, 
in terms of c or vice versa, 

c = (RCja + bl(n + 1))/(1 - nCP/T) (27) 

C == (c - bl(n -r l))l(R/a + ncPjT) (28) 

Since 6/(n 4- 1) is very small, C is very nearly proportional to c 
at Um pressures^ so that both may be taken to vary inversely as 
the same power n of the temperature T to a close approximation. 
For the same reason, the ratio of C to c is nearly constant along an 
adiabatic at all pressures, since ncPjT is constant. The constant 
6/(n 4* 1) is *0087 cii. ft. /lb. which is less than 1 per cent, of c at 
100® C. The constant R/a is the same as that in the Equation for 
the volume V, and has the value 1*07061 when P is in Ibs./sq. in. 
and V in cu. ft. per lb. Thus the cooling-effect C in ® C. per lb. 
pressure is of nearly the same order of numerical magnitude as c 
measured in cu. ft./lb,, namely C = 0*871® C. per lb. at 1 atmo- 
sphere and 100® C. where c » 0’IS;18 cu. ft. per lb. • 

The values of C obtained with the differential throttling calori- 
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meter were employed to calculate corresponding va^es of c at the 
mean points of each experiment. The values deduct for the ^n^ 
stant Cl at 100® C. agreed very closely when calculated from those 
of c at different pressures and temperatures, sliowing that the ^ia- 
batic ^dex correctly expressed the variation with temperature. 
\he agreement was not quite so good with = 8*5 for the index, 
but was almost within the limits of error of exj)criment. The value 
given for the constant q with the index n == 8*5 in the original 
paper (R. S, 1900) was 26-50 cu. cnis. j>er gm. at 100® C. ThiS was 
reduced to 26*80 by changing the index to n -= 10/8. <rhe change 
is small, because, as already remarked, the ratio c/C is nearly 
independent of n at low pressures. The value of’g at 160° C. was 
increased by nearly the same amount, the value at 180® C. re- 
maining unchanged. The corresponding value at 100° C. when 
expressed in cubic feet per pound, or in cujnc metres per kilo as 
employed in practice, is 

Cl (at 100® C.) = 0-4213 cu. ft./lb. - 0-02630 cu. m./kg. 

The coaggregation volume c, being a function of the temperature 
only, is very easily calculated and tabulated.* The same remark 
applies to the simple functions SC ^ a (n + 1) c ~ and 
Z — anc/T, which are required for the total heat and cooling-effect, 
ani^J for the entropy and specific heat respectively. These are 
•included in Table I, Steam Tables, Appendix I. 



CHAPTER IV 

THE COOLING-EFFECT C 

3). Experimental Values of C by the Differential 
Method. The following are some of the values of the eooling-effeet 
C observed with the differential throttling calorimeter by Prof. 
Nicolson and the* author in July, and by the fourth year students 
at McGill College during the winter session of 1897. Each value 
represents the mean of ten readings of the temperature and pressure 
differences. Most of Jthc observations were taken between 150® 
and 120®, and between 15 snd 50 lbs. pressure. It was more difficult 
to get observations at higher temperatures and pressures. Those 
given in the table have been selected so as to cover the experi- 
mental range as evenly as possible. 


Table I. Observations of the Cooling-Effect C, 




t '- t " 


" 1 

e ( ob 8.) 

e ( cald .) 

179-2 

BRffH 

KKH 

13-3 



0-222 

176-3 



19-6 



0-228 

166-2 

76-2 

3-30 

16-6 

0-200 

0-246 

0-244 

160-4 

60-3 ! 

3-20 

16-1 

0-212 

0-266 

0-266 

163-3 

43-1 

2-62 

10-9 

0-231 

0-272 

0-270 

149-0 

26-2 

4-31 

17-7 

0-243 

0-278 

0-279 

146-2 

30-4 

4-90 

19-6 

0-260 

0-289 

0-288 

140-3 

19-2 

2-08 

10-2 

0-263 

0-298 

<6-300 

134-8 

30-2 

5-61 

20-4 

0-270 

0-314 

0-313 

130-6 

30-3 

6-16 

18-4 

0-280 

0-326 

0-326 

124-2 

20-6 

3-10 

10-4 

0-298 

0-341 

0-342 

118-7 

20-4 

3-07 

9.7 

0-316 

0-362 

0-368 


The mean temperature and pressure of each observation are 
denoted by and respectively. They do not a^et the cal- 
culation of c from C except in the small correction Jerm nCPjT. 
The column headed c(obs,) represents the values of c obtained 
from those of C by the formula already given. The column headed 
c (calc.) represents the values of c corresponding to the temperature 
calculated by the formula The agreemefit of 

l^e observed and calculated values is seen to be within 1 per oent., 
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wlflch^ is good considering the nature of the observations. The 
values of the cooling-effect C are here expressed in degrees Centi-^ 
grade drop of temperature /or a drop of 1 lb. per sq. in. in^he 
pressure. The corresponding values of c are in 6ubic foct per pofind. 

32. Correction for External Heat-Loss. It is most im- 
portant in throttling experiments to reduee the external heat-loss 
to a minimum, because any loss of heat with superheated steam 
will lower the temperature and make the observed cooling-irffect 
too large. It is also most important to avoid conduciion of heat 
through the throttle from the high pressure steam. These objects 
were approximately attained by using a thin steel tube for the 
throttle, and by doubly jacketing the ealorimetcr with its own 
exhaust, as indicated in Fig. 5, in addition to external lagging. The 
residual error was further reduced in the differential method, by 
taking the difference of temperature between two similar calori- 
meters at slightly different pressures, ^hc differential apparatus 
afforded a ready means of determining the residual correction. With 
this object the throttle tubes were made interchangeable, and tubes 
of different bores were emjiloyed, so that the K'mperatures could 
be observed under similar conditions with different currents of 
steam in the two calorimeters. By observing the difference of 
temperature when the current of steam was reduced in one of the 
'jalorimetcrs by fitting a smaller throttle, and the pressures were 
adjusted to equality, the external loss of heat could be readily 
deduced, from the observed values of the steam currents. A series 
of observations taken on this princij)le in the neighbourhood of 
800® F., by the senior demonstrator Mr II. M. Jaquays in the 
Engineerirjp Laboratory at McGill College during Nov. and 
Dec. 1897, showed that the required temperature correction was 
inversely proportional to the steam current (as would naturally 
he the case) and might amount to 5 or 10 per cent., according to the 
conditions of flow, w4th a single calorimeter, when the current of 
steam was at tiie rate of 1 pound per minute. A suitable correctiofi 
was acoordfbgly applied to the observations with the single calori- 
meter, which gave too large a value of the cooling-effect if the 
correction .were omitted. With the differential apparatus the 
correction was found to be, if anything, in the opposite direction, 
since the calorimeter at the lower temperature had the smaller 
heat-loss; but the correction was so nearly eliminated by the 
differantial method as to be of the same order as the accidental 
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errors of observation. Since the correction cannot be com{detely 
eliminated by lagging or jacketing, it would appear possible that 
the* slightly larger values of the coolipg-effect obtained by other 
obsAvers, who hav6 not employed the differential 'method, may 
be attributed to external heat-loss, ^ 

33 . To Find the Total Heat of Steam by Throttling. 

As already explained, the method adopted to find the initial value of 
the t^tal heat of wet steam by the aid of the throttling calorimeter 
(when Regqault’s values of the cocfncicnts had been proved to be 
erroneous) was to construct a table of the values of the total heat 
of superheated steam at atmospheric pressure, deduced from those 
of the specific Heat at atmospheric pressure obtained by the con- 
tinuous electric method. The values of the specific heat obtained 
in this way in the first exiierimcnts were found to diminish from 
•50 to *49 with rise of temperature from 100° to 160° C., and gave 
esults for the total hcaf practically identical with those in the 
following table. 


Table II. Valycs of Total Heat of Superheated Steam at 
Atmospheric Pressure. 

Single degrees Centigrade 

0 ° 1 ° r 3 “ 4 ° 6 ® 6 ° T 8 ® • 9 ® 

688-53 89 -oV 89-50 89-99 90-48 90-96 91-45 91-94 92-42 92-91, 

683-66 84-14 84-63 85-12 85-60 86-09 86-58 87-07 87-65 88-04* 

678-79 79-27 79-76 80-25 80-74 81-22 81-71 82-20 82-68 83-17 

673-91 74-40 74-88 75-37 76-86 76-35 76-83 77-32 77-81 78-30 

669-01 69-60 69-99 70-48 70-97 71-46 71-96 72-44 72-93 73-42 

664-10 64-60 66-09 66-58 66-07 66-56 67-06 67-64 68-03 68-62 

659-18 59-68 60-17 60-66 61-15 61-65 62-14 62-63 63-12 63-61 

664-24 64-73 65-23 66-72 56-21 66-71 67-20 67-70 ^8-19 68-69 

649-29 49-78 60-28 60-77 61-27 61-76 62-26 62-75 63-26 63-74 

644-3? 44-81 45-31 46-80 46-30 46-80 47-30 47-80 48-29 48-70 

639- 30 39-8 1 40-31 40-81 41-31 41-81 42-31 42-81 43-31 43-81 

O ®'^ 1-8° 3-6° 6-4® 7-2® 9-0® 10-8° 12-6® 14-4® 16-2® 

Degrees and decimals Fahrenheit 

By observing the temperature t” of the steam wlv?n throttled 
to atmospheric pressure, the total heat of the throttled steam, and 
therefore of the initial steam, is immediately given by reference to 
the table. The observed temperature t” requires careful correction 
for thermometric errors, especially stem-exposure, if mercury 
thermometers are employed. J^t should also be corrected for 
external heat-loss, whi^ is most easily done by using a diffei&tial 


ture 

0. F. 

200° 392® 
190® 374° 
180® 366° 
170° 338° 
160® 320° 

160® 302° 
140° 284° 
130® 266® 
120® 248® 
no ® 230® 
100 ® 212 ® 



COOLING-EFFECT jC 


65 


nrj 

ealorimbter with a double throttle tube on one brai^h, so that the 
current through one side is double that through the other. Jhe 
difference of temperature when boUi are at atmospheric pressure, 
gives the correction to be added to the higher feading. The method 
is per^ct so far as the sample taken is concerned, but it is important 
^o make sure that the sample taken is a fair sample of the main 
steam supply to the engine under test. The method has the ad- 
vantage of applying equally to wet steam or superheated steam, 
provided that the total heat is not outside the limits of the thble, 

• 

34. Curves of Constant H on the PT Diagram. The 

general results of the application of the Joule-Thomson method 
to steam arc hvst represented grapliically by drawing the curves 
of constant total heat on the pressure- temperature diagram as 
shown in Fig. 9, in which the pressure in lbs. per sq. in. abs. is 
taken as abscissa, and the tein|K*rature^in clegrees Centigrade as 
’ the ordinate. The full lirics shc»wn in the ligurt% extending from the 
line of zero pressure to the saturation curve, are lines of constant 
total heat calculated by the author’s formulae, based on the ex- 
|>e£iments with th<; differential throttling ealorfmetcr, and on the 
measurements of the specific heat of steam at atmospheric pressure. 
The dotted lines marked Pa, Gl, and Gsll, represent the highest 
scries of observations juade by Peake, (Jrindh*y and Gricssmann, 
respectively, who traced the lines of constant il by keeping the 
initial state as constant as [xissible while the steam was throttled 
to various lower pressures in succession. These are seen to corre- 
spond as closely as could be expected with each other and with 
the theoretical curves. 

The dotted lines TT and ZZ in the figure, are calculated from 
the characteristic equations of Tumlirz and Zeuner, rcsj)ectively, 
which were most commonly employed in 1900, and for some years 
later, in expressing the properties of steam. These curves are 
seen to be of a different type, and do not show a satisfactory 
correspondence with experiment. 

According to Zeuner {Zeit, Ver, Deut, Ing, xi, p. 41, 1867) the 
properties of |team are represented by the characteristic equation 

PV = 50 - 988 r - 192-5Pt (1) 

where P is the pressure in kilograms per square metre, and V the 
speci^c volume in cubic metres ^r kilogram, so that PF is in 
kilogrammetres. This equation requires that the value of the 
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product SC, Reduced from III (8), should be 192'5^P^* and 
should be independent of the temperature. It follows by III (12) 
that S must be independent of thctpressure, but may be any 
funclion of the ter/iperature. Zeuner assumed S constant and 
equal to 0 4803, with A = 1/424, so that C = 0-943F-^, v^fiich is 
always the same at the same pressure, and becomes infinite af 
P 0, The numerical value of C at a pressure of 1 kg./sq, cm. 
(10,000 kg./sq. m.) is 9*45° C. per atmosphere (1 kg./sq. cm.) in 
(K.M.C.) units. Similarly at P = 16 kg./sq. cm. we have C — 9*45/8 
(K.M.C.). . 

The equation of a line of constant total heat is obtained by 
integrating CdP *= d2' at constant //. If C = 9-45P ~ I, as in Zeiiner’s 
equation, we thus obtain for a line of constant JI starting from Tq 
at P = 0 

r - To = q7-8Fi (K.M.C.) = 10-46i'i (KP.C.). 

The dotted line ZZZ in Pig. 9 represents such a line starting from ^ 
Tq - 895®, or tff ^ 122® C. According to this equation the lines 
of constant // are all exactly similar to ZZZ, e.g. the line starting 
from 100® C. would be obtained by simply shifting the cur\'e down 
through 22® C. The values of C arc of the right order of magnitude 
at average pressures and temperatures such as P ~ 50 lbs. and 
t = 150® C., but the curves are evidently of the wrong type^ 

The characteristic equation of Tumlirz (Stlz, Akad. Wien, II a, 
p. 1058, 1890), may be put in the numerical forms 

V « 0 00467r/P - 0*008402 (K.M.C.) - 107T/P - 0*1846 (F.P.C.). 

( 2 ) 

According to this equation, the defect of V from the ideal value is 
constant and equal to 0*0084 eb. m./kg., which is ^bout three 
times too small at 100® C. The product SC is also constant and 
equal to 0*0084/1 kilocalories per unit pressure-drop of 1 kg./sq. m., 
or to 0*197 per atmosphere (K.M.C.). The specific heat is inde- 
pendent of the pressure, but may be any function of the tempera- 
ture. Tumlirz assumed S constant and equal to 0*48, which ^ves 
C « 0*197/0*48 = 0*412® C. for a pressure-drop of kg./sq.. cm. 
at any point of the diagram. According to the equation of Tumlirz, 
the lines of constant H are parallel straight lines with a slope 
C « 0*412® (K.M.C.), or 0*029® (F.P.C.), as indicated in the figure 
by the dotted lines marked TT, which have evidently much too 
small a slope to agree with experiment. 

According to the author’s theory, the cooling*^ect is a function 
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of both temperature and pressure, but the curves o^constant U are 
readily drawn by putting H constant in the general expr^on for 
H given by equation (24) of Chapter III. Putting H « 4 * 

we thus obtain * • 


S^(t - to) ^ SCP, 




where is the temperature at which the line considered cuts the 
vertical axis P = 0, and is given by (H — B)ISo — 273, in terms of 
the value of // for the line considered. ^ 

It is very easy to draw the lines of constant total heat with the 
aid of this equation by taking the values of SC% given for each 10® C, 
in Table I, and also in Table IV of the Steam Tables, Appendix III. 
If it is desired to draw the line j)assing through any arbitrary point 
P'T', the .corresponding value of S’C must be found by inter- 
|)olation, and the equation becomes for dry steam. 


So (t - V) - SCP ~ S'CT\ (4) 

where t' is the Centigrade temperature corresponding to T' abs. 
It is easy to calculate P by the aid of this equation for any given 
value of L 

.. If on the otlier hand, the initial tempcratTirc and pressure t\ 
P' are given and it is required to find the final tempcTature t'* 
when the steam is throttled to a given [iressure P", it is necessary 
to proceed by interpolation, as in the following example: 


' Example, If the initial state is given as 178 lbs, at 187*2® C., 
find the temperature after throttling to atmospheric pressure. 

At P' = 173 lbs.; t' = 187*2® C. S’C (interpolated) =* 0*0915, 
S CP^ - 15 82. 

At P" - 14*7 lbs.; = 150® (trial); S'T" - 0*12187 (table); 
S ^C*P” - 1*80, whence t’- i” = (15*82 - l*80)/0*4772 = 29*4®. 
t” « 157*8® C. 

If - 160® (trial), S^'C'^ 0*11256 (table); S « 1*64, 

whence 157^5^,^ 

The required answer is evidently 157*6® C. The trial value 
assiuned fdi t” makes very little difference if the pressure P" is 
low. The valye of t” first obtained will be a good approximation, 
and will show how much the trial value was too high or too low. The 
approximation is so rapid, that a second trial is seldom required. 

If the steam is throttled to atmospheric pressure, a oonvenieut 
method is to find the initial valna; of the^total heat in the Steam 
Tables, firom Table 111 (J7), or Table IV, and then find the tern* 

5 -^ 
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perature giving the same value of H at atmospheric pressure from 
Tal^e II of this chapter for each V C. 

The value of the cooling-effect at^the mean temperature and 
pressure of eftiy range is found approximately by dividing the 
value of SC at the mean point by the value of S near the samg point 
taken from Table IV of the Steam Tables. In an experiment in* 
which P\ P", t" are the observed quantities, the observed mean 
cooling-effect, C = (t'- t")j{P'— P"), may most easily be verified 
in this way. 

« 

35. Results of other Observers. Curves of constant total 
heat on the PT diagram were first exhibited in the manner shown 



Fig. 0. lines of constant H, PT diagram. 


in Fig. 9, by Grindley (Phil, Trans, A, 194, p. 1) to represent the 
results of his experiments by the throttling method, Each curve 
was obtained by keeping the initial pressure of the saturated steam 
as nearly constant as possible, and observing the temperatures 
after throttling to various lower pressures. Values of the specific 
heat were deduced by assuming' Regnault*s formula for thq , total 
heat of saturated steam. Taking any pair of curves, the difference 
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of total heat H*— H*' is on this assumption equal fo 0*805 multi* 
plied by the differertte of initial temperatures (t/- t/') of^the 
saturated steam. The speoific heat at any constant pressure is 
the difference If'— H" divided by the difference of temperature 
I'hj between the two curves at the required pressure, 

* 

S - 0-805 {t/- t") (5) 

The values of S calculated by Grindlcy in this way show'ed a 
rapid increase with temperature, but appeared to be nearly ‘Tinde- 
pendent of the pressure. The product SC apj)eared to be nearly 
constant at all temperatures and pressures within the experimental 
range. This led to a eharacteristic equation (»f the same form as that 
of Tumlirz, but with quite a different value of the constant, namely, 

aPV ^ RT- 0-2817P (F.P.F.) - RT - ()15C5P (F.P.C.) 

or F = RTlaP - 1-522 (F.P.F. or C.) - RT^aP - 0-0950 (K.M.C.), 

where the coefTicient of P is the constant value of SC on either 
system. The defect of volume given by this c(pmtion is about 
six times too large at 150° C. 

% It is evident that an equation of this type, \^ith S variable, can 
be fitted fairly well to the throttling curves, but the v*alues of S 
required do not agree with direct cxperinu*nts on the specific heat. 
It is cAsy to calculate the values of S and C on this hypothesis by 
^1?lic equation (see § 28) 

(dHjdT), - 0-305 - S^ SC (dpidt), (6) 

since both S and C must be independent of the pressure. We thus 
obtain 

Tabie III. Values of S and C by Grindlcy ’s Kquation, 


Temp. Cent. 

100'’ 

: 120® 

140® 

160® 

180® 

200® 

1 220® 

240® 


0-526 

0-914 

1-488 

2-284 

3-.336 ! 

^ 4-676 

6-290 

8-175 

fl, cab./» C. 

0-387 

0-448 1 

0-638 

0-662 

0-827 

1-037 

1 1-289 

1-684 

C.»C./lb. 
^ 

0-404 

• 

0-349 

0-291 

0-236 

0-189 1 

0-161 

0-121 

0099 


The valuej of C are in fairly good agreement with experiment, 
but S cannot be so low as 0-887 at 100° C., or so high as 1-087 at 
200° C . ; and there is very strong evidence that S is not independent 
of the pressure. Grindley did not actually make this calculation, but 
it is i^ly deducible from his equation and data (see R, S, 1900, 67, 
p. 279). 
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Grindley endeavoured to eliminate external loss of heat by 
sunjpunding his throttling chamber with a massive cast-iron jacket 
containing saturated steam, the pressure of which was adjusted by 
the aid of an Auxiliary thermo-couple to give the same temperature 
as that of the throttled steam, a method suggested by Prof. Ocbome 
Reynolds. The objection to this method was that it took a long 
time (2 or 8 hours) to reach a steady state, which is a serious matter 
when observations have to be taken successively at different pres- 
sured and temperatures. Grindley’s longest curve is shown in the 
preceding figure, marked Gl. It has a slightly steeper slope than 
the author’s, which may possibly be explained by the fact that 
his initial steam •was always slightly wet, or that his method of 
eliminating the heat-loss was less effective than the differential 
method. The average values of the cooling-effect for each of his 
six curves of constant //, arc most readily compared with the 
author’s by calculating the value of at zero pressure for each curve 
by equation (8) as in the following table. 

Table IV. Temperature at zero pressure from 
Grindley’s Throttling Curves. 


Number of Curve 



G) 

(2) 

(3) 

(4) 

(6) 

(%) 

<0 observed (Grindley) 

151-7 

142-2 

127-8 

122-8 

113-9 

106-0 

<0 oalc. (Callendar) 

164-2 ! 

143-8 

128-9 

123-0 

114-3 

106-7 

„ „ (Zeuner) 

114-6 

112-4 

86-6 

80-6 

73-0 

66-1 

„ „ (Tumlirz) 

180-0 

163-8 

142-6 

134-7 

123-6 

112-6 


The residts are evidently incompatible with the equations of 
Zeuncr or Tumlirz, but the general agreement with the author’s 
equation is good, apart from the small systematic difference already 
explained. 

Grindley employed an orifice in a thick glass plate as a throttle, 
which gave some trouble in fitting, and frequently cracked, but 
probably served fairly well to prevent excessive conduction of heat 
from the high pressure side to the throttled steam. 

Q 

36. Results of Griessmann and of Peake. Griessmann 
(Fer, Deui, Ing, 47, p. 1852, 1908), who repeated Grindley’s ex- 
periments at Dresden under Prof. Mollier, employed a porous plug 
of the Joule-Thomson type, consiltingof layers of canvas, embfdded 
in a thick block of wood for heat insulation. His highest curve, 
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marked Gsll, is shown in Fig. 9 dotted. It happens to fall very 
nearly on one of the author's curves from 150® to iVo®, but has a 
slightly greater curvature. .All Griessmann’s lines of constant H 
are more highly curved than those of the other^bservers, indic&ting 
a mop© rapid increase of C with fall of tempcrattjre and pressure. 
*A large block of porous non-conductor, like wootl, has a consider- 
able thermal capacity and a very awkward kind of memory. It 
is also liable to become damp when exposed to saturated steam, 
and the evaporation of the moisture involves great loss of - heat 
when the pressure is reduced. This affords a j)ossible ex{)lanation ot 
the many low points shown on his curves, and the systematic 
tendency to excessively high values of C at low pressures. 

Griessmann reduced his observations on nuieh the same lines 
as Grindlev. Taking Kcgnault’s value for (d///dT),, namely 0*805, 
he found a similar variation of S with temperature. He also found 
that the product SC was nearly independent of the temperature at 
constant pressure, indicating that S was independcMitof the pressure, 
as in Zeuncr’s ccpiation. He thus obtained a form of characteristic 
equation similar to Grindley's, but with this difference, that SC 
varied slightly with the pressure. The values found for SC ranged 
from about 2*20 (K.M.C.) at 1 kg./sq. cm. to 1*80 at 5 kg. The values 
of the volume deduced from this ccpiation showed fair agreement 
with Zeuner’s. Griessmann’s main conclusion was that Zeuner’s 
^equation was accurate over the experimental range; but he does 
not appear to have noticed that Zeuner’s ccpiation n^quires a 
very different variation of SCy namely from 1-50 (K.M.C.) at 
I kg./sq. cm. to 0-561 at 16 kg. 

Peake {Proc, K. S. 76, p. 185, 1905) employcxl a perforated mica 
disc as throttle, and jacketed the calorimeter with its own exhaust. 
His curves of constant Hy one of which, marked Pa, is shown in 
Fig. 9, were all very nearly straight lines. This would indicate that 
C remains nearly constant at constant //, or that the increase of 
C with fall of temperature is nearly compensated by a diminution 
with fall of pressure; whereas Grindley found that C varied as 
nearly, but* was practically independent of the pressure. Otherwise 
his curves w^ere similar to Grindley *s, but showed a somewhat 
steeper slope, due probably to less perfect elimination of the heat- 
loss. He also made some incomplete experiments on the specific 
heat at atmospheric pressure by an electric method, which gave 
0*48. as the mean value between wlrOO® and 200® C., and showed no 
variation with temperature such as Grindley had found* 
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37* Variation of C with Temperature and Pressure. 

Experiments such as those described, with a single throttling 
calorimeter, though affording the simplest method of observing 
the fines of constant*^, provided that the initial state can be kept 
constant, are not well suited, as already explained, for deterpiining 
the variation of C with temperature or pressure. The drawing of^ 
smooth curves through the observed points is to a great extent a 
matter of taste, and the drawing of tangents to such curves affords 
consikierable scope for imagination. Empirical formulae are equally 
misleading because the type of formula selected is the main factor 
in determining the result found. The least objectionable method is 
to take the actual observations in pairs along any one curve, and 
to find the value of C for each interval by taking the ratio of the 
temperature and pressure differences. Values found in this way 
from neighbouring pairs of points are apt to be very discordant, as 
would naturally be expected, but the method has generally been 
adopted by the experimentalists themselves, and by others in 
reducing their results. In addition to affording an instructive 
illustration of the theory, the method deserves discussion because 
it appears in some eases to lead to results at variance with those pf 
the differential method. 

This method of reduction has been very carefully and impartially 
applied to all the results quoted by Prof. H. N. Davis of Harvard 
(Proc, Amer, Acad. Sci.y 15, p. 243, 1910), whose conclusions have ^ 
in many cases been accepted as more directly representing the 
results of experiment than *thc author’s theoretical method. In 
applying this method Prof, Davis has found it necessary to reject 
several of the observations, which are obviously affected by varia- 
tions in the (piality of the initial steam, and would giv^ absurdly 
high or low values of C. This eliminates many of the worst outliers 
in the resulting ‘CT diagram, but cannot mitigate any systematic 
error in the smoothing of the curves, especially near the ends. 
He attributes the residual discrepancies chiefly to the employment 
of mercury thermometers for all the temperature readings, and 
spring-gauges for the pressure readings, in place of electrical thermo- 
meters or mercury gauges, which are much better suited for reading 
small differences. The discrepancies of individual observations are 
further reduced by taking means of neighbouring groups. There is 
room for taste in the matter of rejection and grouping of observa- 
tions, but it appears from referance to the original observayons 
that the points selected by Davis may be accepted for purges 
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of argfument as fairly representing the results of th^ experiments. 
The points have accordingly been verified and replotted in Fig^ 10 
on a different scale (F.P.C.) to show the cooling-effect in degrees C. 
for a pressure-drop of 1 Ib./sq. in. The points bMonging to different 
observers have been distinguished by the same marks as those 
Employed by Davis^ namely, plain circles for Grindlcy’s observ^a- 
tions, circles with a vertical cross-bar for Griessmann’s, and with 
a horizontal cross-bar for Peake’s. Some additions have been made 
to the diagram in the hope of rendering it more intelligible. ’ 

Davis states that he examined the results with great care for 
evidence of any systematic variation of C with pressure at constant 
temperature, but without success. He accordingly represented the 
cooling-effect tis a function of the temperature only by a simple 
curve, shown in his paper on a different scale in a separate figure. 
This curv'c is reproduced ns nearly tis j)ossil>lc by the broken line 
marked “Davis” in Fig. 10. It appears to represent the observa- 
tions fairly from high temperatures dow'ii to 150° C,, but gives too 
much weight to Peake’s observations at low tein]H*ratures. 

The results of the author’s differential method are represented 
>byjthc two full curves marked and C^. The rtpper curve repre- 
sents the limiting values of C at zero pressure, the lower curve the 
values of C at saturation pressure. The somewhat steeper lines 
joining the two curves indicate the variation of C at constant total 
heat, which is more rapid, owing t*i the combined effects of drop 
of temperature and pressure, which both tend to increase C. 

In order to be able to estimate the value of the evidence 
afforded by the different scries of observations, it is necessary to 
group them, as originally taken, along lines of constant total heat. 
The dotted, lines indicate as closely as |)ossible the connection of the 
points obtained from each of the original curves of constant II, 
These lines are produced backw'ards to the saturation temperature 
in each case. The points so obtained are surrounded with larger 
circles, and are marked with the letter or number given by each 
observer in his original paper. The double circles with horizontal 
cross-bars rnarked A, B, C, D, E, F, indicate the starting points 
of Peake’s lin^ of constant //; those with vertical cross-bars num- 
bered 11 to 1, indicate Griessmann’s; the plain double circles, 
numbered 1, 2, 8, 4, 5, indicate Grindlcy’s. Curve No. 6 Grindley, 
cannot be extrapolated to saturation, because the line is so short 
that (>ply one satisfactory point Ctfn be obtained from each of the 
three series of observations represented on the curve. 
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It is immediately obvious that nearly all of Peajfe’s values at 
the higher pressures afe much too high, especially for line i5, |he 
two highest points on which were rejected by Davis on this account, 
but have been replaced in Fig. 10. The Davis curve appears, how- 
ever, totgive great weight to the highest observation on curve F as 
^mpared with Grindley’s points on 5 and 0, which are quite 
^satisfactory. It is not theoretically inconceivable that C should 
increase with increase of pressure, as shown by Peake’s curves, 
but it is against the other experimental evidence. Morlfevcr 
Peake’s curve I) is inconsistent with his other curves in tliis rcsfwct. 
The point on this curve at the hw pressure end, marked Dq, 
approaches very closely to the high pressure end of^K. 

All of Griessmann’s curves, on the other hand, as one would 
expect from their excessive curvature, show a wry rapid increase 
of C with fall of T and P at constant //, and give exceptionally 
low talucs of t at low j)ressures, as migjit be prcdictal from the 
’obvious experimental errors of the points refected by Davis and 
by Griessmann himself. It is possible however that Griessmann’s 
points near saturation may be fairly reliable, because the error due 
ito evaporation from the wood block is most t(f be feared at low 
pressures. 

All of Grindley’s curves (except No. 2, where the points are so 
discordant that no satisfactory indication is given) show a reason- 
i^ble slope. One may fairly set Griessmann’s observations against 
Peake’s, and conclude that the intermediate slope* of the lines of 
constant total heat, indicated by the ahthor’s differential method, 
is not in reality inconsistent with the results of these experiments. 
Without some guidance from theory it is hopeless to attempt 
to draw a^mean curve through a target-diagram of this kind, 
especially near the low pressure end of the range, where the observa- 
tions are few and the curves short. Grindley’s resufts are the most 
reliable in this region since he was the only one of the three to 
use a vacuum condenser. 

The variation iiith pressure deduced from the author’s formula 
is corrol>oratl6d at high tem|>eratiires by the work of A, R.^odge 
(i4m* Mech, 80, p. 728), four of whose lines of constant // 
are indicated in the figure between 190° and 260° C,, the observa- 
tions being marked by black dots. The pressure range extended 
from *14 to 87 lbs., and the lower dots on each line represent the 
high^ pressures. The points bet^^n 250° and 260° C. happen to 
fall alznost exactly in their appropriate places on one of the author*s 
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lines of constant but those at lower temperatures are evidently 
too low, though they all show the same kind of variation of C 
with pressure as the author’s formula 

Further experiihents on the cooling-effect are undoubtedly 
desirable, but the evidence so far available tends to support the 
previous conclusions, and is far from justifying the adoption of 
any more complicated formula. 

^8. Later Experiments by the Differential Method. 

The differontial throttling calorimeter was redesigned for higher 
pressures and temperatures in conjunction with Prof. Dalby in 
1906, and was set up in the thermodynamic laboratory of the City 
and Guilds’ Institution (now part of the Imperial College of Science) 
at South Kensington. The late Prof. Ashcroft assisted the author 
in taking a series of observations on the cooling-effect, at high 
temperatures. Differential platinum thermometers were employed 
for the temperature' differences, and a differential mercury gauge ‘ 
for the pressure differences. The observations extended to an upper 
limit of 876® C., and agreed so closely with the variation of the 
cooling-effect predicted by the equations previously given, tt/'t,! 
it was not considered worth while to publish them in detail, as it 
was hoped to obtain a more complete series at higher pressures as 
soon as a special boiler and regulator could be installed. 'iJnfor- 
tunately the rapid increase in the number of students undti; 
Prof. Dalby, which necessitated a continual rearrangement of 
laboratories and the erectibn of new buildings, and greatly cur- 
tailed the funds and assistance available for research, made it im- 
possible to proceed further with the work at the time. It was 
concluded that the variation of C was represented wiy» sullicicnt 
approximation for all practical purposes at moderate pressures by 
the formulae already published, and that no modification ahould 
be made in the equations unless decisively necessitated by the 
proposed experiments at higher pressures. 

From a theoretical standpoint, the most important question 
remaining to be settled is the variation of C witlf*pressure at 
constant temperature, with regard to which the r^ults of other 
observers are so contradictory. It is a diflicult point to investigate, 
even by the differential method. Unfortunately the original 
experiments at McGill College were interrupted at a crucial stage 
before it had been possible to^ttack this question effec1;j,vely. 
The experiments had been arranged to cover the temperature 
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range from 120® to 180® C., but, in the absence of ^ superheater, 
the observations threw little light on the variation with pressuje. 
They might in fact have been represented fairly well by assuming 
that C was a function of the temperature? Ally. The pressure 
available in the later experiments at the City and Guilds’ Institu- 
fton being limited to 50 lbs., it was decided to restrict the investi- 
•gation to the variation of C with temperature, since tliere was no 
satisfactory prospect of settling the variation with pressure. Very 
few observations were obtained at temperatures below ISCf^C. 
These seemed to indicate that the pressun^ variation was, if 
anything, less than that given by the form of characteristic equation 
previously assumed, but since the conditions of experiment were 
somewhat different, no great stress couhl be laid on the small 
differences found. It is very easy however to examine the question 
theoretically and to show how little difhirence it makes to the 
results for practical purposes over the experimental range. 

39. Alternative Theory, C - F( 7 ^. In the preceding 
theory we have assumed that the coaggregation volume c and the 
product SC are functions of the temperature pnly, because this 
^eSQs to the simplest possible form of characteristic equation, and 
represents all the experimental results satisfactorily for practical 
purposes over the necessarily restricted range of the actual observa- 
tions. It is of considerable interest from a theoretical standpoint 
to investigate the effect of some alternative hypothesis. The 
obvious alternative to select is that the pooling-effect C is a function 
of the temperature only. The theoretical relations thus obtained 
are sufficiently simple to be intelligible, and are greatly to be pre- 
ferred to any purely arbitrary or empirical equations. 

If C is\ function of the temperature only, thi* equation of a 
line of constant total heat is immediately obtaine(> by integrating 
dP = dTjC, We have also a very useful result which follows from 
the general relations (Appendix I (87)), 

{dSCjdP)^ = C (dSCIdT)ff - *V {dCldP)j, (7) 

namely thaVsC is constant along a line of constant H, since 
(dCldP)j, - 0^ if C is a function of the temperature only. It is 
therefore very easy to draw the lines of constant H, and to find 
the value of S at any temperature and pressure, if the value 5® 
at zero pressure is known. We have evidently S = SqCJC, where 
C® b^he value of C at T® and zftro pressure on the given line of 
constant It b easy to allow for the variation of with tern* 
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perature if desired, but for the present purpose we may take it 
as^constant, m which case we have the simple relation 

at zero pressure. 

By way of illustrating the method, we may take th€ simple 
case 

C = KjT^ = Cl {srsjT)*^ (8) 

wlftre Cj is the value of C at 100° C. or 878° abs. The equation of 
a line of constant H is evidently 

{n + l)KP^ - V+i (9) 

where Tq is the value of T when P - 0. 

The general expression for H is found by substituting 

« To = (H - B)IS,. 

After a few simple reductions we obtain 

// - B - S^T (1 - (n 4- 1) CP/T)>/<”+i) (10) 

The general expressions for S and SC arc readily obtained 
differentiation, and satisfy the required condition SC — SqC^^, 

The characteristic equation for V is obtained by integrating 
that for SCy ‘ 

o(T(dF/dT)p - r) = SC - S^C(l ~ (n + l)CP/T)-‘"/<»+« ...(ll)' 

which becomes an exact dffferential on dividing by T®, and gives, 
if jSo « (n 4- 1) Ry 

aPVIRT = (1 - (n 4- 1) CP/Tf^^^^^ (12) 

f 

which evidently satisfies condition (14) of the last chapter for the 
adiabatic equation PjT^^^ = K. 

All the equations show a very close correspondence with those 
previously given, except that the small quantity h has been 
omitted* in order to make the work easier to follow. The numerical 
results obtained from the two sets of equations are alio in practical 
agreement over the experimental range, but begin to diverge 
beyond 200° C., where experimental data, except for the saturation 
pressure, are practically non-existent. 

The form of solution thus obtained differs materially from that 

* Tli 0 ■mall quantity h is most raai^y included in equation (12) hy^jpoUing 
(n + 1) P ( F -6) in (10), whioh leduoes to (12) with h inoloded. 
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originally given by Joule and Thomson and repeated in all the 
mathematical textbooks at the present day. Taking the special 
case which Joule and Thomson adopted, namely n = 2, or C »» 
and accepting the condition that the specihe Hbat Sq at zero p!es- 
sure is instant, we find that the solution must lie of the form 

aPy/RT == (1 - 3 Ar/>/r>)J ( 18 ) 

provided that is equal to 8/?, but takes the form 

aPVIBT = (S^,' 8 R) (1 - 8 A'/'/ 3 'S)» + 1 - S„/sR, 
if iVo differs from 8/?, the constant of integration in citJiei^ease being 
determined by the condition that aPV =; when T is infinite. 
In the limit, when P is small, e<}nation (I t) evidently reduces to 
the form aPVjRT - 1 - KS^PjSRT’^ ( 15 ) 

which agrees with that given by .Joule and Thomsoti; but the 
equation in this form is inconsistent with theiV original assumption 
• that C was independent of the pressuref. The reason of the dis- 
crepancy is simply that .Joule and Thomson, in integrating the 
equation, in reality assumed SC KSJ'P^ or SC a function of the 
temperature only, in place of assuming C ■■■-■ KJT\ The solution 
wTBch tlicy obtained is consequently inconsistent with f’ - K/T^t 
and with S constant, and retjuires some variation of S with 
pressing* and temperature even if is constant. The inconsistency 
o{ the solution thus obtained was relatively uninqiortant for their 
purpose as compared with cxfierimental errors, but is t/ie essential 
point in considering the effect of the alternative assumption that C, 
in place of *VC, is a function of the temperature only. Since the 
form of characteristic equation obtained on this assumption, 
though theoretically int<*resting, is inconvenient for practical 
purposes, Snd makes very little difference in the r(’sults over the 
experimental range, there appears to be no suflident reason for 
adopting it in preference to the simple form jireviously employed. 

40. Second Alternative, C = F (if). It is of interest to 
examine in j:he same way another |>ossible assumption, suggested 
by the straiglitness of Peake’s lines of constant //, namely that C 
is a function ^f H only. The equation of a line of constant H is 
the straight line, CP * T - To, and the general expression for H 
deduced in the same way as before becomes 

H ^ SoT ^ B, ( 16 ) 

which is the same as equation ( 24 ) of the last chapter, except that 
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SCP is replaced by SqCP, and that C is a function of H only, in 
place of SC being a function of T only. 

To obtain a solution comparable .with those previously given, 
we 'assume 

C = KI(H - BY == C, (S,T,I(H - B)Y ...(17) 

where C\ is the value of C at and zero pressure. 

A consistent form of characteristic equation is most easily? 
obtained by assuming that the adiabatic is of the form 

= constant, 

and substituting a(n 1)PF for II — B in the equation for 
which gives immediately 

aPV - RT - RC^P {RTJaPVY .(18) 

This equation is less convenient in form thaii either of those 
previously given, because V is not obtainable explicitly as a 
function of P and T. If h is omitted, all three equations agree 
exactly in the limit at low pressures provided that equivalent 
values of the constant Cj-- RC\/n are employed. But better agree- 
ment is obtained over the experimental range by selecting slightly 
different values of the constant (\ together with appropriate vaUf 
of b. The agreement is of much the same order as that between 
the observations of Grindley, Gricssmann and Peake on the 
cooling-effect. Without employing the differential throttling 
method, it would in fact be diHicult to decide between the thrfc^ 
equations by experiments on the cooling-effect alone between 
120® C. and 180® C., but th*e form first given is much the simplest 
in application, and gives the best agreement with other properties 
over the experimental range. Thus if the values of the cooling- 
effect in the three equations are chosen to agree with experiment 
at 180® C. and^SO lbs., the assumption C = F (T), represented by 
equation (10) would make the total heat of saturated steam a 
maximum at 232° C., (where Cdpjdt -= 1) which is improbable; 
but equation (16) with C = F (//), would make II, a maximum 
at a temperature close to 200° C., which is irreconcilable with 
experiment. * 

A* 

4X. Values of H deduced from C by Extrapolation, 

Since the main object of experiments on the cooling-effect is to 
deduce the variation of H, it is most instructive, in comparing 
possible types of formula for Caving reasonable agreement over 
the experimental range, to consider the effect of each on the values 
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jDf H deduced by extrapolation. If the values of ^he saturation 
pressure p are given, it is easy to deduce the values of H, corre- 
sponding to any simple assiunption with regard to Sq and C beyond 
the experimental limits. Although the valiibs of Sq and p are 
somewhat uncertain at high temperatures in the neighbourhood of 
khe critical point, the comparison of diffc^rent formulae for C is 
little affected thereby, provided that the same values of Sq and p 
are taken in each case. 

In order to simplify the comparison as much as possible^ W'e 
may take Sq constant and equal to 0* l■772, sinee the variation is 
probably small. The formula selected for p is 

^ogioP - 2*8526 + 4*264 (t - (F.P.C. from’ 200° to 874° C.), 

^ (19) 

which gives the simple expression (Tjp) {dpjdT) = 4045/T for the 
ratio ol L to ap (V — v). This is the simplest possible type of 
' formula for p, and has been found to give results within the limits 
of experimental error al hiffh pressures for most liquids, although 
it is certainly inaccurate at low pressures. The constants in the 
^(onnula have been chosen to give the same valises as the author’s 
formula for both p and dpjdT at 200° C., so that the two curves 
join continuously at this point. It probably givcis values whichiare 
too high between 250° and 800° C., but the uncertainty at any 
point between 200° and 374° C'. is less than the discrepancies 
*betwecn the results of different experimentalists. 

Taking first the assunqition C — F (^/), we observe that in order 
to represent the variation of slopcof succctssive linesof cronstant // at 
low pressures between 120° and lH0°C.,it is necessary that C should 
vary appi^^ximately as 1/(11 - Taking C ^ 0*350° C./lb. at 
100° C. and 1 atmosj)hcre, the lines of constant 7/ become tan- 
gential to the saturation curve (giving a maximum value of //, 
and a minimum value of when C, (dp/dl) - 1) at a temperature 
a little above 200° C. Beyond this point the value of C, must 
increase with rise of temperature, and the value of //, must 
vetf rapidly. Thus the line of constant U passing through 
tSt point t w J20° C., P = 20 lbs., with li - B =- 184*5, C = 0*298, 
cuts the saturation curve a little above 120° C., and cuts it again 
at jp « 880, t - 227°. But the line through t, - 100°, C « 0*850, 
cuts it again at a lozoer point, namely, t 225°, p - 867 lbs., and 
the Ijpe through i « 0° C., U -<C94*8, C - 0*955, cuts it again 
at 195° C. None of the lines of const^pt U can cut the saturation 

as. 


6 
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curve at all a^ any' temperature higher than 227° C., or can pass 
anywhere near the critical point. In order to pass through the 
critical point at T =* 047°, p =» 8100, = 404, the line through 

the absolute zero mhst have a slope 

C = 047/8100 = 0-205, 

which is much less than the experimental value of C at 120° C. It 
seems reasonable to infer that the assumed type of solution is 
impossible^ and that the lines of constant H cannot be straight 
lines. Still less is it possible that they should have a slope diminish- 
ing with fall of T and P, as shown by Peake’s lines E and F 
(Fig. 10). 

The second ‘assumption, C = F (T), as already remarked, can 
be made to give very fair agreement with experiments between 
120° and 180° C. It remains to show that it also gives quite reason- 
able values of //, with certain limitations, when extrapolated to 
the critical point. Taking the simple assumption C = A/T”, it 
follows, from the expression already given for U — By that when 

« R, and (m + 1) CPjT = 1, S becomes infinite, and {dll/dT)^ 
also becomes infqiite, but with a negative sign, provided that 
C (dpidt) is greater than 1. The last condition is satisfied if n 1' 
does not exceed (T/p) (dpldt)y the value of wliich is 7-18 at 374° C. 
according to the formula assumed for p. Since the variatiori of Hg 
near the critical point is extremely rapid, it is unnecessary to know 
the values of B or h or p with great accuracy. Proceeding in thisr 
way we find that the valucjj Cioo= 0-405, and n = 4-25, satisfy the 
condition H ~ B at the critical point, in addition to giving very 
fair agreement with observed values of C between 120° and 180° C. 

The following table shows values of //, calculated by the for- 


mulae ^ 

C = F(r) = 0-405 (3731/T)*-“; (20) 

// - R - S^T(1 - 5-25CplT)^J^-^^ (21) 


for comparison with values obtained from the formula of the 
Thicsen type with 874° C., (19) in Chap. II, previously employed, 
and with values given by the author’s original' assumption 
SC « F {T)y as embodied in the Steam Tables. The Jatter formula, 
as already explained, is of an unsuitable type for extrapolation 
beyond 250° C., but is the simplest and most convenient to employ 
at ordinary temperatures in practice. The same value of Hg at 
100° C., namely 089-8, is assuilied in each case, and the^^same 
values of Sq and p. The value assumed for Sq does not affect the 
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iralues of L obtained from fomiula II (19f, biit^the values of 
H deduced depend a small extent on those of dpjdt owin^ to 
the term avT (dpjdt) in the author's expression for h, which is 
ised in deducing Zf, from L. * * 

It ©will be seen that the two assumptions, C F (T), and 
5C «= F (T), give identical results to 01 calorie Ixitween 100° and 
J00° C. They also give equally good agreement between 0° and 
100° C. Both differ slightly over this range from the empirical 
formula, but the difference is less than 1 in 1000, and much smaller 
than the discrepancies of experimental measurements of //,, 
Beyond 200° C. the assumption C — F (7') giv'os slightly lower 
results than formula II (19), though both tend tq the same limit 
H B bX 074° C. 

The values assumed for p begin to be uncertain at 250° C., but 
make little difference at this point. Thus if wc take p = 565*6 in 
p]a6e of 575*7, the value of // for C ^ F (T) is raised to 079*0 
in place of 678*0, and that for SC - F (T) is* raised from 679*5 to 
680*1 as given in the Steam Tables. The formulae diverge more 
rapidly at higher temperatures. The assumption C ^ F (T) is 
i'jobably to be preferred in the neighbourhood df the critical point, 
but the experimental evidence appears to b(‘ rather in favour of 
SC « F (T) at ordinary temperatures, because it gives better 
valued of the volume. It could hardly be expected that any such 
simple assumption as C = F (T), or SC - F (T), would represent 
all the properties of steam accurately over the whole range from 
0° to 874° C. But the fact that the twd assumptions agree so closely 
from 0° to 250° C. may be regarded as corrt)borating the variation 
of // previously given, and as showing that the truth ])robably lies 
between tJhe two formulae, which cannot eiisily be distinguished 
by experiments on C or II over the restricted range available in 
practice. 


Table V. Values of H, (or C ^ F (T), 


Temp. Cent 120* ! 140* 

160* 

180* 200* 260* 

800* j 

860* 

C ^F{T) 647*1 1 654*2 

660-6 

666*2 j 671*0 678-0 

674-6 

646*4 

8C:nF(T) A7*1 I 654*2 

660-6 j 

666*2 671*0 679*5 



n (10) 1 646*9 653*8 

660-2 

666*0 671*0 680*0 

679-7 

649*7 


In order that the solution found for the case C F (T) should 
be completely consistent, it is al^ necessaiy that the values of the 
v<dume deduced from those of U by Clapeyron's equation, should 
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agree with tbo^ deduced from the corresponding form of character- 
istiq equation, namely, 

aPVIRT^ 1 - S^/5-25R - B)I5 25RT. ....(22) 


This equation gives a value of the critical volume Fc^0‘0d84 
agreeing as closely as can be expected with the value 0*0892 
for the liquid deduced from the expression for k oh the assumption 
that 464. The agreement in the values of F is also good 
betilwn 100° and 200° C., but is not so good at points between 250° 
and 850° oq account of the uncertainty of p and dpjdt. Thus at 
250° C. the value of V obtained from the characteristic equation 
(22) wifh p = 57^-7 as given by the empirical formula (19), is 
0*8576, but the* value from Clapeyron’s equation is only 0*8154., 
Better agreement is obtained if the author’s theoretical equation 
forp is adopted, withp = 565*6 and dpjdt = 9*210 (F.P.C.). These 
give, from the characteristic equation V = 0*8761, and from Clapey- 
ron’s equation V = 0*8674. The value of p required for complete 
agreement is approximately 568 lbs., giving F = 0*881. Generally 
speaking, the simple assumption C — K/T^, with any possible 
values of K and /?, satisfying the condition (w + 1) CpjT == 1 at^ 
874° C., requires somewhat lower values of p between 250° and 
850° C. than those given by (19) or commonly assumed. 

If equation (22) is corrected for b, as indicated in the foot- 
note p. 78, we find 0*0507, ^5= 491, agreeing closely with 
Table X, Chapter VIII. But there is strong evidence that C* 
cannot be a function of the temperature only at very high 
densities near the critical point. Thus in the case of CO, at its 
critical temperature, 81*5° C., the cooling-effect is nearly in- 
dependent of P and equal to 0*070°/lb. at moderate pressures, but 
it falls sharply to 0*0488 at the critical pressure of 1070 lbs., and 
diminishes rapidly to a still smaller value for higher densities at 
the same temperature. 



CHAPTER V 


THE SPECIFIC VOLUME OF STEAM 

42 . Experiments previous to 1900 on the Specific 
Volume of Steam. On account of surface condensation and of 
the presence of floating particles of liquid, the older measurements 
of the density or specific volume of miurated steam (such as those 
of Fairbairn and Tate, PhiL Trans. 1 860, p. 1 85) led to such irregular 
results that it has generally been considere^l preferable to deduce 
the* specific volume in the state of saturation from Clapeyron’s 
equation, II (7). The essential point, however, is to make the values 
of the specific volume thermodynamically consistent with those of 
the latent heat, which could also be done by deducing the values of 
Ihe latent heat from those of the specific volume in the state of 
saturation, provided that the specific volumes and {dpjdT) could 
be measured satisfactorily. The objection to this method is that 
the deviation of the total heat or latent heat from lineality, as shown 
by the expressions already given, depends chiefly on the small 
defect of volume (c — h) from the ideal volume RTjaP, and not on 
the whole quantity measured. The great advantage of the Joule- 
Thomson, or throttling method, is that it gives the variation of 
total heat directly in terms of the specific heat, and that the corre- 
sponding deviations of volume (c — b) can also be deduced with 
great accuracy, Clapeyron’s equation tl^n beco^ies available for 
determining the values of (dpjdT) with greater precision than is 
possible from observations of p itself. Direct measurements of the 
latent heat (except at 100° C.) and specific volume are not theoreti- 
cally required, but are useful as an indc[)cndent check on the results. 

Among the best results for the specific volume previous to 1900 
w*ere those of Battelii (Mem. Accad., Turin, 1898, 48, p. 68). 
Tumllrz (Sitz, Akad. Wiss.^ Vienna, 1899, p. 1058) show^ Hiat 
Battelli*8 results could be represented within the limits of experi- 
mental error by taking the defect of volume (c - 6) to be constant. 
Griiidley {Phil» Trans,, 1900) deuced a similar equation from hk 
throttling experiments, assuming Regnault’s linear formula Ibr 
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the variation of the total heat. But his experiments were otherwise 
inconsistent with the formula of Tumlirz, as already explained 
(Chi^. IV, § 85), and the value found for the constant defect of 
volume was quite difSerent. 

Grindley’s constant value of the defect of volume wasrabout 
11 times larger than that given by the equation of Tumlirz, and 
would fit fairly well with the curves of constant H on the PT 
dia^am, in the neighbourhood of 130° C., if the specific heat were 
constant and equal to 0'48. But it would make the defect of 
volume from the ideal nearly five times too large in this region. 
Linde h^as proposed an equation of a similar type with the value 
of the constant -0 01 6 cb. m./kg., “ as being suitable for most 
practical calculations.” This would make the defect of volume • 
about right at 150° C., but would make the cooling effect nearly 
five times too small. It would also require that S should be a 
function of the temperature only, and would give impossible vahies 
of // or S, 

43. Zeuner*S Equation. The equation for the volume 
most commonly employed in 1900, and still very often used at tlj^ 
present time, is that of Zeiincr, quoted as equation (1) in the last 
chapter. We have already sc^en that this equation is of an unsuitable 
type to represent the lines of constant //, or the cooling-bffect, 
since it makes C infinite at zero pressure, and much too small at 
high pressures. But it is otherwise of a very convenient type for 
practical p\irposes. Zeuner* realised very clearly the practical 
importance of making the equation as simple as possible and 
exactly consistent with an adiabatic of the type P/T" = K» His 
form of the equation was chosen to fit with the adiabatic f/T* = K, 
and to give a constant value 0’4805 for the specific heat at constant 
pressure. Unforliinately this requires the high value 

0-4805 X 424/4, 

or 50-988 for the constant RjA^ which is 8 per cent, greater than 
that corresponding to the molecular weight, and therefore extremely 
improbable. 

By choosing the coefficient of in the last ferm, namely 
Id2-5P^, to make the volume of saturated steam at 100° C. equal 
to 1*650 cb. m. (the value deduced from Regnault’s formulae for 
the latent heat and dpjdt) the equation was found to give ver^ifair 
agreement with Regnault’s values for the total heat and the 
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volume of saturated steam over> a considerable range of tern* 
perature. This agreement is illustrated in the folldNring table, in 
which the author’s values ye also included for the sake of cbm- 
parison. 

Table I. 

Values of // and V by Zeunor’s Equation compared with Regnault. 


Temp. 

Cent. 

Total Heat in Calories C. | 

Volume F, 

in cubic metres per kg. 

Regnault | 

Zeunor 

( ollendar i 

Regnault 

Zouner 

Callendar 

0® 

606-5 I 

602-2 

594-3 

210-7 

213-7 

204-5 

20° 

612-6 ! 

609-7 

603-7 

58-73 

59-80 

57-67 

40° 

618-7 

6170 

613-0 

19-67 

26-00 

19-61 

60° 

624-8 

623-9 

622-2 

7-654 

7-742 

7-674 

80° 

630-9 1 

630-0 

631-0 

3-379 

3-396 

3-408 

100° 

637-0 : 

637-0 

639-3 

1-650 

1-6.50 

1-672 

120° 

j 643-1 

643-3 

647-1 i 

0-87.'»3 , 

1 0-8740 

1 0-8907 

140°* 

649-2 

649-4 

654-2 ! 

0-4977 

, 0-4971 

1 0-6083 

160° 

655-3 ! 

655-3 

660-6 . 

o-:iooi 

0-3003 

0-3073 

180° 

661-4 1 

661-3 

6661 

i 0-llH)I 

0 1913 

1 0-1962 

200° 

667-5 : 

667-0 

671-0 

0-12.57 

0-1274 

1 0-1296 


The simplest metliod of deducing the fomiulii for II from 
Zcuncr’s equation is to observe that, since the c([uation satishes 
the condition for the adiabatic P/l"* ^ K, we must have 


H = UiPV f /i, 

where a = 1/424 according to Zeuiier’s units, and B — 476’1 to 
give H — 637 at 100° C. 

The ideal volume at 0° C. deducc<l from tlie molecular weight 
of steam, is approximately 205-0, which is much smaller than 
Regnaiilt’s 210-7. Zeuncr’s value is still higher. This might have 
been explained by supposing (with Kirchhoff) that steam at low 
pressures did not obey Avogadro’s law, if it were not that Dieterici’s 
and Griffiths* values of the latent heat are conclusive evidence to 
the contrary. 

Regnault’s values of the volume from 20° to 60° C. agree better 
with ^e an'thor’s equation than with Zeuner’s, Above 100° C., 
Regnault’s values are all too low, but agree very closely with 
Zeuner’s equation from 80° to 180° C. 

If the ideal volume is represented by Zeuner’s expression 

50-983 r/P, the defect of volume, represented by 192•5P‘^ exceeds 
10 j^r cent, of the ideal at 1«0° C., but increases rapidly with 
diminution of pressure at constant temperature, instead of rC'* 



8$ PROPERTIES OF STEAM [cm. 

maining nearly constant, as in mic t»6c ui uormu gases and vapours, 
for which th^ defect of volume is found to be a function of the 
tei$iperature only to a hrst approximation. If, on the other' lumd, 
the^deal volume is taken to be that corresponding with Avbgadro’s 
law, namely 47T/P, as in Fig. 11, the defect of volume ac^ordin^ 
to Zeuner for saturated steam at 100® C. is only 2*8 per cent., which 
is still nearly double that required by recent measurements of the 
latent heat and saturation pressure. The defect of V vanishes, and 
the^ vapour becomes “pluperfect,” when T = 49P^, i.e. at about 
220® C. for* steam at atmospheric pressure. This behaviour is so 
inconsistent with all molecular theory that the agreement of 
Zeuner’s equation with Rcgnault’s experiments cannot be regarded 
as otherwise than an accidental coincidence due to an empirical 
adjustment of constants. 

When tested by comparison with later measurements of the 
volume or total heat, Zcuncr’s equation necessarily shows* the 
kind of disagrecniciit to be expected from the known errors of 
Regnault’s experiments. This point is ilhistrated in Fig. 11 by the 
dotted lines representing the percentage defect of volume from 
Avogadro’s law a(?cording to Zeuncr’s equation, for the saturati^rj 
line, and for F = 1’6. The defect from Zeuncr’s own ideal volume 
50’927P» could not be shown in the figure as it would lie entirely 
outside the page. It will be seen that the saturation line is'nearly 
straight but has the wrong cuivature, the percentage defect froih 
47r/P increasing at first too rapidly, but at a rate diminishing 
instead of increasing with Kicrease of pressure and temperature. 
Similarly, the line of constant volume, F = 1*6, does not correspond 
at all with the points representing the observations at that volume, 
but gives nearly double the observed defect, approaching closely 
to line No. 11, with F = 0*825, in place of No. 1, with F = 1*598, 

44. The Munich Experiments on V. The best experi- 
ments hitherto recorded on the specific volume of dry steam, appear 
to be those of 0. Knoblauch, R. Linde, and H. Klebe (Forsch, Ver, 
Deut, ltig> 21, 1905) made at the Mttnich laboratory wiffi apparatus 
provided by C. Linde. They employed a modification of the method 
of Fairbairn and Tate. A known mass of water in a glass vessel, 
with a vertical stem containing mercury and serving as one limb 
of a manometer, is heated externally by steam at a suitable pressure. 
The volume is known from preliminary calibration, with j^inall 
corrections for expansion and compression, previously determined^ 
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The pressure and temperature are directly observed. The results 
of Fairbaim and Tate were limited to the immediate neighbourhood 
of the saturation point, and were probably vitiated by erroi^ of 
surface condensation due to chemical action Rf the steam on the 
fflass. iRamsay and Young at a later date found large errors from 
this cause in their experiments on steam. The Mtinich observers 
• endeavoured to minimise this source of error by employing a large 
bulb of special glass for the containing vessel, and deduced the 
saturation volume, in the same way as Battclli, by extrapolation 
from the observations at a moderate degree of superheat. The 
observations for each filling of the bulb gave the variation of 
pressure with temperature for a constant mass of* steam at nearly 
constant volume. By plotting the pressure against temperature 
for each filling, they found the lines of constant volume on the 
P, IJ^diagram to be straight lines within the limits of error of their 
exj^efiments. They obtained the values of the saturation volumes 
*by extrapolating these lines to tlic saturation curve, and they 
deduced the corresponding PV, P, or “Amagat” diagram, by 
observing the points of intersection of these lines with lines of 
»-oj!kstant tcmp<?raturc, and plotting the isotlH‘i?mTls on the Amagat 
diagram with the values of PP thus obtained. This graphic process 
of smoothing invoh es the tacit assumption that P is a linear func- 
tion of*7' at constant volume, which is well known to be untrue 
in the case of any other gas or va|K)ur, and may introduce system- 
atic errors. It follows that the PVy P diagram of Linde, which is 
commonly quoted and reproduced, docSi not directly represent the 
original observations. The lines of constant temj>erature, instead 
of being very nearly straight, lus they should be at low pressures, 
show an a^iprcciable curv'ature which may be attributed in part at 
least to the process employed in deducing the diagram. 

The author’s form of characteristic equation 

V = ilTjP - 0 0203 (SrSjT)^ + 0 0010, (1) 

has been described as “grossly inaccurate,” because it makes the 
isothermab straight lines on the Amagat diagram (which is known 
to be a very good approximation in the case of normal gases and 
vapours), and because it does not exactly satisfy the condition 
assumed by Linde in smoothing the observations, namely that P 
is a linear function of T at constant volume. As a matter of fact 
the iilihich observations cannot %e represented by any equation 
satisfying this condition, and it is a sufficient answer to this objec* 
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tion that the equation calculated by Linde himself to represent 
the Munich experiments as closely as possible, namely 

Fv= 47-lOr/P - (\+ 0 000002P) (O-08L(878/r)®- 0-0052), ...(2) 

does not make the lines of constant volume straight on tJie P, T 
diagram, but is a slight modification of the author’s equation’f 
The small factor depending on P was introduced by Linde to. 
represent the curvature of the isothcrmals on the Amagat diagram, 
which results partly from the assumption made in smoothing the 
observations. Linde himself states that the Munich observations, 
though quite irreconcilable with the equations of Zeuner or 
Tumlirz, are represented “with great accuracy” up to 160° C. by 
the author’s equation. This is the more remarkable because he 
quotes the original form of the equation {R. S., 1900) with Maxwell’s 
theoretical value of the index n ^ 3-5, in place of the experimental 
value 71 = 10/3 given in the revised equation {E. /?., 1902) which 
represents the actifal observations much more closely. It is not* 
to be expected that an equation of the simplest possible type, 
deduced from observations of the specific heat, cooling-cffect, and 
adiabatic index, should represent a later scries of observations pn, 
the volume with the same degree of accuracy as a more complicated 
equation specially calculated for the purpose. But the agreement 
of the author’s ccpiation with the Munich observations is f^ closer 
than would be inferred from an inspection of Linde’s diagram, and 
is bf such a kind as to suggest that the modifications introduced by 
Linde may be largely due ho errors of surface condensation, and to 
distortion involved in the process of smoothing. In order to make 
a fair comparison, it is necessary to eliminate the assumption that 
P is a linear function of T at constant vohiine, and to^o back to 
the actual observations themselves. Much better agreement is thus 
obtained. It is also necessary to plot the observations on a much 
larger scale than in Linde’s diagram in order to exhibit the nature 
of such small discrepancies as exist between them. 

45. Reduction of the Observations. Sinoef P, P, and T 

are the quantities actually observed, the most direct method of 
testing the consistency of the observations and exhibiting their 
agreement with the formula, is to calculate the value of oPVjT for 
each observation and compare it with the constant R. The small 
differences may then easily be {jotted on a scale sufficiently large 

* Eqoatioiu (1) and (2) givo F in ob. m./kg. wlwn P la in m. 
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to show both the experimental errors and the deviations fri>m the 
formula. Or the values of R at each point may be calculated ^ 
adding to the value of aPVIT the valueof the difference o (c - 6) 
according to the author’s formula. With the Exception of filling 
No. 10, avhich gives discrepancies of 1 per cent, the values of R 
thus found are remarkably concordant for the observations taken 
^th any one of the 82 fillings. But they vary from one filling to 
another under similar conditions in an irregular manner which Js 
evidently due to errors in the determination of the mass of water 
introduced into the globe. Thus the value of R from* No. 4 is 
0*6 per cent, too high, and that from No. 7, 0*8 per cent, top low. 
These excessive errors occur chiefly in the short* lines near the 
saturation point, where the range of temperature covered is too 
small to give the observations any value for vtTifying the formula. 
Of the long lines covering an extended range /)f temperature, the 
greateSit differences are 0*8 per cent, between 1 and 5, and 0*24 per 
cent, between 5 and 12 in the opposite direction. In order to 
eliminate these aeeidental differences as far as possible from the 
comparison, the \ aJue of the mass for each iilling has been corrected 
tgj^hc same mean value of /?, namely 0*1 1012, in t?rms of the mean 
thermal unit. It happens that this value is almost exactly the 
mean of all the values of R calculated from the separate observa- 
tions, deluding a few obvious experimental errors. It is very 
natural that such accidental errors should occur in the values of 
the mass of water introduced into the bulb, because the introduction 
involved some very diflicult cxperimenttil manipulation, including 
scrupulous cleaning, drying, freezing with solid C’Oj, and evacuating. 
In the first few fillings the whole mass introduced was less than 
2 grams, and errors of a few milligrams were inevitable. The largest 
correction applied to the mass of this account is only 1 in 400 in 
the case of filling No. 1 (where the whole mass was about 1*5 gm.), 
and is equivalent to an error of 4 mgm. 

The quantity plotted in the diagram Fig. 11, the scale of which 
is about ten times as large as Linde’s PF, P diagram, is not the 
whole volume ljut only the defect of aPV jT from the ideal value R, 
plotted as a pycentage of R, The actual observations are shown 
by the small circles in relation to the lines of constant volume given 
by the author’s formula. 

The ordinate corresponding to each circle represents the 
diffenpce 1 - aPVjRT, multiplied by 100, as calculated directly 
from the Mtinich tables of observations. The crossed circles repre* 
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sent the extrapolated v^ues at saturation given in th^same tables. 
The lines of constant volume represent the corresponding quantit^% 
namely 100 (c — b)l{V + c — according to the author’s formi^. 
This is very easily calculated by the aid of the table of values of c 
fgr each degree given in the Steam Tables, Appendix III. The agree- 
ment is seen to be almost incredibly perfect, since each* point 
tepresents a single observation, and not the moan of a grouf). The 
deviations rarely amount to 1 in 1000, cxc(*pt in the case of t^e 
observations near the saturation line, which are obviously vitiated 
by surface condensation, as the observers themselves admit. For 
this reason the short lines, in which the observations extended only 
a few degrees from the saturation point, could not |>c included in 
the diagram without confusion, because many of them exhibit 
much larger effects of surface condensation than any shown in the 
figure. . 

It ‘appears probable that the effect of .surface condensation in 
increasing the percentage deviation near the saturation point, 
depends parth' on accidental traces of dirt or impurity, and partly 
on the chemical action of the water on the glass, which increases 
Mfvdly with rise of temperature and pressure. Tlie effect of any 
dissolved impurity is to lower the vapour pressure or raise the 
boiling point, so that some liquid remains when the temperature 
is above that of saturation. In the case of water the rise of boiling 
poftit produced by x gram-molcculcs of salt in solution per gram of 
water is approximately 1000a? degrees C. The proportion of water 
remaining when the temperature is 6° C.*abovc the saturation point 
will therefore be lOOOx/d, Thus the defect of pv due to surface con- 
densation should be represented by a hyperbolic curve, as is easily 
seen to be the case for filling No. 22, where the effect is well marked. 
The effect may extend for 10 or more degrees beyoyd the satura- 
tion point, depending on the temperature at which the solution 
becomes saturated, and is not limited to 1° or less as the observers 
supposed. The observations indicate clearly that the correction 
they applied for surface condensation was inadequate, and that 
all the saturation points are liable to a small systematic error. For 
No. 22 the defect of volume due to surface condensation may be 
estimated at 2 in 1000 for 6 * 2*5°. The impurity required to 
produce this effect would be only 5 millionths of a gram-molecule 
of salt per gm. 

Abeve 180° C. there are only* three short lines, which show 
deviations reaching 0-7 per cent, from the formula, but the observa- 
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tions are so few, and the experimental difficidties increase so 
rapidly with the pressure, that little weight can be attached to them. 
T^e observers themselves do not tabulate their general results 
beyond 180® C., ahd though some deviation is to be expected at 
higher pressures, it is impossible to say how far the deviation sho^ 
is dufe simply to increasing experimental errors. The author’s 
formula agrees very well with the saturation pressures up to 200® C.* 
and it would be undesirable to introduce any modifieation to suit 
these few observations between 180® and 190® C. without much 
more conclusive experimental evidence. 

46. Comparison of Formulae for V and L. The agree- 
ment of Linde’s formula with the autlior’s in the neighbourhood of 
the saturation curve is much closer than would be imagined from 
a mere comparison* of the constants, and is within the limits of 
probable error of the method. The differences become serious onl }5 
when the formula is extrapolated to high temperatures or pressures, 
beyond the limits of the experiments themselves. The agreement 
in the neighbourhood of saturation is illustrated by the following 
table, in which Henning’s values calculated from his smootViSd 
table of L, are included for comparison. 


Table II. Volume P, and Latent Heat L of Saturated Steam. 



V in litres per Icilogram | 

1 L in calories Centigrade 

Temp. 

Callcndar 

Linde 

Henning 

Callendar 

Linde 

' Henning 

Cent. 

1902 

1006 

1909 

Uom8kC\ 

from V 

! Table 

100" 

1672-2 

1675-5 

1673 

639-3 

638-7® 

5.38-7 

110" 

1209 1 

1210-8 

1210 

533-2 

632-0 

632-1 

120® 

8iX)-7 

892-2 

891-2 

626-9 

625-5 

626-3 

130" j 

667-6 

669-0 

667-6 

620-3 

618-7 

618-2 

140" 

608-3 

609-0 

607-8 

613-6 

611-6 

510-9 

160" 

392-6 

393-2 

392-1 

606-6 

604-2 

603-8 

160" 

307-3 

307-2 

307-1 

499-3 

497-0 

496-6 

170" 

243-6 

243-0 

243-0 

491-8 

489-J 

489-4 

180" 

196-2 

194-3 

194-7 

483-9 

482-3 

482-2 


Henning’s values of the volume agree on the whole better with 
the author’s than with Linde’s. Linde’s high values firom 100® 
to 150® C. are due chiefly to the high value 47*10 selected for the 
constant R/a. So high a value^of this constant was not j5)itified 
by the actual observations on the volume, which give X » 46 * 90 . 
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hut was reqifired to compensate for the exceptionally^ low values 
of dpjdt in the neighbourhood of lOO"^ C. deduced from the MUnigh 
observations on the saturati(vi pressure, since it had been sho^n 
by the reduction of Joly’s observations (R, l!>00) that the latent 

S eat at 400® C. could not well be much lower than 589 in terms of 
tie calorie at 15® C. as previously explained. The values ’of the 
saturation pressure itself, and a fortiori those of dpjdt, could not 
be determined very satisfactorily from the Munich observatioi^s, 
especially near the limits of the experimental range at 100® and 
180® C., because the mercury thermometers employed showed 
irregularities of 01®, equivalent to nearly 20 mm. in the satiy*ation 
pressure at the highest points, with an even larger proportionate 
uncertainty in dpjdt for the lower ranges. The fact that the values 
of the latent heat calculated by Linde agrecj so well with those 
subsequently found by Henning, is a most remarkable coincidence. 
The differences nowhere exceed 1 in 1000, and arc much smaller 
\han the probable error of the calculation as estimated by Henning 
himself. But we have already seen that lleiining\s table does not 
represent his actual observations satisfactorily, and the coincidence 
laftrely shows that there must be systematic errort in the values of 
dpjdt (see p, 144) if the values of the volume are correct. 

Henning'S table of latent heat makes the rate of diminution of 
L discontinuous near 100®, but practically constant and equal to 
0-72 caloric per 1®C. from 120® to 180® C., which is theoretically 
impossible. The curve of latent heat must obviously be continuous 
with the well established curve below 100® C., and the rate of 
diminution with rise of temperature must increase more rapidly os 
the temperature rises, as shown in the author’s table representing 
values calculated from the theoretical expression 
{H - si) (1 - vjV), 

which gives 

L = [594-8 - (s - So) t- SCp] (1 - vjV) (8) 

The constant 594-3 is the value of L + SCp at 0® C, The factor 
{s - Sq) is tlTd difference of the limiting specific heats of liquid 
and vapour, representing the primary cause of variation of the 
latent heat. The term SCp, which increases rapidly with the satura- 
tion pressure p, represents the Joule-Thomson effect and becomes 
important at temperatures above 100® C. The factor (1 - vjV) 
shows^that the latent heat vanishas when the volume of the liquid 
V becomes equal to that of the vapour V, This formula for L is the 
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simplest possible, and is exactly consistent with Clapeyron’j} 
equation, and with the characteristic equation for the volume. It is 
qu^te possible that the rate of diminution of the latent heat may 
increase more rapfdly with temperature above 200® C., than is 
shown by the simple term SCp^ and the factor (1 - vjV). vBut th| 
properties of saturated steam at temperatures above 200® C. are 
of little practical importance, and no satisfactory experimental data^ 
e^ist at present for the volume, or the latent heat, or the specific 
heat, or the cooling-effect in this region. The author’s formulae are 
intended for practical use over the experimental range, and it 
would, be a great mistake to spoil them for practical purposes by 
introducing pyrely speculative complications devised to suit the 
possible behaviour of the saturated vapour at higher temperatures. 
The pressure factor (1 4- 0-000002p) in Linde’s equation is a device 
of this type, which if^ to be deprecated as an unnecessary complica- 
tion at low pressures, besides giving impossible values for ‘jEf,«at 
high pressures (see p. 122), as explained in the next chapter. There* 
arc other serious objections to Linde’s equation which cannot be 
passed over, because his fornuda has been so widely adopted, as 
being the most* accurate for superheated steam, which is quits 
contrary to the experimental facts. 

47* Objections to Linde’s Equation, The correction term 
0-081 (878/?’)® - 0-0052, in Linde’s equation vanishes and changes 
sign at t = 402® C. a few degrees above the critical point. According 
to Linde’s equation, steanr becomes a “pluperfect” gas above this 
temperature, deviating from Boyle’s law in the same way as 
hydrogen, the product FV increasing with increase of pressure 
at constant temperature instead of diminishing, which cannot 
possibly be correct. The reason of this is chiefly that Linde has 
assigned too high a value to the constant 0-0052 (which is more 
than five times as great as in the author’s equation) in order to 
compensate for the selection of the lower value 8 for the index in 
place of the author’s 10/8. The excuse given for this is merely the 
convenience of having a whole number for the indlix. It will be 
found however that the index 10/8 is in many^ respects more 
convenient than the index 8 in actual practice having regard to 
all the various calculations for which it is required, more parti- 
cularly in relation to the adiabatic equation, which Linde appears 
to have overlooked. It may be aligned that a temperature of 600® C. 
is so seldom reached in a steam-engine that the error is immaterial. 
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It is evident however that material discrepancies ma^ be expected 
long before this temperature is attained. ^ 

It Is most important in practice, for calculations relating to tjie 
jdischaige of steam, and for other reasons, to*have the simpl^t 
|i|pssible«»form, like the author’s ^ K, for the adiabatic 

^uation. To be of any use, the results of such calculations m^Jst be 
pcactly consistent with the tables. Linde’s equation does not 
ptisfy the theon‘tical condition (I t) of Chapter III, namely that 
he deviation from the ideal volume must be of the form 

(TIP)F(PjT**^% 

is therefore extremely inconvenient in practice; in addition to 
eing almost certainly inaccurate at high temperatures. 

The measurements of the volume tak<tu alone were inadequate 
) determine all the constants in the equation, syiee the observations 
! V n*ught have be^en representcxl ecjually )vell by a variety of other 
niulae of different types. The values of the constants were 
tecordingly adjusted, as far as possible to suit other observations, 
tich as those on the cooling-effect. Jhit in spite of the complexity of 
Si;t equation the agreement obtained is not at all katisfa<*tory, and 
he formula cannot be reconciled with obscTvations on the specific 
cat as will be explained in the next chapter. 



CHAPTER VI 


THE SPECIFIC HEAT OF STEAM 

48. Variation of the Specific Heat. The experimental 
wul theort;tical evidence leading to the adoption of the formula 
{R. S.y 1900) . 

• . S \ an (ni^l)cP it (1) • 

for the variation of the specific heat of steam at constant pressure, 
has already been summarised and explained in Chapter III, and 
the formula itself ht^s been indirectly verified by the comparison 
of the resulting values onhe total heat, cooling-effect, and sjtecific 
volume, with those obtained by experiment. It remains in the 
present chapter to coni])Iete the verilication by direct comparison 
with the results of later ex])erimcnts on the sj)ecific heat, and to 
discuss some of Hie thermodynamical relations, which afford goe.i 
illustrations of the a[)j)lication of the laws of thermodynamics to 
test the consistency of various empirical expressions which have 
since been proposed. 

The limiting value of the spc^cilic heat Sq at zero pressure is a 
function of the temperature only, and has been taken as constant 
for the range required in sl«i‘am-engine j)ractice, although it might 
theoretically be any function of the temperature so far as the form 
of the characteristic ecpiation for V in tenns of P and T is concerned. 
Recent experiments ha\'e shown that the value of it not quite 
constant over^the cxjierimental range, and that the variation 
becomes important at temperatures approaching 2000® C., such 
as commonly occur in internal combustion engines. But it has been 
found possible to represent the projjerties of steam satisfactorily 
up to a temperature of 400® C. by adopting a suitable mean value 
of Sq, This appears to be jtistifiable beca\ise the uncertainty of the 
variation of over this range according to different experiments 
and formulae is nearly of the same order of magnitude as the varia- 
tion itself. Moreover it is most important for practical calculations 
on the discharge of steam, and for other purposes, that the equation 
of the adiabatic of dry steam ^ould be of the simplest possible 
form, namely and should be exactly consistent with the 
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tables. This cannot be secured unless a constant valu^' is assumed for 
Sq over the experimental range, and is a decisive argument in 
practice. * 

As the result of extended trials in varion# calculations of the 
properties of steam from experimental observations and tests, it 
has not hitherto been found possible to make any matetial im- 
‘provement in the value 187f/3, assumed for Sq in the revised 
equations (E. B., 1902). This value has accordingly been ^ctai^led 
in order to avoid introducing immaterial and vexiitious changes in 
the Steam Tables. It is probable that this value is too high near 
100® C., where Makower found values ranging from 4-26 to 4*80 for 
the ratio SJR^ and where Brinkworth has recently obtained the 
value 4*21. But a higher value is certainly required at 200® than at 
100® C., and the value 4*333 seems to give the best general agree- 
ment with the latest observations of the s^^turation pressure as 
explained in a later chapter. 

^ The second term in formula (1), which de])ends on P, and may 
be called the variation with pressure, is of much greater magnitude 
and importance than the variation of aS’^. Its presenee in the 
^r>rmula is essential in order to make the values tff the specific heat 
thermodynamically consistent with the variation of the total heat, 
volume, and saturation pr(?ssure. 

• 49. Results of Later Observers. The approximate con- 
stancy of the si^ccific heat of steam at atmospheric pressure was 
verified indirectly by the experiment.; of Hoi born and Henning 
{Ann. Phys.y 18, p. 739, 1905), which covered a wide range of 
temperature. They employed a mcKlification of Regnault’s method 
with an o»* calorimeter at 110® C., so that the steam was not con- 
densed in the calorimeter, and the possible error duetto the inclusion 
of the latent heat was avoided. They also measured the specific 
heat of air with the same ap][)aratus over the same ranges of tem- 
perature. The value found for air between 110® and 270® C. was 
0*2315, and that for steam over the same range, 0*4492. They 
admitted that these results were too low as compared with those 
of Regnault, l^t they considered that their exj)eriments gave the 
ratio of the specific heats of steam and air with a fair degree of 
accuracy, and that the variation of the mean specific heat of air 
with temperature could be fairly represented by the coefficient 
4 X At a later date, Swanic {Brit. Assoc, Hep,, 1908, p. 81, 
PkiL Trans. A, 1910, p. 199) foimd a similar coefficient for the rate 

7-3 
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of increase of the mean specific heat of air between 0° and 100° C., 
bu^a much higher value of the specific heat itself, namely 0*2418 
at 0° C. and 0*2423 at 100° C. Thes^ exceeded Regnault’s values 
by 2 per cent., but d|frecd very closely with Joly’s observations on 
the specific heat at constant volume when reduced to constant 
pressure. 

Swann’s result for air has since been verified by Holbom and 
Ja||;ob (ZeiU Ver, Devi. Ing., 58, p. 1420, 1014). The original 
results of Holborn and Henning for steam can be reduced, with 
a fair degree of probability, by employing Swann’s formula for 
the me^n specific lieat of air, together with their own values of 
the ratio air/steam. The results thus obtained are exhibited in the 
following table {lirit. Assoc. Rep.^ 1008, p. 31). 


Table I. Reduction of Holborn and Henning’s Values for S. 


Tomp. 1 

i 110° 

110° 

. 110° 

110° 

115° 

1 270° 

440° 

620° 

Range 1 1 

1 270° 

440° 

020° 

820° 

826° 

1 440° 

620° 

820° 

Mean t 

190° 

27.5° 

30,5° 

405° 

470° 

! 365° 

530° 

720° 

Air, obfii. 

0‘23b> 0*2.350 

0*2442 

0*2492 



0*2.382 

0*2612 

0*2618 

Steam, obs. 

i 0*449 

0*400 

0*475 

0*498 

— 

0*470 

0*503 

0*666 

Ratio 

1*040 

I *958 

1*040 

1*998 

1*900 

1*974 

1*924 

2*122 

Air, calc. 
Steam, oalo. 1 

1 0*244.5 

0*2457 

0*2471 

0*2487 

0*249 

0*2408 

0*2497 

0*2628 

1 0 474 

0*481 

0*481 

0*497 

0*473 1 

0*487 

0*480 e0*636 


The calculated valutas given in the last line agree very fairly 
with Rcgnault at 173° C., but indicate a much smaller rate of 
increase with temperatun; than the original observations given in 
the fifth line, headed Steam, obs. The observations for the range 
115° to 826° in the fifth column were taken with a different form 
of apparatus, which gave a much lower result than the/irst form 
over the samc^rangc, but the experimental difticulties were so 
great at these temperatures that little weight can be attached to 
it. The values given in the h\st three columns arc deduced by taking 
differences of total heat between the first four ranges, and show 
the values of S over smaller ranges and at higher temperatures. 
The uncertainty is increased by taking differences in fRis way, but 
the results indicate a more rapid increase at high te^iperatures, as 
is also shown to be the case by explosion experiments. The cal- 
culated values shown in the last line are probably too low at higher 
temperatures, because it appears likely that the specific heat of 
air may increase more rapidly in this region than is assumed in the 
formula. Even the value 0*474 at 190° may be 1 or 2 per cent, too 
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low from this cause, and should be regarded rather as a lower limit 
to the possible value of S, 

50. Variation of S with Pressure? According to* the 
^theory« already explained, it is not actually necessary to take any 

observations of the specific heat at pressures other than atmo- 
spheric, because the complete variation of the total heat is most 
easily deduced by the throttling method when the specific heat at 
atmospheric pressure is known. The advantage of this method is 
that the observation of the cooling-effect is much simpler than 
that of the s])ecific heat, because no measurements of quantities 
of heat are required. Moreover mettsurements of the specific heat 
at pressures other than atmospheric involve additional experi- 
mental diflieulties and sources of error. It is of considerable interest, 
however, to compare measurements at different j)ressurcs with the 
results deduced from the observations on the cooling-effect. 

The variation of the specific heat with pressure as deduced from 
the observations on the cooling-effect, is shown by the full lines in 
the annexed diagram (Fig. 12), which are drawn for pressures 
of 0, 2, 4, 0, and 8 kilos per s(p cm. in accordance* with equation (1) 
for the variation of S, The horizontal line marked Sq at 0-477 
represents the assumed mean value of the specific heat at zero 
pressure. The circle marked C represents the first experimental 
value 0-496 at 108® C. and 1 atmosphere; that marked B Brink- 
worth’s more recent value 0-487 in terms of the mean caloric. Both 
of these give slightly lower values thun 0-477 for the specific heat 
Sq at zero pressure. The circles marked R and Hll, indicate the 
observations of Rcgnault and of Holborn and Henning respectively 
at atmofphcric pressure. The circles marked IIS indicate the 
observations of Holborn and Henning reduced by assuming Swann’s 
formula for air, wliich, as already explained, is j).obably too low 
at temperatures between 200® and 400® C. 

51. Kjioblauch’s Experiments. The other joints marked 
on the figure indicate the observations of Knoblauch and Jakob 
{Forftch. Ver.JDeut. Ing,, 1906, 86, p. 109), at pressures of 2, 4, 6, 
and 8 kg./cm.*, and those of Knoblauch and H. Mollier (loc» cit,, 
1911, 109, p. 79). The points belonging to the later series of observa- 
tions are enclosed in circles, each of which represents the mean of 
sevehd observations. They agr(^ closely with the earlier series, 
being made by the same method with similar apparatus, except 
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that all the dots representing the observations at the lowest 
pr<^ssiire of 2 kg./cm.®, arc slightly higher in the later series than in 
the earlier between 150° and 200° C.,fbut much lower in the later 


? 8 8 8 -Sll • 



series than in the earlier in the neighbourhood of 850° and above. 
The dotted curves marked 2, 4, 6, 8, represent the smoothed table 
of results given by Jakob {Zeit, Ver, DetU, Ing,, 1912, p. 19ft9) to 
fit both series of observations as closely as possible. The points at 


Temperature Centi’gradep 
Ig. 12. Variation of S with Pret 
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different pressures are distinguished in the figure by the same 
marks as in the original papers, namely dots for tlur observations 
at 2 kg./cm.*, small circles for 4 kg., crosses (+) and ( x ) for Oand 
8 kg. respectively. The points at different* pressures are dsvell 
separate below 200° C., but begin to overlap at 300° C. and above, 
Vhere the 4, 6, and 8 kg. points lie very close together. It, will be 
seen that the observations confirm the variation of the specific 
heat with pressure, as predicted from the observations on the 
cooling-effect, not only in kind, but also in magnitude. The range 
of variation shown by the observations is in fact almost identical 
at 210° C., but somewhat greater below that temperature, and 
somewhat less above. 

The dotted line marked KJq represents the extrai>olatod value 
of the specific heat at zero pressure given by Knoblauch and Jakob 
in their first paper. This showtxl a variation of S(^ with temperature 
ranging from 0-447 at 100° C. to 0-509 at 400° C. which was 
supported by Ilolborn and Henning's* original value 0-449 at 
190° C. But the range of variation, amounting to nearly 14 per 
cent., appeared inadmissible in the light of subsequent reductions 
(Brit, Assoc, lie]),, 1908, p. 339). The obsc-rvatijt^ns of Knoblauch 
and Jakob in 1900, did not extend beyond 350°. The high values 
obtained at this point were inconsistent with the lower values 
subse(f(icntly obtained by Kiioblauch and Mollier at higher tem- 
peratures. In Jakob’s latest reduction, th<‘ upper end of the 
jSq curve has accordingly been lowered to 0-489 at 400° C., 
and the lower end raised to 0-401 at 100° C., reducing the 
variation to about 0 per cent., which is a more reasonable value. 
Knoblauch and Mollier reduce the variation still further, to about 
4 per cenj:., as would seem to follow from their observations at 
a pressure of 2 kg. Since the points marked R and HS at 1 atmo- 
sphere should, if anything, be further raised, it it^)pcars probable 
that the 2 kg. points of Knoblauch and Mollier are still too low. 
This would require a similar adjustment of the 4 kg, curves, and 
would bring their results into better agreement with the author’s. 

52. Values of S at Saturation. It is difficult to measure 
the specific heat near saturation by direct experiment on account 
of the risk of water being carried with the steam, which would 
make the specific heat appear too high. Thus one per cent, of water 
in t]|e steam would make S aborjt 50 per cent, too high if measured 
over a range of 20° C. For the lowest observations in the Munich 
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experiments, the steam was first raised to a temperature about 
10^ or 20° Cm above saturation in a superheater, from which it 
pttssed to the calorimeter, where the watts required to raise it 
anather 80® or 40® JC. were observed. In the first series, only two 
experiments gave values of S appreciably exceeding 0*50^ namely 
0*557 8 kg. and O-SOl at 0 kg., both points being exceptionally 

close to the saturation line. It is possible that these may have been* 
affected a little by entrained moisture, since the observations 
between 200° and 250° C. are abnormally low in comparison. In 
any case it is obvious that the extrapolation of the curves to 
the saturation line must be of a very speculative character 
owing to the distance to be covered and the paucity of observa- 
tions. 

In the earlier paper, the curves of Knoblauch and Jakob appear 
to have been produced to the saturation line by purely graphic 
estimation. The poiilts on the saturation line thus found at 2, 4, 6, 
and 8 kg., were connectai by an empirical formula ® 

- 0*41 I- 2*52 X 10y(T, - 1\)\ (2) 

where T<, is the critical temperature and the saturation tem- 
perature at the point considered. With starting points given by 
this formula at saturation, a series of parallel curves were drawn 
showing values of S up to pressures of 20 kg./cm.^; but very little 
weight could be attached to a graphic extrapolation of this kind 
without any theoretical basis. 

Jakob, in his later reduction (1911), employed a different em- 
pirical formula iV)r the saturation values, namely, 

S, = 0*455 + 2 X - 2\) (8) 

This is the formula rej)rescntcd by the dotted line marked Jakob 
(sat.) in Fig. 12. It gives a smaller range of variation than (2) 
at high temperatures, and raises all the saturation values by about 
0*020 over the experimental range from 2 to 8kg./cm.*, which 
brings them into better agreement with the atithor’s, but the 
formula has no theoretical foundation. 

S3. Calculation of S - So from the Characteristic 
Equation. The only satisfactory method of extrapolating experi- 
mental results for S to the saturation line is by the aid of some 
form of characteristic equation which is known to represent the 
other properties of steam in the B^ighbourhood of saturatioi\> The 
variation of S with pressure at constant temperature for any 
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substance is given by the well known differential equation 
(Appendix I (48)) 

(dSIdP), (dW/dT%, ( 4 ) 

• • 

which i§ easily solved if V is known as a function of T and P, The 
Author’s equation gives in this way the general expression fpr S, 

S *S"o + an (n + l)eP/T, (5) 

where n = 10/8, a = 10,000/427 (K.M.C.),’ and c - 0 02G8 (STS/T)" 
(K.M.C.). A similar result is easily obtained from Linde’s equation, 

= iSo + an (w + 1) cP (1 4- OmPyT (6) 

where a = 10,000/427 (K.M.C.), n 3, and c 0 081 (878/^)*. 
This expression is exactly similar to the author’s, but with different 
v^alues of c and w, and with the addition of the small correction 
term.0*0lP depending on P, which makes it give higher results 
‘at high pressures. • • 

The corresponding expressions for the product SC arc 


Author SC a (n 1) c - ab, (7) 

Linde, iS’C = a (n f 1) c (I + 0 02P) - 0*00a2a (8) 


The constants have the values given above on the (K.M.C.) 
system? It will be seen that the correction term () ()2P in expression 
(8) for SC is twice as great as in the corresponding expression for S, 
The following table shows a comparison of Jakob’s extrapolated 
values with the variation of S at saturation deduced from the two 
equations. 


Table II. Values of S at Saturation. 


Pressure j 

Author 

Linde 

i Thomas 

Knoblauch 

Jakob 

kg./om.* 1 

1902 

1905 

1 1907 

1 

and Jakob * 

1911 

0 i 

0*461 

0*461 

0*461 

0*447 

0*461 

2 

0*499 

0*500 

0*500 

0*480 

0*499 

^ i 

0*522 

0*525 

0*524 

0513 

0*533 


0*539 

0*545 

0*540 

0*548 

0*586 

* , i 

0*554 

0*565 

0*552 

0*583 

0*600 


Jakob’s vfiSues have been taken from his 1911 paper without 
modification, but the others have been reduced to Jakob’s later 
values of Sq (which range from 0*461 at 2 kg. to 0*468 at 8 kg.) 
for {girposes of comparison, sinc^t the characteristic equations do 
not give iSobut only S — Sq, The extrapolated values assumed for 
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Sfi at 100® C. and zero pressure, are j^ven in the first line. They are 
taken as 0*4tfl, except for Knoblauch and Jakob, where the curve 
(ftjo) gives the value 0-447. It will bf seen that both, the character* 
istfc equations givetdifferences of S diminishing with rise of pressure; 
whereas the Knoblauch and Jakob columns show nearfy equcd 
differences, which is the natural tendency of all graphic method 
in which the proper run of the curves is estimated by eye. Thus- 
according to the author’s equation the successive differences of S 
are 88, 23, 17, 15, diminishing with rise of temperature; but 
according, to Knoblauch and Jakob, 33, 33, 35, 35, and according 
to Jakob (1911), 38, 34, 33, 34. Linde’s equation shows a range of 
variation of 0*005 from 2 to 8 kg. which is somewhat greater than 
the author’s 0-()55, but much less than Jakob’s 0-101. In an extra- 
polation of this kind it is reasonable to attach greater weight to 
values deduced from an equation whieh is known to represent the 
volume correctly, than to a graphic or empirical method, because 
the variation of S With pressure depends directly on the variatioif 
of the volume. If the starting points selected by Jakob at 2, 4, 
6, 8 kg. on the saturation curve arc so uncertain, the uncertainty 
of the empirioalrextrapolatiou to 20 kg. is many times greater. 

54. Experiments of Thomas* The experiments of Thomas 
{Trans, Arner, Sac. Mech. Eng,y 29, pp. 1021-1007, 1907) are of 
special interest and importance in this connection because he used 
the saturation limit itself as the starting point of his measurements, 
and directly observed the \^'atts required (1) to dry a given current 
of steam, and (2) to superheat it through ranges of 10®, 20®, 40®, 
60°, 80®, 100®, and 150® C. The pressure was varied from 7 to 
500 lbs, /sq. in., and special attention was devoted to^ measuring 
and eliminating the heat-loss. By surrounding the calorimeter 
with an electrically heated and highly polished jacket, he was 
able to reduce the external loss practically to zero, but he also 
tried other methods in which the conditions as to heat-loss were 
widely varied. Ilis calorimeter had a very small thermal capacity 
as compared with the massive oil-bath of Knoblauch and Jakob. 
This is quite an important point in a steady-flow method. The 
temperatures were taken with thermo-couples, and the watts with 
a direct reading instrument, which precluded a high order oi 
accuracy in the observation of small differences, but was well 
suited for the measurement of the total heat. The watts required 
to dry the steam were obtained by observing the point at which 
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the temperature first began to rise above that of saturation when 
the watts were increased. It would appear from Thomas’s observa- 
tions that tho water pres^enUin the original steam supply often 
amounted to 3 or 4 per cent. Owing to the time^aken to evaporate 
s^nall drftps of water in a rapid current of steam when the superheat 
is very small, it is practically certain that a small proportion of 
water was still present in the steam when the tcmjjerature first 
began to rise above the saturation point. It appears in fact fropi 
an analysis of the observations that the proportion of W'ater present 
at this stage was nearly the same in all cases, and amounted to 
about one-fifth of 1 per cent., being equivalent to nearly 1 ealjorie C. 
This would raise all the values of the specific heat obtained over 
the first interval near saturation by an equal amount, but would 
not materially affect the accuracy of the results for the variation 
of the specific heat along the saturation curve, 

^ It *is noteworthy that if Thomas’s curve for S at saturation is 
reduced to the same value as the author’s at 5 kg., it practically 
coincides with the author’s from 2 to 8 kg., so that it could not be 
shown separately on the scale of the tigurc. Ileyond this point it 
begins to diverge slightly from the author’s, lyif^ a little below 
it as indicated by the broken line marked Thomas. But the devia- 
tion appears to be within the limits of possible error in such difTicult 
experiments, considering the small number of [)oints actually 
obtained at the higher pressures. No doubt it is true that the 
author’s theoretical results at saturation appear excessively low as 
compared with Jakob’s cxtraj)olated values. But they err a little 
in the opposite direction when compared with Thomas’s experi- 
mental values, and there should be little hesitation in such a case 
in ^ijving greater weight to the results of actual experiments at 
high pressures tlian to a purely speculative extrapolation. 

Thomas’s observations at 300 and 500 lbs. arc shown in Fig. 12 
by the marks T in relation to the author’s theoretical curves at 
these pressures. The tw'o highest values of the specific heat actually 
obser\'ed by Thomas, as given in his tables, at a pressure of 
500 Ibs./sq. in!, were 0-080 between 242° C. (sat.), and 262° C,, and 
0*617 between ^102° and 282° C. The author’s formula gives 0*668 
and 0*689 respectively over these ranges, which show reasonably 
good agreement considering that it was difficult to keep the quality 
of the steam quite constant at this high pressure. Thomas’s points at 
292° ^id 882° fall exactly on the author’s curve at 500 lbs. Linde’s 
formula, taking Sq «= 0*461 (Jakob), gives 0*744 and 0*704 for the 
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first two points, values which appear to be too high owing to the 
cprrection term (1 -f O'OlP), which raises the value of S by about 
0*100. On the other hand, Jakob’s first formula for S at saturation 
gives S *= 1*511 at *1242® C., and his second formula gives S == 1*260. 
The highest value actually observed by Knoblauch and J4kob was 
only 0*557. It appears inconceivable, in the light of Thomas’s 
experiments, that the specific heat at 500 lbs. could possibly be as* 
Ipgh as 1*260, even at saturation, where the author’s formula 
gives 0*684, or a linear extrapolation of Thomas’s values 0*646. 

f 

55, Variation of 5 with Pressure at 260° C. The actual 
observations of 'Knoblauch and Jakob, and Knoblauch and Mollier 
agree very well with Linde’s equation for the variation of S in the 
neighbourhood of 200° C., where the observations at different 
pressures arc well separated. They agree equally well with , the 
author’s equation at 210° C. But at higher temperatures th^ 
observations at different pressures begin to overlap, owing to 
experimental errors, and the pressure variation of S cannot be 
determined with any certainty from the observations themselves, 
because the vafiation is of the same order as the experimental 
errors. The smoothed curves and tables given by Jakob appear to 
make the variation a little too small as compared with thecljaracter- 
istic equation, or with Thomas’s experiments. Tliis is shown by the 
following table of values at 260° C. 

• Table III. 

Values of S ~ Sq at 260° C., from 2 to 16 kg./sq. cm. 


PreMure kg./om.* 

2 

4 

6 

8 

' 10 

jt 

12 14 

» 16 

Jakob, table 

0-007 

0-015 

0-023 

0-032 

0-042 

0-052 j 0-062 

0-074 

Thomas, ounces 

0011 

0-021 

0-032 

0-043 

0-063 

0-063 0-073 

0-081 

Author, calo. 

00102 

0-0204 

0-0306 j 

0-0407 

0-0609 

0-0611 j 0-0713 

0-0814 

linde, calo. 

0-0114 

0-0233 

0-0356 

0-0484 

0-0616 

0-0763 i 0-0894 

0104( 


There is strong theoretical evidence that the lines should be 
equally spaced for moderate pressures at any given temperature. 
The equal spacing of Knoblauch and Jakob’s curves (1907) at 
low pressures was reduced by Jakob (1911) on account of the 
raising of the 2 kg. curve in the later experiments by Knoblauch 
and Mollier. Otherwise they agree very well with the aifthor’s 
difference of 0*0102 for 2 kg. at moderate pressures, but show a 
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more rapid increase with pressure as saturation is approached at 
constant temperature. Thomas’s curves on the othe» hand, show 
practically the^ same spacing as the author’s up to 16 kg. but %, 
smaller rate of increase with pressure at higher pressures. TShe 
difference is of no great practical importance, and the experimental 
evidence does not appear to justify the adoption of a more com- 
plicated formula than the author’s. Linde’s equation gives some- 
what larger differences increasing with pressure, and does not seem 
to agree so well with observation over the experimental range. ® 

56 . Rate of Variation of H with T for Saturated 

Steam. The variation of 11 with temperature for saturated’steam 
can be deduced from the values of S and C at satfiration by the 
general formula (7) of Chapter III (sec also Appendix I (15)), 

(dIIjdT),==S~SC{dptdt). (9) 

• 

fiut as neither S nor C can actually be meftsured at saturation, the 
most appropriate use of this formula is to deduce the values of 
(dllldT)g corresponding to any particular type of characteristic 
equation assumed. The characteristic ccpiation g^yx*;^ A - Sq and 
SC directly, and the value of {dH/dT)g is then made to depend on 
those o^Sq and dpjdt which are known wit ha fair degree of certainty. 
Similarly if (dlljdl'), were given, the formula might be employed 
to deduce consistent values of C from those of A, or vice versa. 
If thermodynamically consistent formulae are employed for all 
the properties, such tests are su[)crfluous, because all such calcula- 
tions must lead to identical results; but if empirical formulae 
derived from experiment arc employed, the ccjuation affords a 
useful and 4 iecessary test of consistency. 

The folloving table shows a comparison of values of (d/Z/dT), 
obtained by different methods. The first column giVes Ihe values 
taken from Henning’s table of //, or L (Chapter II), wliich showed 
such remarkable agreement with those previously calculated by 
Linde from his characteristic equation by the aid of Clapeyron’s 
formula. The^ibrresponding values of Linde are given in the second 
column headed Linde-Clapcyron. The values in the third column, 
headed Linde, S' and C, have been calculated by (9) from Linde’s 
equation using his own values of dp/df, and choosing to give 
the same change of H as the previous column between 100® and 
180® Ck Values deduced in this way are likely to be more correct 
in the neighbourhood of 100® C. than those deduced from Clapeyron’s 
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relation, which throws too much weight on possible errors of 
ipjdt. They ftlso show a diminution with rise of temperature, as 
r^uired by theory, instead of tending to a constant value 0*81 
as in Henning’s table. But the diminution shown is much too rapid 
near 200® C., and would make U reach a maximum in tlje neigl^- 
bourhood of 210° C. for saturated steam, which is most improbable, 
and tends to show that the correction term 0-02P in Linde’^ 
equation is erroneous. 

* Table IV. 

Values of dHldT for Saturated Steam by different formulae. 


Temp. 

Henning, 

Linde- 

Linde, 

Davis, 

Davis, 

1 Davis-Thiesen 

1 

Author’) 

Cent. 

Table 

Clapeyron 

H and C 

Parabola 

S and C 


«„374 

equatioi 

100° 

0-36 

0:14 

0-398 

0-374 

' 

0-367 

0-388 

0-404 

120° 

0-32 

0-;i4 

• o;iGi 

0-3.35 

0-.331 

0-,340 

0-363 . 

0-373 

140° 

0-31 

o;ii 

o-svi 

0-205 

0-306 

0-309 

0-334 

0-3^7 

160° 

0-31 

0-31 

’ 0-252 

1 0-2.56 

0-280 

0-275 

0-305 

0-299 

180° 

0-32 

o;ii 

0-177 

0-216 

0-250 

0-237 

0-272 

0-259 

200° 

— 

— - 

0-080 

0-17(5 

0-209 

0-192 

0-233 

0-222 


The values iif tlic column headed Davis, parabola, are calculated 
from the parabolic formula of Davis (Trans, Anier, Soc. Mech. Eng,, 
XXX, p. 741, 1909) whicli gives ^ 

(dll I dl\ - 0-8745 - 0-00198 (t - 100) (10) 

This is a puredy empirical formula calculated from the throttling 
experiments of Grindlcy, Gpessmaim and Peake, and is not suitable 
for extrapolation below 100° C. because it deviates widely from 
experiment in this region, and would make S = 0-578 at 0° C. 
Between 120° tmd 180° C. the formula represents the observations 
on which it was founded satisfactorily, but it appears probable that 
the experiments themselves were affected by systematic errors due 
to heat-loss, which tend to make the rate of increase of H too small. 
It is obvious that a linear formula for (dH/dT), (corresponding with 
a parabola for f/,) cannot easily be reconciled with other properties 
of steam, or with any reasonable fonn of characteristic equation, 
such as that of Linde, which Davis adopts for the volume. It is 
also inconsistent with the values of (dHjdT), calculated by formula 
( 9 ) from the values selected by Davis for S and C, as shown in the 
next column. Davis in a later paper (Proe. Amer, Acad,, XLV, 
p. 284, 1910), recommends a formula of the Thiesen typ^ (see 
Ch«q>ter II) for extrapolation, which gives the values of (dBjdT)^ 
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in the column headed 865 ®. The agreement of this fonnula with 
observations below 100® C. is greatly improved if the Correct valuc^ 
^«874®, is substituted -for ^the critical temperature, which is 
the chief justification for the employment of the formula Tor 
^trapolation. The effect of this correction is to raise the values of 
H by about 8 calories in the neighbourhood of 200°, where they 
are brought into exact agreement with the author’s equation for H. 

It will be observed that Davis’s parabolic formula would make 
Hg a maximum, or (dUjdT)^ = 0, when t = 280° C., whereas the 
Davis-Thiesen formula with tc 805° would make // a ^naximum 
at / = 259° C., and with 374° would give a maximum for // at 
t = 277° C. In the discussion on Davis’s paper, Pjof. Marks (loc, 
ct/., p. 765) gave it as his opinion that “the true curve should lie 
somewhat higher at high pressures than the Davis curve, and that 
an equation giving a maximum value of the total heat at a tem- 
perature considerably nearer the eritieal point would represent 
the facts better than the equation proposed.” Without laying too 
much stress on the position of the maximum, which is a somewhat 
speculative question, one may at least assert that an equation of 
the Thiesen type, with - 374°, which gives tk^‘ correct result 
for L at the critical tcmjierature, and a maximum at a lower [>oint 
than Davis’s curve, is not likely to give results which are much 
too high in the neighbourhood of 200° C. Moreover it gives very 
fak agreement with experiment even at temperatures below 100° C., 
and also agrees with Henning’s observations at 180° C., which 
are most likely to err, if anything, in defect, like all other 
observations on the latent heat. On the other hand the Davis 
parabola gives a value 8 calories C. lower than Henning’s experi- 
ments at Vi0° C., and lower than some of Hegnault’s observations 
at 190° C., which are likely to be at least 3 calories ttM> low, since it 
is very improbable that he could have succeeded in eliminating the 
wet-steam error more completely at 190° than at 100° C. On these 
grounds it would appear probable that the author’s theoretical 
formula, deduced from throttling experiments by the differential 
method, ma;f be more nearly correct than the Davis formula in 
the neighbourhood of 200° C., as it gives much better agreement 
with observation below 100° C., and is also in practically perfect 
agreement with the Thiesen formula at temperatures up to 240° C. 

59* Calculation of at iaturation from (dHldT), or 
dLfdT* In consequence of the difficulty of measu^ng S near 
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saturation, many attempts have been made to calculate appropriate 
values from farious formulae assumed for (dR/dT), by means of 
the general relation (9) given in the preceding sectiop. In order to 
do this it has been tisual to substitute for SC from the relation 

SC = aT (dVldT)j, - aV, 

and for dpjdt from Clapeyron’s equation, which gives the expression* 
for 5, 

• S « (dllldT), + L (dVldT)J(V -V)- LVjT (V - i;), ...(12) 

but these {fubstitutions arc purely a matter of form if it is under- 
stood that SC is calculated from some form of characteristic 
equation for 1^ and that the values of F satisfy Clapeyron’s 
equation, as is generally the case. 

If a formula for L is given in place of //, the value of {dH/dT), 
is taken as dL/d7' -f-.d/t/dl’. The formula in this shape was given 
by Planck (Thermodynamics, Eng. Trans. 1 903, p. 147) as a “ rigorous, , 
test of the second law** of thermodynamics, and is often known as 
“Planck’s formula.” He obtained the formula in a different way, 
and made the additional substitution 

s — (aT (dvjdt)p - av) (dpidt) 

for dh/dt. But this is undesirable, because dh/dt is the quantity 
most easily measured for the liquid at temperatures abovelOO® C. 
It is simpler to keep the formula in the shape (9), as being 
the direct expression of the relation between S, and (dHjdT),, 
because the effect of diffevent assumptions is then immediately 
obvious. 

The formula has already been applied (Table III of Chapter IV) 
as in (R, S., 1900), to determine the variation of S, when given 
values are assumed foriS’C and (dHjdT)g, It is not so well adapted 
to give S, in terms of (dll /d7’), if C, is given, because a small error 
in C or dHJdT involves a relatively large error in S at high tem- 
peratures when Cdpidt is nearly equal to I, and because the value 
of S becomes indeterminate, or infinite, when Cdpjdt reaches unity. 

Thiesen (Ann, Phys,, 9, p. 80, 1902) employed a formula of 
this type to calculate S, for steam, assuming his onginal formula 
for If, with the index J, and 865® C. for the critical temperature. 
He took the expression KjT^ lor SC from the original Joule-Thomson 
equation, and calculated K from Clapeyron’s equation at 100® C, 
He thus found values of S at sutturation ranging from 0*466 at 
0^ C., to a minimum 0*415 at 80® C., and rising again to 0*51 at 
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180” C. There is no experimental evidence for such a minimifm, 
but the method gives more reasonable results if Thi&en*s oiigii^ 
formula is corrected to agree; with observed values of the latent 
heat as previously explained, provided that li suitable type* of 
^aracteristic equation is used. Having found values of by 
this method, Thiesen pwK'cedcd to deduce consistent values of Sq 
from the expression for S - Sq given by the characteristic equation 
assumed for SC. This is evidently an essential part of the process, 
because the values of S, deduced by this method cannot be har- 
monised with any arbitrary values of Sq determined by experiment 
or selected by an independent method. 

58. Erroneous Application of Planck’s Equation. 

Davis (Tram. Amer. Sac. Mech. Eng.y xxx, p. 750, 1009) employed 
the same method in order to corroborate the high values given by 
Knoblauch and Jakob (Munich) at saturation. He «|uotcs Planck’s 
formula in the shape (12) given above, except Chat he neglected v 
in the last term, which then reduces to LjT, The effect of this is 
to increase the value of S by 0-010 at 200° C. He assumed dHjdT 
and LjT from his own parabolic formula for //,; {dVId'T)^ from 
Linde’s equation, and LI(V — v) from Henning’s values of dpjdt. 
Since Linde’s values of V satisfy Clapeyron’s ecpiation with 
Henninjf s values of L and dpjdiy the result is practically the same 
(except for the neglect of v) as if the last two terms in Davis’s 
equation (12) were replaced by SCdpjdl. The results found in this 
way agreed with Knoblauch and Jakob’s extrapolation in giving 
the exceptionally high value, S^ = 0*705 at 205° C., and were 
generally regarded at the time (in America) as a conclusive con- 
firmation o^the Munich extrapolation. The comparison was repeated 
by Davis in a later paper (Proc. Anier. Acad., xlv, p. 297, 1910) and 
made more convincing by showing that Thomas’s values of // led 
to slightly higher results for S than the paralwlic formula for U. 
The reason of this is that Thomas’s values of (dHjdT), , as reduced 
by Davis, are slightly higher than the values given by Davis’s 
formula for H/, “and agree more nearly with the author’s. The author’s 
values of (dHjdJ'),, if added to Linde’s values of SCdpjdiy would 
give still higher vaJues of S,. 

Davis does not appear to have made any experiments himself 
in support of his formula, but his conclusions were accepted in 
America without serious criticism *as the most valuable contribu- 
tion to the science and practice of steam-engineering since the 
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de^rmination of the mechanical equivalent of heat by Rowland.” 
G{^e parabolib foimula for in spite of its obvious defects, was 
accepted by Peabody as the basis pf his new tables, and Jakob 
revised his extrapolation of S at saturation to conform as closely 
as possible with the values calculated by Davis from “ Planck’s^’ 
equation (12). 

Davis’s calculation of S, from “Planck’s equation” (12) wasf 
'^ery effective at the time in diserediting the experiments of Thomas 
and supporting the empirical extrapolation of Knoblauch and 
Jakob; but it rests on a fundamental fallacy, and cannot be seriously 
maintained. The thermodynamical equation (9) is no doubt exact, 
but it merely ^ives the values of S at saturation which are required 
to harmonise the Davis formula for II with Linde’s values of SC 
at the saturation point, and leads to excessive discrepancies at all 
other points. The method fixes the values of S along the saturation 
line by an arbitrary conjunction of two inconsistent foimulae 
which cannot be retonciled on any reasonable hypothesis. The effect 
of this is most easily seen by calculating the values of Sq at zero 
pressure from Linde’s equation corresponding to those of S at 
saturation giv«a in the table calculated by Davis. The values are 
collected for comparison in the following table. 


Table V. 

Comparison of Davis’s values of Sg with Jakob and Linde. 


Temp. 

Cent. 

Values of S at saturation 

Values of 8^, | 

1 {dH/dT) 

Knoblauch 
and Jakob 

Davis- 

Planck 

Jakob 

1911 

Linde- 
Jakob { 

Davis- 

Linde 

Jakob 
1911 1 

Davis 

parabola 

Linde- 

Jakob 

100‘6® 

0-470 

0-484 

0-484 

0-486 

0-469 

i 0-461 

0-3TO 

0-376 

126-3'* 

0-492 

0-600 

om) 

0-504 

0-463 

0-461 

0-322 

0-320 

mr 

0-63r 

0-660 

0-658 

0-538 

0-484 

0-462 

0-270 

0-248 

noi" 

0-584 1 

0-616 

0-608 

0-565 

0-513 

0-463 

0-236 

0-186 

193-2° 

0-699 

0-722 

0716 

0-613 

0-673 

0-404 

0-190 

0-081 

205-1° 

0-796 

0-794 

0-796 

0-644 

0-616 

0-466 

0-166 

0-016 

215-8° 

0-919 

0-876 

0-892 

0-676 

0-666 

0-466 

0-146 

- (Hm 

226-1° 

1-068 

0-966 

0-997 

0 708 

0-716 

0-467 

0-127 

-0-121 

236-8° 

1-318 

1-067 

1-160 

0-749 

0-786 

0-468 

'^-106 

-0-212 

246-2° 

1-634 

1-179 

1-323 

0-790 

0-868 

0-469 

0-087 

- 0-302 

263-5° 

2-041 

1-293 

1-614 

0-830 

0 933 

0-470 

0 0-071 

- 0-392 


The first empirical formula (No. (2) p. 104) of Knoblauch and 
Jakob (1907) gave the values of S, quoted by Davis and shown in 
the first column. These did not a^ree very well with those calMated 
by Davis from Planck’s equation and given in the second column. 
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except that the curves intersected at 205® C,, and were of a similar 
type; but Jakob in his second empirical formula (foil), quot^ 
as No. (8) in this chapteV, siftcceeded in bringing his results into 
very fair agreement with those calculated Ify Davis over the 
^perimental range. The values of S, in the fourth column are 
calculated from Linde’s equation for S — Sq by employing Jakob's 
latest values of Sq (1911) given in the sixth column. They are seen 
to be quite inconsistent with the values calculated by Davis, showing 
less than half the range of variation. The same result is shown in 
the next column by calculating the variation of Sq with tetnperature 
required by the Davis values of S at saturation. These shqw that 
if the Davis formula and Linde’s equation are bbl:h assumed to 
be correct at saturation, the value of Sq must increase rapidly with 
temperature, reaching a value 0-988 at 253-5° C., nearly double that 
given by Jakob. , 

^ The values of calculated fi;om lande’s equation by 

assuming Jakob’s values of Sq, are shown in tlic last column, for 
comparison with those given by the Davis parabola. The Linde 
values give a maximum for //, at 207*5° C., and a high negative 
value of (dlljdl), at 253-5° C., which is obviously %npossible. The 
reason is simply that the values of the term SCdpjdt given by Linde’s 
equation are far too large, owing to the P correction factor ( 1 f 0*02P), 
which reaches the value 1-86 at 258-5° C., and represents ehiefly 
errors of reduction and surface-condensation in the Miuiich experi- 
ments on V, The high values of obtained by Davis from Planck’s 
relation are due almost entirely to Linde’s SCdpjdt^ which reaches 
the value 1*222 at 253-5° C. 

But if the values of SC given by Linde’s equation are much too 
high, it foMow's that those oi S — Sq must also be too large, since 
they depend on the same constants, and one canqf)t be reduced 
without reducing the other. If the v’^aliies of SC are reduced in 
comparison with those of S — Sq , so as to obtain reasonably good 
agreement with values of {dHjdT), given by experiment, we find 
that the variation of Sg, shown in the fourth column under the 
heading Linde-Jakob, which is already less than half that given by 
the Davis-Plan^k calculation, is thereby further reduced to give 
very fair agreement with the variation shown by the author’s 
equation or by Thomas’s experiments. 

It might conceivably be argued that it is justifiable to use 
lindef values of SC or (dVldT)J\n the neighbourhood of satura- 
tion, without assuming that Ms equation applies at other points. 
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But it is just at this point that the errors of his formula, as shorn 
the variation of U, are most conspicuous. It would of course 
be absurd to calculate // or <b with values of S takwi from Linde’s 
equation with the®Davis-Planck values at saturation; but even if 
Linde’s equation is used only for the volume and Jakobf*s values 
exclusively for S, the two assumptions, being thermodynamically 
inconsistent, will inevitably give rise to material discrepancies.* 
(tSee Appendix I, § 180.) 

59* Calculation of 5 from C. One of the most appropriate 
uses ot the observations on the cooling-cffect C, is for deducing the 
variation of 6’ with pressure, as already explained, from the ex- 
pression for S ~ Sq given by the characteristic equation. Since the 
variation S — Sq is generally a small part of the whole specific heat, 
there is little chance of serious error in this method even if c is 
not very accurately kno^n. Thus to take an extreme case, an error 
of 4 per cent, in c at 200° C. would produce an error of only 1 per cent, 
in S at saturation pressure, and a much less error at lower pressures. 

If on the other hand we attempt to calculate S, from equation 
(9) or (12) in tftb form 

S, - (dHldT)J(l - Cdp/dt), 

by assuming a formula for H or L, and employing cxpenmental 
values of C, any error in C is multiplied many times at temperatures 
above 200° C., when Cdp/dt approaches unity. Thus if we take 
(dHjdT)^ = 0-1755 from Davis’s formula at 200° C., and 
0155° C./lb. 

from Davis’s curve, we find S, ~ 0-650, which agrees fairly with the 
Linde- Jakob column in Table V, but is much smaller th^ the value 
0-744 given by interpolation in the column headed Davis-Planck. 
Davis does not give results obtained by this method, though it 
might easily be employed to support Jakob’s extrapolation. If we 
wished to get the value 0-744 for S, at 200° C. with 
(dHIdT), - 0-1755, 

•o 

it would suffice to take C = 0-162, which is within the limits of 
uncertainty of the experiments on which Davis’s, curve for C is 
founded. But if we take C, - 0-192° C./lb., the value given by 
Linde’s equation, we find S, = 1-81 at 200°, which is absurd. It 
would obviously be inconsistent to use Davis’s value of (dHjdT)^ 
in place of Linde’s in such a cSse, though this is precise!^' what 
Davis did in applying Planck’s relation. Linde’s equation gives 
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iralues of C at 200® C. increasing from 0a51® fc./lb. at zero pressure 
to 0*192 at saturation pressure, instead of diminishing with increVise 
of pressure, aqd the values at high pressures appear to be irrecon- 
cilable with experiment. 

^ Jakcj)^ in his later reduction (1911), beyond stating tnat tne 
values for Sg calculated by Davis from Planck’s relation %how a 
remarkable coincidence with his later empirical formula (which is 
not to be wondered at), makes no use of Linde’s equation to 
support his owm values of S at other points, since it would evidently 
be impossible to secure any reasonable agreement. 

Special Case, C = J^(T)» The relation between tlic speciftc 
heat and the cooling-effect takes a simple form, as already ex- 
plained in Chapter IV, when C is a function of the temperature 
only. The equation of a line of constant // on the PT diagram is 
immediately obtained in analytical form by inft‘grating, dP =*= dTjC, 
if 1/C is any intcgrable function of T, The integral may be put in 
the form P ^ Pq~ F (7’), where Pq is the constant of integration. 
This one solution includes all the lines of constant total heat, 
since they must all have the same slope at the sajiie temperature. 
The value of P^, corresponding to any parti(‘iilar line which may 
be required, is obtained by substituting the values <jf P and T for 
any gi\t*n point on the line. 

If C is not giv^en as a function of T explicitly, but merely as an 
arbitrary curve derived from experiment, tht? solution is readily 
obtained in the form of a table of corresponding values of P 
or F (T), and 7’, by the arithmetic process of summing values of 
1/C tabulated for each degree of temperature. The part of the 
table corresponding to any particular line, extending from P = 0 
to P = p at saturation temperature is easily found by taking the 
value of P -h Pq from the table at tg , and subtracting/?, which gives 
Po for the particular line required. The coordinate > P and T of any 
point on the line will serve equally to determine P^ for that line. 

To find the value of S at any point of a line of constant //, in 
terms of the^alue at any standard pressure, such as P == 0, or 
P ~ 1 atmosphere, on the same line we have the result, already 
proved (equation (7) of Chapter IV), that »VC is constant along a 
line of constant if C is a function of T only. In other words we 
have SjS^ == Cq/C, where Cq is the value of C at the given standard 
pre^igre on the same line, which ’s known from the table of C and 
T, and P + 
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If an expression for C as a function of T is given, the expressicm 
for 8 may he put in the corresponding analytical form by the 
method previously explained in Chapter IV. Thu^ if C « KfT^ 
we*obtain, from (IJi) of Chapter IV, 

SjS, = Co/C = (TjT.Y = (1 - (n 4- 1) CP/r)--"/(n+i),A..(18) • 
where ' a^o is the value of 8 when P = 0, on the line of constant H 
through the point PT, 

« The method is mathematically complete, but is liable in practice 
to two objections for calculating 8. (1) Any error in C gives an 
equal proportionate error in Sy instead of affecting the variation 
of 8 oqly. (2) The assumption that C is a function of T only, is 
not necessarily true, and may introduce additional errors in 8, 

Davis {Proc. Amer. Acad. Sci.y 15, p. 291, 1910) devised an 
ingenious methwl based on the general relation 

{dSldP)s^-S(dCldT), (14) 

which may also be writteh in the form* ‘ ’ 

f {dCldT)j,dP (//constant), ,..(15) 

Jpo 

where the integfation is to be performed along a line of constant //, 
and the ratio 8/8^ refers to any two points on tlie same line at 
pressures P and Py. TJic method of applying this forjnula is 
described by Davis as follows: 

“The use of the now cipiation at ordinary temperatures is a 
matter requiring patience and much labour. First one computes 
and plots against t the derivative of the C == f(t) curve. Next one 
computes from the curve of C itself the progress of some line of 
constant // across the pt plane: this is necessary in order to be 
able to express dCjdT as a function of p in the integralt Then the 
integral has to^bc evaluated, cither by replotting dCjdT against p 
for the particular // curve in question and using an integraph, or 
by a step by step numerical process. The results are the Napierian 
logs of the desired ratios,’* 

Davis worked out the ratios in this way along Jour lines of 

* IkviB leaves the equation in the exponential form, 8/S^ » e~*, where x represents 
the integral. Jakob also quotes it in this form. But if C is a fuAotion of t only, as 
assumed by Davis, it is easy to see that {dCldT)pdp at constant H, becomes 
dO{dpfdt)nt or dC/Ct the integral of which between limits, taken with the negative 
sign, is simply log,((7,/0), giving the solution S/8^=CJCt already proved in a 
different way. Since it is unnecessary to^make any use of the “derivative of tiie 
inaccurately known function ( 7 ,“ namely (dGldT)pt the objection niged by Davis 
against his own method does not apply to the author's. 
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constant H (1) from 121“ to 187“ C., (2) Aom 149“ to 180“ C., 
(8) from 205“ to 258“ C., and (4) from 288“ to 810%C.- Curve *(1) 
did not agree all with ](^noblauch and Jakob^s results. Curve' |%) 
gave fair agreement only at *180® C. near sati^ration. Curves«(8) 
|nd (4)^ave fair agreement at high superheats; but the data for 
C in this region were based chiefly on thelawof corresponding,states, 
which introduces an additional element of uncertainty. Jakob 
made some use of the points on (3) and (4) in cxtrapiflating his 
curves to 20 kg., which otherwise were devoid of any theoretical 
basis. 

Davis also made some approximate ealculations at 485®, 600®, 
925®, and 1480® C. taking dcfdT and T constant at constant //, and 
assuming the law of corresponding states. The variation of S found 
at 485® C. was only about half that given by Knoblauch and 
Mollier’s experiments, and was not accepted by Jakob. 

The weakest point of the method, as ex^dained by Davis, is 
That “the formula has the disadvantage of involving the derivative 
of the inaccurately known function C, which prohibits its use at 
low temperatures where C itself is scarcely known at all.” But there 
is no reason why the method shoiild not give fairly reliable values 
over the experimental range if tlic values of C employed for 
deducing ll are correct. Unfortunately Davis gives only three lines 
of constant II between 121® and 253® C., which do not extend to 
saturation, or overlap, so that his solution is very incomplete. It 
is easy however to complete the solution by the author’s method. 
The values of 1/C taken from Davis’s curve give by simple sum- 
mation a table of corresponding values of P I- I\ and which 
includes all the lines of constant //, and gives ratios of S/Sq^^^ 
at any de^s^red points. 

The following table shows values of S at saturation calculated 
in this way from Davis’s curve for C, for comparison with the 
empirical formulae of Knoblauch and Jakob. 


Table VI. 

Valu%« of S at Saturation from Davis’s Ciirve for C. 


P, kg./oin.* 

2 

1 

0 1 8 

1 10 16 

20 

i 26 I 

1 1 

i 31-7 

37-3 i 

42*9 


1196 

1142-9 

158-1 ■ 169-6 

179-1 200-5 

211-4 

226-1 

236-8 

246-2 

263-5 

8, Davis 

0-543 

0-676 

0-600 ^ 0-621 

0-640 0-690 

0-730 

0-792 

0-838 

0-886 

0-933 

8, EL and- i!!> 

0-480 

0*613 

0-648 i 0-683 

0^021 0-761 

0-866 

11-068 

I 1-318 

1-634 

2-041 

8, Jakob 

0*490 

0-633 

0-666 1 0-600 

0-637 : 0*749 

0*834 

0-997 

M60 

1-323 

1*614 
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The vWes in the line S, Davis, are obtained fh)m the ratios 
S/Sq by assufning Jakob's values of Sq, which range from 0*461 
t6 0*466 at the required zero points on the lines of constant H, 
and cannot introc^iice any materiai uncertainty. The difference 
5 - at 2 kg., deduced from the Davis curve for C, is more tha^j 
twice ,as great as that assumed by Jakob, or given by Linde's 
formula. The reason is that Davis’s curve for C (Fig. 10) runs much, 
too high at 120° C., as already remarked, and gives values of 
dC/dT about twice as great as Grindley’s curve, or as the differential 
method. The curve for S at saturation deduced from Davis’s curve 
for C intersects the Jakob curve for S, in Fig. 12 near 10 kg., which 
is the only Davis point plotted by Jakob near saturation. On the 
other hand the* difference S - given by Davis’s curve at 250° C. 
is much less than half that given by Jakob’s extrapolation, or less 
than a third of that given by Knoblauch and Jakob’s original 
formula. This is furth'er pr(K)f, from Davis’s own curve, that Jakob’s 
empirical extrapolation gives impossible results. 

6o. Comparison of Values of H deduced from S. It 

has been neces^ry to discuss the speculations of Jakob and Davis 
with regard to the values of S at saturatitm in considerable detail, 
because so much use has been made of these and similar arguments 
to the discredit of the author’s equation for the variation of 6’, 
which does not otherwise differ materially from the Miinich obser- 
vations, It appears that Jakob’s excessively high values of S, 
have no real foundation in theory or experiment, and are merely 
due to empirical extrapolation ; but since they are confined to the 
immediate neighbourhood of the saturation line, they produce 
much less effect than might be expected on the calculated values 
of H, and are therefore of little im|K)rtancc in practice, except for 
special problems involving small differences. This is most easily 
seen by comparing the values of II ~ II ^ rcckoiied from the satura- 
tion point at constant pressure up to vario\is degrees of superheat. 
The whole effect on II amounts to 0*5 only of a calorie, even at a 
pressure of 10 kg,/cm.*, which is beyond the range 6f Knoblauch 
and Jakob’s experiments, and near the limit of Linde’s. 

The author’s values are seen to be intermediate Ibetween those 
of Linde and Jakob, agreeing with the former near saturation, and 
with the latter at 250° and 450° C. The rapid increase of Linde’s 
values at high temperatures is clvefly due to the high value if the 
constant 0*0052, which is equal to c at 400° C., and is 5 times as 
great as the author’s 5. 
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The values in the last line are calculated by the aid of the formula 
H - - 100) - a (1 + 0 0lP)(4c - 0 0052)P 4^^ 2-9, 

which is not given by Linde, bht is easily deduced from his equation. 
^100 is the value of H at 100° C. and atmospheric pressure. is 
Ihe mean value of S at zero pressure between t and 100° C„ and 
is taken from Jakob’s tables. The symbols a and c have the same 
values as in Linde’s equation (0) on the K.M.C. system. The con- 
stant 2’9 is the value of the preceding term at 100° C. and 1 atmo- 
sphere. 

Table VII. Values of // — //, for Superheated Sfcam 
at 10 kg./eni.‘^ or 11-2 Ibs./in.*. 


Temp. Cent. 

200° 

260° 

300° 

360° 

400° 

460° 

a - H., Jakob 

12-5 

39-3 

64-7 

89-8 

115-1 

140-5 

„ Author j 

i 120 1 

39-3 

66-4 

90-8 * 

115-8 ! 

140-6 

„ Linde 

1 120 ! 

39-5 

6.5-8 

91-6 

ll7-3 

142-9 


The systematic difference between Jakob's values of II — //, 
and those given by either of the characteristic e(iuations, incidentally 
illustrates the fact that the Munich experiments^ on S cannot be 
reconciled with any reason;ible form of charaeteristie equation 
unless a special expression for is employed giving a minimum 
value ilomew'hcrc in the neighbourhood of 200° C, There is no 
experimental evidence for such a minimum, and no theoretical 
explanation has been suggested. It is most likely that there is a 
systematic error in the experiments, since all the 2 kg. points 
are too low, as already remarked, in the region 1 ;> 0 ° to 250 °, as 
compared with the observations of Regnault (R), and of Ilolborn 
and Henning (HS, corrected) at 1 atmosphere, which also probably 
err in defect. 

In any case the differences in the values of II ^ II, for super- 
heated steam at constant presstire arc of minor importance as 
compared with the discrepancies in II, according to different 
formulae. These arc illustrated by the following table of values of 
H, — Hiqq, M which the various formulae are extrapolated to 
280° C. in order to illustrate more clearly the characteristic 
differences between them. 

The values calculated from Linde’s equation show a maximum 
near 207° C. and fall off much too rapidly at high pressures, owing 
to tlu high value of the expression for SC given by his equation, 
as previously explained. It follows that the Linde values of H 
must also be appreciably too low even at 120° and 140°. But hb 
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equation gives higher values at 120° and 140° than Davis’s parabola, 
which must also be too low in this region, though it is distinctly 
pfeferable to Linde’s at temperatures above 200° C.^^The values in 
the* line headed TJhiesen, are those given by the Davis- Jakob 
formula, with the value of the critical temperature corrected fron| 
865° tp 874° C., which gives improved agreement with values of 
below 100° C. It must be remembered in comparing these* 
figures that a difference of half a calorie is less thart 1 in 1000 of 
tfie value of and is of the same order as the uncertainty of the 
absolute value of //, but is not without significance in comparing 
relative vafues over small ranges of temperature. 


Table VIII. Values of //, - according to different formulae. 


Temp. Cent. 

120“ 

140“ 

100“ 

180“ 

200“ 

220“ 

240“ 

260“ 

280“ 

“ Rioo » Lindo 
„ Davis 

7*2 

13-6 

18*9 

230 

26-2 

26-3 

22-2 

16-5^ 

3-5 

7-1 

LH 

18*9 

23-6 i 

27*6 

30-7 

33-0 

34-6 

36-3, 

„ Thiesen 

7-ff 

14-5 

20-9 j 

26-7 j 

1 31-7 

360 

39*2 

41-5 

42*2 

„ Author 

7-8 

14-9 

21-3 

26-8 1 

I 31-7 

36-8 

39-2 

41-7 

430 


6i. The Mean Specific Heat reckoned from Saturation,^ 

According to Regiiault’s definition of //, the mean specific heat 
reckoned from saturation is the factor required for calculating the 
total heat of superheated steam at any pressure when the degree 
of superheat is given. The mean specific heat is often tabulated for 
this purj)ose, since it affords the only method available if an em- 
pirical formula is assumed fpr ll at saturation. But the method of 
expresvsion in terms of the degree of superheat is really a survival 
from the time when the only formula employed was that of Reg- 
nault, namely, •' 

.// = 60G-5 + 0-305/, + 0-48 (/ - /,), (17) 

where /, denotes the saturation temperature on the Centigrade 
scale corresponding to the given pressure. This formula was very 
simple and convenient for practical purposes, but became in- 
admissible when it was shown to be inconsistent with ifieasurements 
of jff, at low temperatures, and with experiments by the Joule- 
Thomson method above 100° C. 

The method becomes very inconvenient when a complicated 
empirical formula is employed for H,, together with a variable 
value, requiring elaborate tabulaision, for the mean specific 4ieat. 
Marks and Davis use three different methods for tabulating 
(1) Between 0° and 100° C., a graphic method representing Smith’s 
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reduction of the observations on L (II, § 17).* (2) Davis’s parabolic 
formula between 100® and 200® C. (8) Above 200® C a formula of 
the Thiesen Jype with === 865® C. It would evidently be v^fy 
difficult to secure a satisfactoly degree of contjpiiity in the rate of 
^ariatioii of by such a method. Jakob simplifies the procedure 
by employing the same Thiesen form\ila for L over the wholQ range, 
in conjunction with Dieterici’s formula for A, but omits the necessary 
correction (II, § 13) for apv. 

The values of H for superheated steam were obtained by Marks 
and Davis by a step by step numerical integration of a set of curves 
representing Knoblauch and Jakob’s original experiments with 
slight modifications. It would be difiicult to carry out a pvocess of 
this kind satisfactorily owing to the excessively rapid variation 
of S in the neighbourhood of saturation according to Knoblauch 
and Jakob. The results were smoothed by a graphic process, but 
cannot be utilised for small differences, or reprf'sented by any simple 
formula, owing to the complexity of the pr(K?css by which they 
are deduced, and the impossibility of securing a high order of 
accuracy of tabulaticin by such a method. 

Knoblauch and Mollier (1911) gave tables and^ curves of mean 
and true specific heat, similar to those of Jakob founded on their 
observations. Their tables differ, however, in two particulars. 
(1) Thiiir values at saturation from 2 to 8 kg. /cm.* are from 0*007 
to 0- 008 higher, owing to the uncertainty of extrapolation, since 
the lowest observation at 2 kg. was at 160” C. (2) They do not 
give the extrapolation beyond 8 kg., which, as remarked by Thomas 
and by Stodola, leads to such curious results on the entropy diagram. 

The following table shows a comparison of the values given by 
Knoblauqji and Mollier with those given by the author’s formula. 


Table IX. Mean S for Superheated Steam froni to f, C. 



2kg./« 

jm.* 

4 kg./cm.* 

0 kg./ 

cm.* 

8 kg./cin.* 


119-6” 

142-9” 

168-0” 

169*6® 

1 

KandM. 

Author i K.andM. 

Author 

K.andM. 

Author 

K.andM. 

Author 

160” 

0*406 

<k513 

0*528 

0*633 





__ 


200” 

0*488 

0*505 

0*609 

0-623 

0*637 

0*538 

0-666 

0*568 

.260” 

0*484 

0-600 

0*499 

0*514 

0*619 

0*628 

0*636 

0*543 

300” 

0*482 

0*496 

0*495 

0*608 

0*610 

0*619 

0*621 

0*631 

360” 

0*483 

0*493 

0*494 

0-603 

0-606 

0*613 

0*514 

0*522 

400” 

J0*484 

0*491 

0*493 

0*600 

0*603 

0*608 

0*511 

0-617 

460” 

0*486 

0*489 

0*494 

0*498 

0*603 

0*605 

0*610 

1 0-6U 

600” 

0*489 

0*487 

1 0*496 

0*496 

0*604 

0*602 

0*610 

1 0-608 
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The differences in the values of deduced from those of 

S^*in the above table are unimportant as compared with the 
uncertainties of the experimental measurements, ^he maximum 
difference occurs a^ 250*^ C. and 2 where it amounts to about 
1 in 800 of H, According to the author’s view, as previqusly exj 
plained, his own values of are probably correct in this neigh- 
bourhood, but those of Knoblauch and Mollier are systematically o 
too low, as compared with those of Ilolborn and Henning and of 
lliomas, in consequence of the defective method employed for 
the estimation of the heat-loss in their experiments. The author’s 
values are probably a little too high at lower temperatures, and 
too sm^l at higher temperatures owing to the neglect of the un- 
certain variati(Jn of with temperature, but the error from this 
cause is so small and uncertain that it is better to neglect it for 
the sake of exact consistency with the simple form of adiabatic, 
as previously explain'ed. 


62. General Expression for H, Since the general expres- 
sion for the variation of the total heat of any substance in terms of 
T and P is ^ ^ - SCdP (18) 


it follows that the simplest possible type of expression for the total 
// - -S’oT - SCP + B ; .(19) 

where Sq is taken as constant, and SC is a function of T only. 
WhilQ it is permissible to speculate with regard to the effect of 
other assumptions for the variation of Sq and SC, it cannot be said 
that the experimental evidence at present available in the case 
of steam justifies the adoption of any more elaborate formula as 
a standard of reference or for purposes of tabulation. ' 

The thermodynamical formula is just as easy to use for practical 
purposes as that of llcgnault, but has the advantage of greater 
generality and significance, in addition to giving much better 
agreement with experiment. Since the pressure and the tempera- 
ture are the observed conditions defining the state in^ny practical 
problem, it appears undesirable to adhere to the artificial method 
of expression in terms of the degree of superheat, which dates from 
a time before the first law of thermodynamics was properly under- 
stood, and which introduces an unnecessary complication in the 
calculation. By the aid of the Jthermodynamical formula ^it is 
much easier to obtain accurate values of If directly from a table 
of U of moderate dimensions, than to calculate such values from 
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a table of mean specific heat by reference to the degree of superheat. 
It is difficult by the latter method to secure the deg^c of accun^i^y 
and consistency desirable fo| comparative purposes without ela* 
borate tabulation. 

t Wh^ the value of H itself is required at any particular point, 
it is generally better to obtain it from the table of H by interpola- 
tion, rather than to calculate it from a table of jSC, as is sometimes 
recommended. But the Table of SC (Tabic IX, Appendix III) will 
be found useful in some special problems, sueh as calculating 
from the formula 

= P{S C ~ S'^cni(r'- T% ..(20) 

at any pressure P over the range T* to or in deducing the 
drop of temperature in a throttling process, or for similai^purposeff 
involving SC, 
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ENTROPY AND SATURATION PRESSURE 

63. Available Work, and Carnot^s Function. Many 
years before the final establishment of the conservation of energy as 
applied to hca»t, Carnot, in his famous essay, Reflections on the 
Motive ^ 07 cer of Heat (Paris, 1824), had already enunciated an 
equally fundamental principle, peculiar to thermodynamics, which 
he stated as follows : . 

“ The m otive power of heat is independent of the agents set at worJ^ 
to realise it; Us quantity is flawed solely by the temperatures between 
which in the limit the transfer of heat takes placed 

He established this principle by theoretical reasoning which 
could not be hnproved materially at the present day. He showed 
that the action of a heat-engine in obtaining work from heat, could 
be regarded for theoretical purposes as being equivalent to the 
repetition of a cycle of operations in which the working fluid 
(e.g. steam) was alternately heated and cooled, serving as the 
vehicle by which heat was permitted to flow from a high tempera- 
ture, that of the boiler, to a low temperature, that of the condenser; 
that work could not be obtained from heat in such a process without 
difference of temperature; and that conversely, wherever a differ- 
ence of temperature existed, it might be utilised theoretically for 
the production jof motive jiower. It followed that, when heat was 
allowed to pass directly from one body to another at a lower 
temperature, by the ordinary processes of conduction, convection, 
or radiation, without the perfonnance of work, the motive power, 
which might have been obtained from the same flow dyieat through 
a suitable engine, was wasted. Thus in order to obtain the maximum 
power from a given flow of heat, it was essential that^ in the opera- 
tion of the ideal engine, ""there should not be any direct interchange 
of heat between bodies at sensibly different temperatures^ It would 
not be possible to construct an actual engine satisfying this^, con- 
dition otherwise than approximalely. But as Carnot points out, 
the details of the mechanism are immaterial for theoretical purposes. 



CH.TO] ENTROPt AND SATURATION PRESSURE 1«7 

In considering the limit of possible performance, it is easy to 
imagine that the theoretical conditions are perfectly^satisfied. 

The simpla Carnot cyde f^r steam is as follows. The existence 
of a source of heat, corresponding to the boiler, at a tempcratur^T', 
fnd of a sink of heat, corresponding to the condenser, at a lower 
temperature is postulated. (1) A mixture of water and* steam 
at T” is compressed in a cylinder, without allowing any heat to 
escape, until the contents are raised to the temperature T\ (2) So]\)p 
of the water is evaporated at T* by supplying heat from the source 
which is at the same temperature. (3) The mixture is then expanded 
without further gain or loss of heat till the temperature falls to 
(4) Heat is abstracted by the sink at T” until suificient ‘steam is 
condensed to restore the mixture to its original volume, in which 
state it must contain the same quantity of heat as it contained 
originally. 

At each repetition of the cycle, a certain quantity of heat Q is 
received from the source, a certain quanfity is tejected to the sink, 
and a certain balanee of motive power IF is obtained. These quanti- 
ties could be calculated with great accuracy per unit mass of steam 
evaporated at T' from a knowledge of the propertiqg of steam, but 
the exact values are immaterial for the present pur})ose. The ideal 
cycle satisfies the fundamental criterion that there is no inter- 
change*of heat between bodies at sensibly different temperatures, 
alt mechanical and thermal losses, such as friction and interchange 
of heat between the working substance and the walls of the 
cylinder, are supposed to be absent, and the object is to show that 
the work obtained per unit of heat supplied must be the maximum 
that it is possible to obtain from hexd alone, for any kind of engine, 
with any«working fluid, between the given limits of teanperature. 

Since the working fluid is at the same temperature as the source 
during reception of heat, and is at the same temperature as the 
sink during rejection of heat, an infinitesimal difference of tem- 
perature will suffice to reverse the direction of heat-flow in either 
case. An ideal engine satisfying these conditions would be per- 
fectly reversible so far as the thermal operations were concerned, 
and would wqpk with equal efficiency in either direction. When 
taking heat from the source at the high temperature, in the direct 
method of operation, it would give a certain quantity of motive 
power WIQ for each unit of heat supplied by the source; when all 
its dl^rations were reversed ia order and direction, it would 
abstract heat from the condenser and return it to the source, in 
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wlych case the expenditure of the same quantity of motive power 
WIQ in drivhig the engine backwards would suffice for each unit 
of heat returned to the source. Canjpt reasoned that the efficiency 
of such an engine t must be a maximum for given limits of tem- 
perature, because, if it were possible to devise an engine, or t$ 
discover a working fluid, giving more motive power per unit of 
heat taken from the source, part of the power might be employed* 
to drive a reversible engine backwards and restore to the source 
the quantity of heat taken from it. We should thus be able to 
obtain a pontinuous supply of motive power without any con- 
sumption of fuel. 

Carnot expressed his principle in the following form for practical 
application. If W is the work obtainable with a reversible heat- 
engine from a quantity of heat Q supplied to the working fluid at a 
temperature t° C., the condenser being assumed for simplicity to 
be at a constant temperature 0° C., the efficiency W/Q mast be 
some function of tiie temperature only, denoted by F (f), giving 
WIQ- F (t) as a simple expression of the principle. 

The simplest applications of the principle arc to cycles of 
infinitesimal «inge, for which Carnot employed the equivalent 
expression ^ 

deduced by differentiation for a small range of tcmperacure di, 
F' (t) is the derived function of F (f), and is generally known as 
Carnot’s function. It expresses the work obtainable in a cycle per 
degree fall per unit of heat supplied at a temperature /, and must 
be the same for all substances at the same temperature. Its value 
is easily calculated for any substance when the required physical 
properties have been determined from experimental data. Carnot 
verified his principle by calculations of this kind as far as possible 
with the scanty physical data available at that time. Thus he 
calculated the value of F' (t) for steam at 100® C. in the following 
manner. He took the latent heat L required to evaporate 1 kilo- 
gram as 550 kilocalories, and the change of volume V — v from 
water to steam as 1-70 cb. m. per kg., from Watt’s 'results. In a 
cycle of l^’C. range, the forward pressure durii^g evaporation 
would exceed the back-pressure during condensation by the drop 
of steam-pressure per degree fall at 100® C., denoted by dpldit, 
which he took as being 26 mm. of mercury, or 860 kilos per sq. 
metre, from Dalton’s experiments. The nett work obtainable per 
kilo, as shown on the indicator diagram, would therefore be 
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(F- t>)(dpldt) « 1*70 X 860 «- 611 kilogrammetres per Kg. per,l®. 
The heat supplied being 550 kilocalories, the work <9btainable p#r 
1® faU per unit of heat, oi'the^value of the function F'(i) for steam 
at 100® C., is 

F'(t)^lF- v)(dpldi)IL = 611/550 = 1-12 kg.m./kilocal.y.(2) 

‘The value given by the most recent data for steam is 1*144 in the’ 
same units. 

Carnot found similar values for air and alcohol, confirming his 
principle, and showing that the value of F' (t) was prpbably the 
same for different substances at the same temperature, but dimin- 
ished somewhat for all substances with rise of temperature, though 
he was unable to find the law of variation, owing to the scarcity 
and inaccuracy of the experimental data ax ailablc. 

The value which he found for air at 0® C., though correctly 
calculated, was far from the truth, and very misleading. The heat 
Absorbed by unit mass of a gas, obeying the* law PV RT, in 
expanding by a fraction 1/T of its volume at a constant tcm}>cra- 
ture T, is equal to the difference Sj, - between the specific heats 
at constant pressure and volume. Carnot took Sp •0*207 for air 
from the experiments of Delaroche and Herard, and the ratio 
Sp/Sp — 1*48, as deduced by Poisson from the velocity of sound, 
giving 8*080 for Sp - in place of the correct value 0*060 ac- 
cofding to modern data. The work done in a cycle per 1® fall for 
the same expansion is R/T, Carnot took T — 267 at 0° C. from 
Gay Lussac’s experiments, giving R = ,80 kgm. per kg. of air, per 
1®, and obtained F' (t) = 30/267 x 0*080 = 1*40, whereas it should 
be 1*568 at 0® C. His formula gives the expression RjT x F' (t) 
for the di6ference of the specific heats, which he predicted* must 
be the same for ecjual volumes of all gases at the same temperature 
and pressure. He also showed that the ratio of the vvhole work done 
by a gas in isothermal expansion to the heat absorlied was T x F' {t) 
and was the same*f for all. If he could have assumed either to be 
the same at different temperatures, he would have found that F' {t) 
varied as l/f, but the data were too discordant to suggest the 
true relation. TJie missing link was supplied by Joule’s experiments 
at a later date. 

Clapeyron (1886) verified Carnot’s calculations, and put the 
expression for F' (t) in the case of a vapour in the anal 3 rtical form 
(2) gi^en^bove, which is general!^ known as Clapeyron’s equation. 
Verified by Duloog, 1820. f Verified by Joule, 1845. 

91 
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though Camot was the first to use it for calculating F' (t), Clapeyron 
VfgA the first %o employ the indicator diagram for illustrating the 
performance of an ideal cycle, and ^ deduce general expressions 
toT*F'{t), applicable to all substances, in terms of the partial 
differential coefficients, which are now generally knowx as thi 
thermodynamical relations (see Appendix I, § 188). 

Kelvin (1848) proposed to base an absolute scale of t^emperature*^ 
qn Carnot’s function, since it was the same for all substances at the 
same temperature, and endeavoured to deduce the relation between 
F* (f ) and Jhe scale of the gas-thermometer by means of Regnault’s 
experiments on steam. Joule about the same time inferred from 
the properties of gases that F' (t) should be simply JjT, But this 
was first clearly explained, in terms of the mechanical theory of 
heat, by Clausius and Rankine (1850), who showed that F' {t) 
should be exactly JjT for a perfect gas, suitably defined by as- 
suming the work done in isothermal expansion equivalent to the 
heat absorbed, or the difference of the specific heats independenV 
of the temperature, cither of which assumptions would make 
Carnot’s exj)ression T x F* (t) constant and equal to the mechanical 
equivalent «/« But there were large discrepancies between the 
experimental values of F' (/) and J/T*, and it remained uncertain 
how far these were due simply to experimental errors or to sys- 
tematic deviations of actual gases from the properties assumed in 
defining the perfect gas. This question was attacked by the porous 
plug method of Joule and Kelvin, who succeeded in showing that 
the scale of absolute temperature T, defined in terms of Carnot’s 
function by the relation F' (t) = J/T, agreed even more closely than 
could have been anticipated with the gas-scale, especially in the 
case of the hydrogen thermometer, which has been adopted by 
general agreement as giving the practical equivalent of the absolute 
scale of temperature. In this way the relation between the available 
work and the temperature limits in the Carnot cycle is reduced to 
the simplest possible form. 

64. The Entropy Measure of Heat. It** follows from 
Carnot’s principle, as above explained, that, wheq a quantity of 
heat energy Q is supplied to any working substance at a tempera- 
ture T in a heat-engine, the maximum quantity of work obtainable 
in a cycle per degree fall is represented by the product Qx F* (<), 
which is equal to JQ/T by the definition of absolute temperature. 
Expressed in heat units, the proportion of the heat energy con- 
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vertible into work per degree fall is Q/T, or the quantity jiQ 
convertible in a range dT is Q (dT/T), or (QIT) dTJ^ By the ftiit 
law, the heatrt^jected at T> —^dT is Q ~ dQ, 

In a simple Carnot cycle, no heat is received except at the upper 
iniit of temperature T\ and no heat is rejected except at the lower 
liiilit T'\ We may therefore obtain the result for any finite range 

to T” by integrating the relation dQ/Q = dTjT, between limits 
T and T\ which gives 

Q 7 r= Q'vr'- (Q^- t ’) = .dir/(r- r'),...(8) 

where Q' is the heat received at the higher temjierature, Q" the 
heat rejected at the lower temperature, and AW the thermal 
equivalent Q'— Q!* of the work obtainable in the cycle. This m(‘thod 
of integration was, in fact, applied by Carnot, and explained (Zoc* 
ei/., p. 27) as being equivalent to the employment of a scries of 
engines, each working through an infinitesimal range and receiving 
Tlie caloric rejected by the engine next afiove it in the series. But 
the correct expression for the work obtainable in a Carnot cycle 
of finite range, in terms of heat-energy on the mechanical theory, 
was first giv'en by Rankine (Phil, Mag,, 1851, p, 5S). 

The thermal equivalent of the work obtainable in a Carnot 
cycle is seen to be equal to the product of the quantity Q'/T* 
(depemfmg only on the heat received and the temperature of 
reception) and the temperature fall T' — T". For a cycle of any 
form, in which the heat is not all received at one temperature, 
Rankine showed how to deduce the ^ui valent of the work ob- 
tainable by dividing each elementary quantity of heat dQ by the 
temperature of reception 1\ multiplying each by the corresponding 
range of timpcrature, and summing the results for the cycle. Ex- 
amples of this method for other cycles are given iq Chapter X. 

Since the primary object of a heat-engine is to obtain the 
maximum output of work from heat p<.T degree fall of temperature, 
it is evident that the quotient QjT (or the integral of dQ/T in the 
generalised fonn) is a quantity of great importance in the theory of 
the heat-engine. Rankine called it the Thermodynamic Function, 
which is a somewhat vague and inconvenient name. Its properties 
were more fully investigated by Clausius at a later date, who gave 
it the name of Entropy, which has been universally adopted. 

Prom many points of view, the entropy Q/T of a quantity of 
energy Q in the form of heat at a temperature T, may most simply 
be regarded as being merely a different measure of heat, in terms 
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of |irork obtainable per degree fall instead of in terms of total energy. 
The two me&ures are equally logical and definite, and are very 
simply related, but the entropy of^a quantity of heat has quite 
different properticif to the energy. The essential difference between 
the entropy and energy measures of heat is most readily appreciated 
by analogy with the case of a material fluid, A liquid, like water, 
is often measured by weight, that is to say, implicitly in terms of 
the work it is capable of doing per unit fall of level. This method 
gives a direct measure of (quantity, analogous to the entropy 
measure of heat in terms of work per degree fall of temperature. 
But we might also measure the total energy possessed by the water 
in virtue of its^ elevation, by allowing it to fall to a definite level, 
and observing the rise of level which it was capable of producing in 
a known mass by any suitable mechanism. This would be analogous 
to the measurement, of the total energy of a quantity of heat by 
observing the rise of temperature it was capable of produdng in 
a calorimeter of kAown thermal capacity. Entropy is sometimes 
called “heat- weight” on the ground of the first analogy, and is the 
most appropriate measure of heat quantity as distinct from heat 
energy^ but there is no simple method of measuring it directly. 
Thus, when a quantity of heat-energy Q is allowed to pass from a 
hot body at a temperature T to a calorimeter at a temperature T”, 
the gain of energy of the calorimeter is equal to the loss of energy 
of the hot body, by the law of conservation of energy, and is easily 
measured. But this is not true of the entropy. The gain of entropy 
Q/T” of the calorimeter is necessarily greater than the loss of entropy 
Q/T' of the hot body, because T' is by hypothesis greater than T”. 
If the heat-energy Q had been supplied to a Carnot engine at T\ 
the entropy of the heat rejected at T' would have beaa equal to 
that of the heat supplied, namely Q/2’'; and the heat-energy 
rejected would have been reduced by the thermal equivalent of 
the work utilised, namely Q (T- T")IT'. When the heat Q is 
allowed to flow directly from T to T'\ without performance of 
work, the increase of entropy, namely Q/T” - Q/T', is the equi- 
valent of the available work divided by and is the same as if 
the work had actually been realised and then converted into heat 
by friction at the lower temperature. 

The properties postulated for caloric on the older theory were 
similar in most respects to those of entropy, but did not correspond 
with those of heat measured as eflergy in a calorimeter. This natur- 
ally led to grave difficulties in connection with the theory of gases, 
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and of heat generated by friction. Fortunately it did not affect the 
validity of Carnot’s reasoning, which, though expressed in t{)e 
language of the calorie theory^ W'as in the main independent of any 
assumption as to the nature of heat or the manner in which it Vas 
Pleasured. (Proc, Phys. Soc, 28, p. 158, 1911.) 

Heat is always measured as energy in practice, and tho corre- 
sponding changes of entropy are inferred by dividing each addition 
of heat in thermal units by the temperature at which it is received. 
The entropy of a substance in any state is reckoned per unit mass 
from a standard state selected as the 7 Xto of entropy for the sub- 
stance. The numerical values obtained in this way as representing 
the entropy of a substance, are independent of the temperature 
scale and the unit of mass, and are the same in all rational systems 
of units. The unit of entropy is often called a “ Hank,” after Rankine, 
but the name is seldom required, because there is practically only 
one ifnit of zero dimensions, so that troublesome questions of 
conversion or nomenclature do not arise.* * 

65. Properties of the Entropy. The most important 
properties of the entropy for the present purpose aw as follows; 

The entropy of a body remains constant when no energy in the 
form of heat is lost or gained, a condition usually implicjd by the 
term ** adiabatic.” It is not altered by the performance of external 
work in adiabatic ex[)ansion or compression, provided that there 
is no internal friction. If there is any friction between parts of the 
substance moving with different velocities, or between the body 
considered and neighbouring bodies, the increase of entropy is the 
thermal equivalent of the work wasted in friction divided by the 
absolute te mperature. 

If there is any interchange of heat between different parts of 
the body at different temperatures, the effect is ahvaj’s to increase 
the entropy of the whole. For any direct transfer of heat-energy 
Q from a part at a temperature T' to a part at a lower temperature 
the increase of entropy is Q/T”— Q/I’', which is necessarily 
positive. 

We have already seen that, in a simple Carnot cycle, the entropy 
of the heat received (I'jT* is equal to the entropy of the heat 
rejected Q”/T”, The same proposition is true for a cycle of any 
form^ provided that it is reversible. This condition is tacitly 
assumed for any cycle represented on the indicator diagram, since 
the state of the working fluid is supposed to be one of equilibrium 
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at uniform pressure and temperature throughout its substance, and 
t^e absence 6f internal friction is assumed. Such a cycle may be 
regarded as being built up of elementary Carnot cycles by supposing 
the' area divided up into strips by a family of adiabatic curves. For 
each of the elemcntaiy cycles the entropy of the heat received ii 
equal to that of the heat rejected. The whole entropy received 
in the cycle is therefore equal to the entropy rejected*. 

It follows that the increase of entropy of a substance per unit 
mass in any given change of state must be independent of the 
manner ii\ which the change is effected. For suppose the change 
from the state A to the state B effected in any manner, and the 
reverse change from B to ^ in a different manner. The two paths 
on the indicator diagram represent a closed cycle, such that the 
entropy received along one is equal to that rejected along the other. 
This does not apply \o heat measured as energy. The energy of the 
heat received along AB would differ by the equivalent 6f the 
enclosed area from that rejected along BA» 

66. Entropy of Water and Steam at Saturation. The 

'Witropy of day saturated steam, denoted by exceeds that of 
water, denoted by at the same temperature and pressure, by 
the entropy of vaporisation L/!Z\ which is obtained by simply 
dividing the latent heat of vaporisation by the absolute tempera- 
ture, since all the heat is added at one and the same temperature. 

The entropy of vaporisation may also be expressed as the 
equivalent of the work ob^tainablc per degree fall per unit mass 
vaporised, namely a (Vs dp/df. Combining the two methods of 
expression, we obtain the equation 

( 4 ) 

which is the modem form of Clapeyron’s equation, and represents 
the direct application of Carnot’s principle as previously explained. 

In the past, this equation has generally been employed for 
deducing the volume of dry saturated steam from ^ the observed 
values of L and oidpjdt. But if the variation of V with temperature 
and pressure can be deduced from other experiments, such as those 
on the cooling-effect, Clapeyron’s equation may be employed for 
calculating the values of the saturation pressure p, as explained 
later in § 68. ^ 

If the steam is wet, consisting^ a fraction q (called the quality, 
or the dr 3 mess-fraction) of dry steam per unit mass with a fhustion 
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1 - g (called the wetness-fraction) of fine particles of water in 
suspension, the entropy of the wet mixture is 

• ^ + (5) 

^ The corresponding expressions for the tot^ heat and volume 
are 

q) L :..(6) 

- 9 )v + - g)(K~ v) (7) 

where H, and F, arc the total heat and volume of dry saturated 
steam at the same pressure. But, unless q is given, it is generally 
preferable to ciilculate and F, directly from //, (which is the 
quantity given by experiment) by numns of the relations 

0,-d), = (//,~//,)/T, (8) 

v,-v,=^VAu,~n,)i{n,-~si) (o) 

whicH arc exact, and save reference to </, h, r, and L. 

If the total heat of water h at saturatioif j)ressure and tem- 
perature is represented by the expression already given, equation 
(6) in Chapter II, namely, 

h - ()-0906G/ 4' vL!(V - v) - 0-008, .V, (10) 

the corresponding expression for the entropy of water (f) under 
saturation pressure reckoned from 0° C., is 

<l> « 2-2949 log,o r/273-1 + vLjT (F - v) - 0-00001....(n) 

The first term is obtained by integrating 0-99f>00/T from 27.3-1 to T, 
The second term is tlic entropy of vaporisation of the steam mole- 
cules in the water. The small constant 0-00001 is the value of this 
term at C. 

It should be remarked that the corresjK)ndcncc of these two 
formulae for h and ^ is thermodynamically and that the 

entropy of water at saturation cannot be deduced from the total 
heat h at saturation correctly by differentiating the formula for A, 
dividing by T, and integrating the expression for (d/i/df)/T, as is 
usually donff, because (dhjdt), is not equal to T (d^/df),, as com- 
monly assumed, but is greater by the term av (dpjdt). The difference 
is most readily appreciated by comparing the corresponding for- 
mulae for the vapour (see Appendix I, {§ 181-2). The value of 
(dH/cKT), for steam is relatively small and positive, but that of 
T{i^ldT)tt the “saturation specific heat,” is large and negative, 
being less than {dHIdT)^ by the expression aV {dp/dt), as in the 
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case of thf; liquid. The error due to neglecting this term in the case 
of •the Jiquicj is relatively small, but the corresponding term 
aiT (dpjdt) in is from 10 to 20 times larger than 
repivsenting the feed-pump work in fhe Rankine cycle, upon which 
so much stress is usually laid. The distinction between {dkjdt), an(| 
T(d<l>ldi)g is of essential importance in the author's deBnition of 
h, {E, B,, 1902), because the corresponding expression for will - 
not integrate exactly if Gray's definition (Chapter II, § 12) is 
Copied, or if the term av {dpjdi) is neglected. On subtracting 
av(dpldt) from (dh/dth and dividing by T, the expression for 
(d(j>jdi)g becomes an exact differential, and gives between limits, 

' <l>s log, (T/To) + av {dpjdt) - av^ {dpjdi)^, ...(12) 
which is exactly equivalent to the above numerical formula. Since 
h and ^ for the liquid are required only at saturation, the suffix s 
can usually be dropped. 

The entropy of water at 100® C. by (11) is = 0-31186. 

The entropy of vaporisation at 100® C. is 1-44546. 

67. Expression for the Entropy of Dry Steam, Super- 
heated or Supersaturated. The general ex|)rcssion for the 
entropy of dry steam at any temperature T and pressure P is 
readily deduced from that of dry saturated steam in any given 
standard state (preferably at 2\== 373-1° C. and standard atmo- 
spheric pressure i\, at wffiich point Oj = 1-75732, by (4)), by the 
aid of the characteristic equation, and the general expression for 
the specific heat S, The entropy added in superheating the steam 
at constant atmospheric pressure Pj from Ty to T, is the integral 
of SidTjT, where has the value + an{n + l)cPdT, The 
entropy subtracted in compressing the steam at constant tem- 
perature T from P, to the final pressure P, is the integral of the 
expression {RjP + aneJT) dP, or a (dVjdt),, dP, Performing these 
simple integrations we obtain 

- Oj == iSq log, T/Tj - R log, PjPi - ancPjT + anCyP^T^, . . .(18) 

The variation of the entropy of steam is the same ,as that of a 
perfect gas with the addition of the small term depending on the 
coaggregation c. Putting in the known values of the constants, 
and reducing the logarithms to the base 10, we obtain 
O • 1*09876 logio T/Ti ~ 25856 logjo P/Pi ~ ancPjT + 1*76800. 

m 

It is better to keep the formula for O in terms of the ratios T/Ti and 
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PjPi toi calculation, because log TjT^ is smail*compared with log T, 
and some trouble is saved in interpolating the logarithms. Thtsre 
is no physical meaning ift referring the entropy to an arbitraiy 
standard state such as T — I'^abs. and P ~ \ ^./sq. in., or 1 ram. 
#f mercury, as is commonly done. With the al>ove formula, the 
constant 1 '76800 is the entropy at 100® C. in the state of idqal 
fand exceeds the entropy of dry saturated steam at 100® C. by the 
value of the small term anc^P^jT^ which is ■OO.'SOS. 

Since c varies as 1 /7’", the small term varies as P'jT** and since 
Sq^ (n l)R, the expression for the entropy may be put in the 

O = « log, XjX - anciP,X/TiXj + 1-70800, ...(15) 

where X = and ^ wliieh slaows that the 

entropy is constant when PjT^ ^^ is constant. Eliminating P or T 
by the aid of the characteristic ecpiation, the equation of the adia- 
batic may also be put in any of the following* forms, 

• (V — b)T”^ « constant I • 

or P (V — h)jT == constant > , (16) 

or P^(V - = constant) 

which arc exact, and arc often more convenient than itie expression 
for <I), when the initial state is given by P and 7’, or P and F, or 
V and y, and it is required to lind the limil state, given or 1\ 
or F, after expansion. 

68. Equation of Saturation Pressure. The general 
expression above found for the entropy of dry steam in any state 
must agree with the expression + LjTy previously given for dry 
saturated steam in terms of the latent heat, not only at 100® C. 
(where the agreement is assumed in iinding the value of the con- 
stant 1*763), but also at every point of the saturation curve, when 
the correct values of p and T arc inserted in the exi)ression. The 
condition obtained by equating the two expressions for the entropy 
represents, in fact, the equation of satiiration pressure, or the 
relation between p and T in the saturated state, from which the 
saturation pressure p is easily calculated for any given value of T, 

ThusifwesybstituteO = ^ + L/T in the general expression (18), 
in which Oj represents ^ obtain 

~ ^ ~ ancplT + anc^pilTi, ...(17) 

where the values at 100® C. are denoted by the sufllx 1. 
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The lvalue of p might be calculated by trial from this equation, 
bift it wouI(l be inconvenient because <f> and L both involve p 
implicitly, in addition to the terms Rlog^pfpi and anepjT, We 
aceordingly substitute for ^ from*(12), with from 

equations II (5) and III (24). With these substitutions, most of thi 
small .terms eliminate, and the remainder collect in a convenient 
manner, giving the required equation in the form 

+ [a (c - 6)p/r]‘ioo (18) 

where the* last term is to be taken between limits 100 and t. The 
constant L' represents the ideal value 542*37 of the latent heat 
at 100° C., whrdi is equal to the actual value = 589*30, together 
with the latent heat of the steam molecules in the water, namely 
vLI(V — v) ~ 0*337, find the water molecules in the steam, namely 
SCp = 2*783, both reckoned at 100° C. and saturation. 

It will be observed thvit this form of the theoretical equation di 
saturation pressure is the simplest possible, since it differs from 
that of an ideal licpiid and vapour as given by Rankine (Phil, 
Mag,, 1866^^only by the addition of the term a(c-b)p/T, It 
remains true if c is any function whatever of the temperature 
only, and is not restricted to the special case c = kT-'^, If c is a 
function of P us well as T, it is merely necessary to replace the 
last term by the integral of a (c - h) dP/T at constant T, taken 
between limits. 

The object of putting the equation of saturation pressure in 
this form is twofold. In tRe first place the terms depending on the 
fundamental constants (the specific and latent heats, and the 
coaggregation), arc separated, so that the effect of experimental 
errors on the determination of each can be more easily investigated. 
In the second 'place, it is more convenient for calciilation, because 
all the terms except the first are small, and can be worked out with 
a Fuller slide-rule, or with five-figure logarithms. Reducing to 
common logarithms by the modulus rn = *4842945, and inserting 
the numerical values of the constants, the equation becomes 

logpipi « 18*2009m (t ~ 100)/r 

- 4-7178 [log r/Pi -m{t- 100)/r] + [-4057 (c - b)plTTf^^...{19) . 

In working out the value of p for any given /, the term 
m (f — 100)/r is calculated by (ogarithms. The first tenn^(l) in 
the equation is found by adding log 18*2009 ( » 1*1200048) ^ the 
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* if 

log of m(t’- 100)/T already found and taking the antiJog. The 
second term (2) by multiplying the small difference 

log T/Ti ^m(t^ 100)/T 

4*7 178 with a Fuller slide-rule. The last term (3), which is of 
the same order of magnitude as the sceond, is also worked on the 
slide-rule, assuming an approximate value of p, and taking (c — b) 
from a table. The constant value of this term at 100° C. is *006474 
(4), which is subtracted from the value found. The value of log 
is added, taking pj in mm. of mercury, or Ibs./sq. in. orkilos./sq. cm., 
according to the units in which p is recpiired. The work may con- 
veniently be arranged as follows : 

Pressure at t — 250° C., T ~ 528*1° abs., c - b 0*12054 eu. ft,, 
Trial value p 560 Ibs./sq. in. Result p — 564*0 K 


logpi = 

I-637784.S 

logT 

= 2*7185847 

• logp, - 

M6690 

log 150 = 

2*1760913 

logT, 

= 2*571825^ 

. (1) = 

1*64397 

logT = 

- 2*7185847 

Diff. 

= 0*1467595 

(3)- 

0*05236 

Sum = 

109.52909 

= log 

0*1245348 

(4) = 

- 0*00647 

Add 

1*1206043 

Diff. 

0*0222247 x 

4*7173 = (2) 

’ 0*10484 

Sum = 

*2158952 

= log 

1*64397 (1) 

log* 

2*76200 


Taking p — 570 as trial, alters term (8) to *05829, whence 
logp -^*75294, or p == 566*16. A difference of 10 lbs. in the trial 
value makes a difference of 1*22 lbs. in the result. Let the correct 
answer be 560 -b x. Then we have 560 + a. — ,564*94 -f 0*122 j?, or 
0*878 X « 4*94, x = 5*68. Whence finally, p = 

For temperatures near 100° C. the small terms are much 
smaller, and the approximation is more rapid. 

The numerical formula for the saturation pressure in lbs. per 
sq. in. (London) may easily be transformed into^the apparently 
simpler shape 

logp « 21*07449 ~ 2908*89/r - 4*71784 log T + *4057 (c - b)plT, 

( 20 ) 

but the terms are much larger, and, since the result depends on 
small differenjes, the formula must be worked to the limit of 
accuracy with seven-figure logarithms. The term involving log T 
* is more than 100 times larger than in the formula previously given, 
even at 250° C., so that most careful interpolation is required to 
get Ae value of logp correct five places of decimals, or p to 
1 in 40,000. 
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An inhructive method of deducing the formula is by the direct 
integration qf CJapcyron's equation (4), This equation may be 
written in the form 

aT(F.-v)(dp*ldT)=L ( 21 ) 

Since L — U — h, and h~st-\rv (dpjdT) — *003, the equation 
beconfes 

aTV^ (dpjdT) = - s/ + -008 (22) 

Substituting for F, and from equations (21) and (24) of Chapter 
III, and dividing by T^, the equation is found to be the exact 
differential of that already given, with a slight difference in the 
arrangenaent of the terms. 

69 . Gibbs* Function or Thermodynamic Potential G. 

It will be observed that the above substitution in Clapeyron’s 
equation gives an expression for the total heat //, of saturated steam 
identical in form with that already assumed for the total heat h of, 
water at saturation. The only difference is that v is replaced bv 
Vfi thus 

II g ^ St + aTVg (dpjdT) - 0 003 (28) 

It follows, by exactly similar reasoning, that the entropy 0, of 
saturated steam can be represented by an expression corresponding 
to that for <^, namely, « 

<D, - A- log, TjTo + aV, (dpjdT) - 0-000010 (24) 

The value of the function G, = TO, -- //, = T<f>-h, is the same 
for water and steam at sat«»iration, since O, ~ 0 ^ Ljl\ With the 
assumption already made for the variation of the specific heat of 
water, the function G, has the comparatively simple expression 
Gg = TO, --Hg^T^-h=^s (T log, TjT^ - 0 ~ OOOStlT ^, . . .(25) 

This is a function of the temperature only, and is very easily 
tabulated. It is particularly useful in the adiabatic expansion of 
wet steam (see p. 218). 

The name “ Potential ” is here given to the function G =* TO - H 
because equality of potential G may be regarded as ’the condition 
of equilibrium between liquid and vapour at any teipperature. The 
properties of tliis function, as the criterion of equilibrium in physical 
and chemical changes, were first fully investigated by Willard Gibbs 
(Trans, Acad, Conn,, vol. 8, p. 108, 1875-1878). It is often called 
the Gibbs* function, and is denoted by various Greek or /ancy- 
script symbols in different works. The symbd Q is here adopM 



vn] ENTROF? AM) SATURATION PRESSURE 141 

as being the initial of the name Gibbs, on which jgfround it was 
recommended to the Physical Society of London, and by tbejp 
adopted in their list of symbols for thermal properties. 

In many books the total heat ff is also called “the potential/’ 
Ai the analogy of potential energj' in statics, because the drop of 
total heat represents the work done in steady flow at constant 
entropy. The objection to this analogy is that the potential energy 
of the fluid depends on the conditions imposed, and that many 
different functions possess an equal right to the title of potenti J 
functions on this ground. Thus the increase of the function G, as 
here defined, represents the work obtainable in steady flow when 
the temperature is kept constant. The work so pbtaincfl is the 
maximum obtainable from unit mass of compressed gas at atmo- 
spheric temperature without expenditure of fuel, and might most 
appropriately be regarded as equivalent to the drop of potential 
energy on expansion. Mathematicians often (lehnc G as II — 
with the opposite sign, as representing a* drop «f energy. But the 
sign is purely a matti^r of convention, and it is just as logical to 
regard the increase of G = ~ II in an irreversible process as 

corresponding to the increase of O. It would also b^very incon- 
venient in practice to have the sign of G always negative. 

The expression for the potential G of dry steam, superheated or 
supersafurated, is readily obtained from those already given for 
// &nd O, thus 

G « S,T log, (T/T,) - RT log, (P/P,) ^a(c-h)P-V - *Vo) T-B, 

(26) 

where Oq =“ 1*76800, and B - 464*00, the constants in the expres- 
sions for and IL 

If the above expression for G is equated to the expression 
already given for G, in the case of water, wc obtain immediately 
the equation of saturation pressure, which is rcadilj reduced to the 
form previously given. 

The potential G of superheated steam is always greater than 
that of water.* When it becomes equal to that of water at the same 
temperature, ^le steam will begin to condense, if any suitable 
surfaces or nuclei are present to start the condensation. It is well 
known, however, that steam may be obtained by rapid expansion 
in the^ supersaturated condition, at a temperature much lower than 
the saturation temperature corresponding to the pressure, provided 
that no nuclei are present. Its potential in this condition is given 
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by the same expression as that for superheated steam, but is lower 
thkn that of water at the same pressure. The state of supersaturated 
steam is unstable, and is qmckly reduced to that of wet saturated 
steom as soon a^ condensation sits in. The transformation of 
supersaturated steam into wet steam is an irreversible^ proces#, 
involving an increase of entropy, wluch must always occur in rapid 
expansion because the condensation cannot keep pace^exactly with* 
the adiabatic fall of temperature. Some evidence of the actual 
existence of this supersaturated state in the cylinder of a steaih- 
engine was obtained by Callendar and Nicolson (Proc, Inst, C. E,, 
1898) by measuring the temperature with a platinum thermometer 
during rapid expansion. The phenomenon is of practical interest 
as explaining {5art at least of the “missing quantity,” and some Of 
the advantage gained by superheating. When the steam is initially 
superheated, the state of supersaturation is postponed to a later 
point in the stroke, and the increase of entropy is redueed.' Since 
the state of supersaturafion undoubtedly exists, the tables havje 
been extended a little below the saturation line. The values for 
supersaturated steam arc of practical significance, as showing, the 
nature of tig change which occurs in rapid cxf)ansion when the 
steam has insuflicient time to condense, and as affording a means of 
estimating the losses thereby occasioned. The best illustration of 
the effects of supersaturation is afforded by the How di steam 
through a nozzle, where the expansion is extremely rapid (see 
Chapter X). 

70. Experimental Values of the Saturation Pressure p. 

Since all the required <juantitics in the equation of saturation 
pressure have been determined independently of any meaimrements 
of the saturation pressure itself (except that the saturation pressure 
is 700 mm. by definition at 100° C.), the comparison of the values 
of p calculated by equation (19) with those directly observed, 
affords an additional test of the accuracy of the theory. A com- 
parison of this kind was made in the author’s original paper 
(JB. 5,, 1900) with the observations of Regnault, wliich were the 
best then available, and the agreement was sho^n to be satis- 
factory. Since that time additional determinations have been 
made, with modern appliances, at Munich (1905) by Knoblauch, 
Linde and Klebe (ForscK Ver, Deut, Ing,, 21), and at the Reichs- 
anstalt, Berlin (1908) by Holbora and Henning (Ann, Phiys,, 26, 
pp, 866--B88). The results of these observations, as expressed in 
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mm* of mercuiy (Lat» 45^), aie compared with the author’s equation 
in the following table. 

Table I. Comparison of (19) vWth Observations^of the Saturation 
Pressure. 


Temp. 

Regnault 

Author’s 

Miinioh 

Berlin 

Cent. 

Formula {H) 

equation 

(1905) 

(1008) 

0° 

4*48 

4*62 


(4*68) 

20° 

17*30 

17*59 


(17*51) 

40° 

54*91 

55*38 

— 

(66*13) 

60° 

148*83 

149*38 

— 

149*10 

80“ 

354*6 

355*1 

— 

356*1 

110° 

1075*4 

1075*0 

1074*3 

1074*5 

120° 

1491*3 

1490*5 

1489 

1488*9 

130° 

2030*3 

2028*8 

2025 

2025*6 

140° 

2717*6 

2715*3 

2710 

2709*5 

150° 

3581*2 

3577*7 

35(57 . 

3568*7 

160° 

4(552 

4(546 

4634 

4633 

170° 

5962 

5953 

5939 ‘ 

5937 

180° 

7546 

7532 

7514 

7514 

190° 

9443 

9420 

— 

9404 

200° 

11689 

11653 

— 

11(547 


The agreement between tlie observed and calculated values 
shown in the above table is seen to be extremely close, and affords 
in fact ^ne of the most exacting practical tests of the second law 
of thermodynamics, on which the calculation is based. The dis- 
crepancies rarely amount to as much as a tenth of 1 ° C., or 1 in 2000 
of the temperature interval, except in the ease of Regnault’s 
observations at low temperatures, whicli are known to be inexact. 
The agreement with the Berlin obserx’^ations below 100° C. is much 
closer that: with Regnault’s formula. The values at 0°, 20°, and 
40° C., enclosed in brackets, arc those given by Thiesen and Scheel 
(IPiM. Abh, d. Reichs.y 8, p. 71, 1900), which have been adopted by 
Holborn and Henning in their table. 

Above 100° C., the author’s results arc intermediate between 
those of Regnault and those of the later observers, agreeing better 
with Regnauit from 100° to 180° C., but approaching the later 
observers at C. The close agreement between the values 
tabulated by the Munich observers (1905) and those subsequently 
determined by Holbom and Henning, Berlin (1908), is one of the 
most |emarkable coincidences in experimental physics. The con- 
clusion has not unnaturally been drawn that both of the later series 
of observations must be very exact, and that the systematie 
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discrepancy from the author*s equation, equivalent to about" a 
ipnth of 1® Cffrom 150° to 180° C., is to be explained by some error 
in the theory. It happens, however, that Henning (t4nn. Ph^s,, 22, 


p. ^25, 1907) has «iade an independent 
reduction of the Munich observations, 
and has found a different set of values 
for p (Munich) which are in exact agrec- 
jnent with the author’s equation from 
120° to 160° C. The discrepancy is of 
little practical importance, but is of 
theoretical interest as throwing further 
light oft the curious discontinuity at 
100° C. in Henning’s curve of //^ , already 
illustrated in Fig. i, which appeared to 
be so well supported by the Munich 
observations as reduced by Linde. In 
order to be able to form* a fair estimate 
of the value of the experimental 
evidence, it is desirable to plot the 
separate obji^rvations of p in relation to 
the curves representing the formulae, as 
shown in the annexed Fig. 13. 

In place of plotting the differences of 
pressure as shown in the table, it is 
better to plot the corresponding differ- 
ences of temperature, because the errors 
above 100° C. are mainly due to thermo- 
metry, and because a more convenient 
scale is thereby obtained. Thus if is 
the observed pressure, and p^ the 
pressure given by the author’s equation 
at the same temperature, the small 
difference p^ - p^ is divided by the 
appropriate value of dpjdi, giving the 
corresponding difference of temperature, 
which is plotted with its proper sign 
against the temperature of observation. 

The zero line 00 in the figure repre- 
sents the author’s equation. The curve 



Fig. 13. p, O*— 200*. 


RR represents Regnault’s formftia H, The wavy line marked HH 


represents Holbom and Henning’s table. The wave at the lower 
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extremity represents the observations ot Thiesen and Seheel. ^ It 
would be of no use to plot Regnault’s observations on this sc^t, 
since the poiqts would give a diffuse band, 0*8® to 0*4® wide, 
nearly filling the figure. The majority of his observations lie bdow 
tiie line. RR between 100® and 200°, and above the line RR 
between 0® and 100®, showing on the whole better agreement 
with the author’s equation than with his own formula. 

The dots plotted above 100° C. represent the Munich observa^. 
tions, which evidently give better agreement with the author’s 
equation than with the line HII, except for the last four, which 
were too near the limit of satisfactory |)erformance of the apparatus, 
and also gave unreliable results for the volume. The discrepancies 
indicated by the scattering of the dots were no doubt largely due 
to the employment of mercury thermometers, which showed ir- 
regularities of the order of 1 or 2 tenths of a degree, as is usual at 
such temperatures with mercurial thermometers. 

' • The observations of Ilolborn and Hcftning on the other hand, 
appear to have been extremely concordant. They employed platinum 
thermometers for measuring the temperature, and an electric 
heating coil for vaporisation. Their apparatus could scarcely fail 
to give consistent lesults in capable hands, but was of a type 
peculiarly liable to systematic errors from radiation and conduction, 
so that •it is questionable whether the temperature which they 
measured was the actual temperature of the steam. The proximity 
of the electric heater to the tube containing the thermometer, 
might easily give rise to small systematic errors of the order of a 
tenth of 1® C. It is most likely that the observed temperatures 
would be systematically too high (or the corresponding pressures 
too low) syice temperature-errors in defect would be prevented by 
the condensation of the steam. A systematic error of precisely this 
type is indicated by the somewhat abrupt fall of the curve HH 
starting from the 100® point. The abnipt change of curvature at 
100® C. is better shown in the difference curve representing Holbom 
and Henning’s observations in their orighial paper, where the 
temperature differences are plotted on a four times larger scale. 
It is obviously ^ue to a systematic error of observation of the kind 
described, since no possible reason for an abrupt change at 100® C. 
• can be found in theory. The existence of a systematic error in the 
values of dpldt is further corroborated by the fact previously alluded 
to (Cliapter V, f 46), that the valdes of L calculated by Linde from 
the Mfinich values of V and dpjdt agreed so remarkably with those 
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subsequently given in Henning’s table, and gave a similar abrupt 

impossihie bend in the curve of at 100° C. as shown in 
Fig, 4. The values of dpidt employed by Linde were practically 
idehtical with thosi^ subsequently found by Holborn and Henning. 
Whereas if Henning’s reduction of the Munich observations on p 
is accepted, the abrupt bends in the Hg and p curves disappear, 
and both are brought into very close agreement witl^ the author’s,* 
^and with the theoretical expression for H derived from Linde’s 
equation. The systematic error of Holborn and Henning’s table of 
p (H. and IL), though small, is of theoretical importance on account 
of its effect on the calculation of L from V ; because, when taken in 
conjunction with Henning’s low values of L between 120° and 
160° C., it has* led nearly all recent computers to depress the JET, 
curve unduly in this region, and to employ the erroneous value 
- 865° for extrapolation in the Thiesen formula. 

The broken line marked S in the figure below 100° C. indicates 
the effect of assiinnng thb variable value, Sq = 0-460 + 0*0001/, in 
place of the constant value, - 0-4772, in calculating the satura- 
tion pressure. This assumption makes so little difference to the 
curve betwfpn 100° and 200° that it could hardly be shown on 
the scale of the figure. At low temperatures, it appreciably im- 
proves the agreement with experiment, but the pressure differences 
are here so small that it is of no practical importance. It must 
also be remembered that the adoption of the variable value Ot S 
impairs the agreement with Griffiths’ and Dieterici’s values of L, 
and complicates all the equations unnecessarily for practical 
purposes. 

The experimental values of p, and a fortiori those of dp/dt, are 
probably less accurate than the calculated values between 100° 
and 180° C., where the data for the calculation are satisfactory. 
The uncertainly of both increases rapidly at higher temperatures, 
but it appears probable that the calculated values are sufficiently 
accurate for most practical purposes up to 250° C., where the error 
of the formula (19) cannot exceed 1° C., and is probably much less. 

71. Methods of Interpolation for tabulating p. In 
constructing consistent tables of the properties of saturated steam, 
the first essential is to calculate the values of the saturation * 
pressure for different temperatures by means of the theoretical 
equation (19), already given. Thb other properties are then easOy 
determined by inserting corresponding vidues of the pressure and 
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wnperatuie in the eqiwtiona for dry steam. It is mmmonly 
objected to the author’s theoretical equation for the saturation 
pressure that U is too complicated for practical use, and cannot 
easily be inverted so as to the temperatiy^ in terms of 4he 
]^|?essure;* Many attempts have been made to devise empirical 
formulae with this object, but without much success. .When 
nowever it is a question of interpolation over a restricted range, 
such as 10®, a formula of interpolation may readily be deduced ^ 
from the original equation. A formula of tliis kind is useful, 
because the ordinary method of inter|X)lation by simple proportion 
is unsatisfactory in dealing with the saturation pressure or volume, 
unless the differences involved arc very small. Ii,iterpoLttion by 
taking the logarithm of the pressure in place of the pressure itself 
is often recommended, and gives results al}out live times as 
accurate as the method of simple proportion over a range of 10°, 
But the following rule, deduced from the pressure formula itself, 
isf very little more trouble than logarithmic interpolation, and is 
about ten times more accurate. 

Rtde. Given the pressures p' and p" corresponding to tem- 
peratures i* and t" in the tables, to find the value of t cqfresponding 
to any intermediate pressure p, find t — i' by logarithmic inter- 
polation, reduce it in the ratio T’/T'", and add the result to 

The Ordinary ride of linear interpolation by simple proportion 
gives 

t - (<-- r) (p ~ p')/(p’'- po (27) 

Logarithmic interpolation gives 

t - f) (logp - logp’)/(logp’'- logp'). ...(28) 

This is wosked on the slide-rule, and reduced in the ratio T/T". 

The explanation of this rule for inverse interpolation follows 
immediately from the form of the equation of saturation pressure, 
namely, 

log p/p' = 18*2m (t — t*)IT small terms, (29) 

since the secqpd term log T/T'— m(t - t')IT in the equation is 
fldnall when t is nearly equal to We have similarly for p' and p" 

logp'7p'~ 18*2m (f"- <')/r"-t- small terms (80) 

' Taking the ratio of these two equations, the snudl terms are 
iq^roximately eliminated, the constant goes out, and we obtain 
the rule already given. Since the' logarithms of the tabular pres- 
sures p* and p'' are directly obtained in working the pressurest 
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there is only one logarithm to look up for each required value of 
The approi;imate value of T required for the final reduction is 
obtained from that of t given by logarithmic intei^lation in the 
course of the work, by formula (26). The method is accurate to 
about'a hundredth of a degree over a range of 10® C., and is much 
less trouble in practice than any of the empirical formulae com- 
monly recommended. 

In constructing the Steam Tables, the values of p were first 
calculated for each 10® C. from the exact equation (19). Values 
of t or p, at intermediate pressures or temperatures, were then 
deduced by interpolation. The formula of interpolation employed 
was somewhat ^lore accurate than the modified rule of logarithmic 
interpolation previously given, since it was desirable to work the 
interpolated values to the same order of accuracy as those ori- 
ginally calculated for each 10®. It was devised to take account of 
the effect of the small terms, and was as follows. 

Given p\ p'* atf, find p for any intermediate 
log (p/p')= log (p'lp'Ht - n (1 + (r- o/o*88r)/(<"- n. ...(81) 

The corresponding formula to find t for any intermediate p, is 
n\og(pip'){i - (r- 0/0*88r')/iog(p'Vp'). ...(82) 
These formulae are almost as easy to work in practice as the rule 
previously given, but have the advantage of being accurate to the 
required limit over a much greater range. The following example 
will serve as an illustration of the method of calculation, and a test 
of the accuracy of the formulae. 

Given 90® C., logp'^ 1 00692; 110®, logp"« 1-81759, 

find p at 100® C. ; or conversely, find t when p = 14-689, or 
logp « 1-16699. We have ^ 

log (p'Vp') « -81067. {t - - f) - 10/20. 

Half log ip” I p') - -165885 

Also 0-88r = 828. 

Add 10/828 of *155885 (worked on a slide-rule) » *00474 

sum « *16007 

The sum of these two terms gives log (p/p') correct to the last 
figure. The correction term *00474 represents the 'error of simple 
logarithmic interpolation, which in this case amounts to about * 
1*1 per cent, on the value of p, whereas the rule given is about 
500 times as accurate over a range of 20®. 

To find t for any given p is not quite so easy because this 
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involves the ratio (plp*)ftog {p**lp*) (or •16007/*81(ij7 in the 
present example) which when multiplied J>y (I"- 10*80iiS, 

the first appreximation to (t -* I') by logarithmic interpolation. 
This must be reduced by or 10/fiS7, of itself, which 

fives — ‘805°, so that the correct answer is (£ - f') « 10*000®, or 
t •* 100® C. In practice the first approximation to (f — t*) can be 
used in finding 0 for the small correction, which is then 
effected by setting the cursor at T on the slide, and setting the, 
slide back to a tenth of (f'"- f), without writing down any 
figures except the differences of the logs of the pressures. 

With a table of pressures for each 10° of temperature, the 
temperature corresponding to any given pressure can be ilound by 
this formula correct to *01° with the aid of a small slide-rule, or to 
•001° by the aid of a Fuller spiral slide-rule. The chief trouble 
involved is that of looking up the required logarithms. For this 
reason»the tables of p and F for each degree have been constructed, 
Irom which any required values can be dbtainod correct to *01° C. 
by simple proportion, without the aid of logarithms. It must be 
remembered, however, that a change of 1° in the temperature at 
100° C. makes a difference of nearly 4 per cent, in the pressure, 
so that results obtained in this way will not be quite so accurate 
as the tabulated values. It should also be observed that the pres- 
sure itsdf cannot be tabulated with a uniform degree of proportion- 
ate*^ accuracy, This property is possessed by the logarithm of the 
pressure, which more nearly represents the actual results of the 
calculations, and is more often required in numerical work than 
the pressure itself. For this reason a table of logarithms of the , 
pressure is also given for each degree, which will give more exact 
results hyk interpolation, and is also more useful in finding the 
entropy or working out expansion curves. 

The corresponding table of volumes of saturated steam for 
each degree, has been calculated directly from the logarithms of 
the pressures by means of the characteristic equation 
V S3 RTfap -f- 6 — c. 

In using this table for adiabatic expansion, it must be remembered 
that the quantity which occurs in the adiabatic equation 
P** (V — 6)**+^ « constant, 

is not^F but V b, which makes an appreciable difference when 
the pressure is high and the vdiume small. For most practical 
purposes, the quantity b might have been omitted altoge^r fh>m 
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the equidoQS, but it has been letained on iteouht of its theoretical 
Wgniilcance, Mid cannot be neglected iu the calculations without 
introducing small numerical inconsistencies. 

72. Empirical Formula for the Saturation Voliun#. 

A formula for the saturation volume of the type pF*" « constant, 
was given by Hankine with the value m « 17/16 for the index 
Reduced by means of Clapeyron’s equation from Regnault’s 
formulae for the total heats H and h and the saturation pressure. 
With the new values of the total heat, deduced from the throttling 
experiments and the specific heat, a formula of the same type still 
holds vety closely, but the value of the index must be changed to 
m « 16/15, as deduced by Mollier from the author’s equations. The 
value of the constant is 490, when the pressure is in pounds per 
sq. in. and the volume in cu. ft. per lb., or 1*786 for kg. per sq. cm. 
and cu. m. per kg. But in practice it is generally necessary to 
employ the equation in the logarithmic form 

y, = 2*5222 - 15 (log,op)/16 (F.P.C. or F.). ...(88) 

The orelfgr of agreement between this empirical formula and 
the values deduced from the characteristic equation, is shown in 
the following table. 


Tabic II. 


Temp. 

Volume of saturated steam in cubic feet per pound 

Ceat. 

By empirical formula 

By characteristic equation 

0® 

3270 

3276 

50® 

192*9 i 

192*7 

100® 

26*79 

26*79 

150® • 

0*270 

6*290 

200® 

2*072 

2*074 

260® 

0*874 

0*870 


The excellence of the agreement over so wide a range is due to 
the fact that, although the index m is really a variable, it passes 
through a maximum slightly greater than 16/15 in the neighbour- 
hood of 120® C. The mean value of m over any desired range such 
as p* to p” is given by the formula 

m - log {p7P«’)/Jog (V'lV) ..4m) 

When V, V" are the dry-saturated volumes at p', p". The value 
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of m at any particular point 
of the saturation curve may be 
deduced from {he expression 

m«-F(dp/dF)/p 

• - (1 - D)/(l - -Sp X 

(dT/dpyS^T). ...(85) 

where D is the deviation ratio 
a (c — 5) pjRT, The limiting 
value at low pressures when 
P = 0, and S = Sq, is the 
reciprocal of 1 - p {dTldp)IT, 
which has the value 1*053 at 
0® C., and evidently cannot be 
constant. The value of m 
reaches a maximum of about 
1*069, and falls again at high 
pressures owing to the increase 
of D. 

73. Empirical Formula 
for p from 200° to 374*’ C. 

It has •bAsonie the custom of 
recent years to endeavour to 
represent the saturation pres- 
sure all the way from 0® C. up 
to the critical point by elabor- 
ate empirical formulae extend- 
ing to hi^h powers of the tem- 
perature. There is no particular 
difficulty in representing any 
selected set of observations as 
closely as may be desired by a 
formula of this type. But the 
result is of no theoretical value, 
and of little practical utility, 
because pressifires exceeding 250 
Ibs./sq. in. are seldom used ex- 
cept in small automobile engines, 
whe^ accurate tests are im- 
practicable, and other considera- 
tions arejnoie important than 



250*^ 300® 

Fig. 14. Experimental Beeolte for p between 200^ and the Critscal Point. 
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cffidencyt Owing W the uncertainty of the experimental results, 
it is desirable to employ the simplest possible type of formula 
fbr purely sp^ulative purposes in the neighbourhood of the critical 
point. There is a considerable amaunt of evidence, derived from 
the ‘behaviour of bther vapours, that a formula of the simple 
type log (p/pq) = K/Tq - KjTy though certainly inadequate at 
low pressures, represents the saturation curve with remarkable^ 
fidelity at high pressures over a considerable range. A suitable 
formula of this type in the case of steam is as follows : 

logp - 2-85265 + 4-264 (t - 200)/T (F.P.C.), ....(86) 

in which tie constants are chosen to give the same values as the 
theoretical equation for both p and dpjdt at 200® C., so that the 
curve joins continuously with the theoretical curve at this point. 
The formula has the advantage of giving the simple expression 
4645/T for the ratio (T/p) (dp/afe), and agrees sufficiently well with 
experiment for practical purposes, as indicated by the annexed* 
figure. • * 

The zero line in the figure represents the empirical formula (86). 
The curves represent the smoothed results of various series of 
experiments^The difference of each experimental result from the 
formula is expressed in degrees of temperature as previously ex- 
plained. The curve CC represents the observations of CaiUetet and 
Colardeau {Journ, Phys,y 1891); the curve BB those of Battelli 
(Ann. Chim. Phys., 1892-94); the curve KK those of Knipp (Phys. 
Rev.y 1900). All of these give much higher results forp than formula 
(86), But the curve HB, representing the latest results of Holbom 
and Baumann (Ann. Phys.y 1910), which are probably the most 
accurate, gives slightly lower results than the formula between 
250® and 860® C. It is very likely that the values of p ^ven by 
the formula ma^ be too high in this region, but the difference 
shown does not greatly, if at all, exceed the probable errors of 
experiment. 



CHAPTER VIII 

THE CRITICAL STATE 

74* Properties of COj. It would be beyond the scope 
of the present work to attempt a review of all the various specula- 
tions current with regard to the critical state, or to cbnstruct a 
system of equations capable of representing the properties^f steam 
consistently in this region, but some reference is nedessary in order 
to prevent misapprehensions, and a general account of the pheno- 
mena may be of interest as illustrating the difficulties to be en- 
countered in framing a complete theory. The* critical temperature 
ahd pressure in the case of steam are so 4iigh that there are grave 
experimental difficulties in the measurement of any of the other 
physical properties of the fluid in this region, and there is little 
prospect of being able to utilise them efliciently in ^ny kind of 
engine. On the other hand, the substance COg, commonly known 
as carbonic acid, is often employed for refrigerating puqjoses in 
the neighbourhood of its critical point, and its properties in this 
region have been most carefully investigated by many skilful 
experimentalists. For this reason, illustrations of critical pheno- 
mena will be taken chiefly from the properties of COg, for which 
so many experimental data are available that it is possible to test 
any theory or formula with reasonable certainty. 

The epical Temperature of any substance is readily observed 
by heating a suitable quantity of the liquid in a sealed tube and 
observing the temperature at which the meniscus^, or surface of 
separation between the liquid and vapour, disappears. Experiments 
of this kind were first described by Cagniard de la Tour {Ann, 
Chim, Phys., 1822-28), who measured the critical temperatures of 
several liquids in this way. As the temperature is raised, the 
surface tension^of the liquid diminishes, the meniscus flattens out, 
and finally vanishes when the critical point is reached. The liquid 
and vapour then mix, and the tube becomes fiUed with a homo- 
geneous substance. Above the critical point, the liquid cannot 
be distinguished from the vapour, and no separation into two 
states can be effected by any increase of pressure. Faraday {Phil* 
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Tram,, ll28 and isis), in his experiments on the lique&crion of 
^es, came |jo the conclusion that there was a sin^lar limit of 
temperature for each gas, above which it could npt be liquefied 
by pressure, but tl^p importance of fhis point in the liquefaction of 
gases ivas not fully realised till a much later date. * 

Tk§ Critical Pressure, Cagniard de la Tour made some rough 
measurements of the pressures at which the meniscus disappeared,' 
but he had no independent means of varying the volume, so that 
Tiis experiments were necessarily incomplete. The first satisfactory 
measurements of pressure, temperature, and volume, over a fairly 
wide rangfi in the neighbourhood of the critical point, were made 
by Andrvvs (Phil. Trans.y 1869) in the case of COa. The gas was 
confined in a dhlibrated capillary tube over mercury, so that the 
volume could be varied by means of a screw plunger, and the 
pressures were simultaneously indicated by a similar capillary 
containing air. At ’temperatures below the critical point, the 
saturation volumes of the liquid and vapour could be estimateb 
from the observed volumes at the beginning and end of condensa> 
tion, but the pressure in Andrews* experiments did not remain 
quite constant during condensation at constant temperature 
owing to a residual impurity, about 1 in 1000, of air. The saturation 
pressure appeared to vary in a regular manner with temperature 
following a continuous curve up to the critical point. Above the 
critical point, no condensation or separation of liquid could •be 
observed, but there were large changes of volume for small changes 
of pressure, giving rise to well marked points of inflection in the 
isothermal, wliich persisted for several degrees above the critical 
point. The critical temperature was estimated as 81® C., and the 
corresponding pressure as 75 atmospheres, but the air-iganometer 
was not corrected for the deviations from Boyle’s law, and the 
effects of any* residual impurity, such as air, on the saturation 
pressure, tend to increase as the critical point is approached. At a 
later date, Amagat (Ann. Ckim. Phys., 29, p. 186, 1898), employing 
a similar method with the utmost refinements of accuracy, and 
paying special attention to the purity of the gas, fdlmd the value 
72*9 atmospheres for the critical pressure of CO, at a temperature 
of 81*85® C., but owing to the effects of supersaturation and the 
instability of equilibrium at the critical point, the critical pressure 
itself is more difficult to determine accurately than the saturati(»i 
pressure at lower temperatures. • 

For this reason among others it is advantageous to have mi 
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empirical formula representing all the observations of the satura- 
tion pressure as closely as possible. The following formula, whi<^ 
is of the simpkst possible type, the same as that employed in the 
last chapter ibr steam from ^bo® C. to the critical point, appears 
to represent all the best observations for CO| within the liftiits of 
experimental error: 

logioP = 1-5868 + 8157//r (1) 

The value of the constant 1*5868 in the above formula gives th^ 
saturation pressures in atmospheres of 760 mm. (lat. 45°), in terms 
of which most of the observers have expressed their results. If the 
pressure is required in lbs. per sq. in. (London), the value of the 
constant is 2*7038. The temperature t is to be reckoned from the 
freezing point of water. The corresponding fomiula for the ratio 
I jap (F - u), or (Tlp)dpldt, is 1985/r Cent., or 8578/r Fahr. 

Tl^e following table shows a comparison -of this formula with 
•Ihe results of observation which appear to be most reliable: 

Table I. 


Saturation pressures of liquid COj in atmospheres of 760 mm. 
:2 


Temp. Cent. 

>60’ 

-40° 

-30° I 

-20° 

-10° 

0° 

+ 10° 

+ 20“ 

+ 30 ° 

magat, 1891^ * 

~ir“' 

— 

1 





34*3 i 

44*2 

1 60'3 

70*7 

. and R., 1902 

6tM) 

9*82 

140 : 

19*3 

26-0 

34*34 ! 

— 

1 i 

— 

and S., 1906 

6*72 

9-88 

141 j 

19*6 

25*8 

— ! 

— 

i 

— 

and P., 1914 

6*66 

9*86 

140 

19*3 

26*0 

34*6 

44*7 

1 56*8 


ormula (1) 

1 6*74 

9-88 

14*02 

19*36 

26*08 

34*38 

44*43 

! 66*45 

70-60 


B^erences: Amagat, Annalea de Chimie et Phy$iq*ue» Vol. 29, p. 136, 1893. 

K. and R. Kuonon and Robson, Phil. Mag.^ Vol. 3, p. 164, 1902. 

Z. and S. Zeleny and Smith, Phys. Zeit., Vol. 7, p. 667, 1906. 
and P. Jenkin and Pye, PhU. Trans. A, VoL 213, p. 67, 1914. 

The observations of Regnault (utilised by llollier) are not 
included in the table, as they are much higher than any of the 
others, and he did not consider them satisfactory himself. The 
values which he gives at temperatures above the critical point 
cannot represent true equilibrium. Jenkin and Pye consider that 
their values a^ probably a little too high owing to a small impurity 
of air. The liquid curve can be followed 5® or 10® below the freezing 
point, which is at - 56*2® C. and 5*2 atmospheres. 

• Tfce Critical Volume. Accurate measurements of the saturation 
veJiSmes of liquid and vapour in the neighbourhood of the critical 
point become very difficult owing to the rapid changes with pressure 



158 PROPERTIES OF^STEAM lc«. 

and temjiferatuK. T^e critical volume itself cannot be measured 
c^i^ctly, because the isothermal compressibility (Ijv) (doldp)^ 
becomes infinite of the second order at the critical ppint. The usual 
metjiod in such a jcase is to measA« corresponding values of V 
and u 'under saturation pressure at a series of temperatures ep* 
proaclyng the critical point as closely as possible, and to estimate 
the critical volume itself from the limiting value of theimean otV* 
and V, Cailletet and Mathias {Joum. de Phys,, 11, Vol. 5, p. 549, 
^886), found that better results could be obtained by taking the 
mean of the densities 1/F and l/i>, which gave a more symmetrical 
curve tharf the volumes. The diameter of the curve obtained by 
plotting tjje mean of the densities of the liquid and vapour, as in 
the following figure, turns out to be nearly rectilinear in the case 
of COj over a wide range of temperature, and can be produced 
to the critical point with some degree of confidence, assuming that 
it presents no singiflarities beyond the limits of experimental 
measurement of r.and ». Cailletet and Mathias measured th6^ 
saturation volume of the vapour V at each temperature by ob- 
serving the disappearance of the last drop of liquid in a capillary 
tube when the volume was gradually increased at constant tem- 
perature. This tends to give too small a result for F, or too large 
a result for 1/F, owing to surface condensation, because the ratio 
of surface to volume is rather high in a capillary tube. They 
measured the difference of the densities of the liquid and vapour by 
a hydrostatic method in terms of the density of mercury, and 
deduced the density of the liquid by adding that of the vapour 
previously measured. For some reason, the values they obtained 
for the density of the liquid are appreciably lower than those 
subsequently observed by Amagat, employing the mqre direct 
method of measuring the volume in a calibrated tube. The coeffi- 
cient of expansion of liquid CO^ is very high, being equal to that 
of a gas at ~ 25° C., where the cooling-effect vanishes, and in- 
creasing more and more rapidly up to the critical point, where it 
b^mes infinite. 

The smooth curve in Fig. 15 represents Ama{jht*s table of 
results (he, r»f., p. 186), obtained by producing the observed iso- 
thermals for liquid and vapour on the PF, P diagram to the satura- 
tion pressure at each temperature. This method has the advantage 
of eliminating much of the error due to surface condensation, since 
tlie result does not depend exclusk.’^ely on the observations at the 
saturation point. But the isothermals are so steep near the critical 
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point that it is difficult to perform the extrapolation sat^factorily, 
and the behaviour of other substances would app^ to indi(Aj^ 
that the curves of liquid and vapour are not so exactly symmetrical 
as is shown by Amagat*s table for €0^ . The observations of Cailletet 
hnd Mathias, indicated by the ( x ) crosses, differ systematically 
from those of Amagat, but give nearly the same diametei^ Their 
^observations of the density of the liquid do not extend beyond 
22*2® C. Those of Behn {Ann, Phys,, 3, p. 788, 1900), indicated by 
the ( + ) crosses, were made by a delicate hydrometer method, and 
are very consistent. They extend down to — 00® C., but do not go 
above 24*8® C. They overlap Amagat*s observations from 0° to 



25® C. When combined with Amagat’s vapour-densities, they give 
a diameter OC, which is an exact straight line within the limits of 
experimental error, giving for the mean of the densities in gms./c.c., 
the simple equation 

(1/F -h l/i;)/2 - 0*5125 - 0 00148f (2) 

The extrapolation of this diameter to the critical point gives the 
critical density 0*465 gm./c.c. In the case of many other substances 
the diameter of the curve representing the saturation densities ot 
liquid and vapour is appreciably«curved, and there is no theoretical 
reason why it should not present singularities near the critical point* 







m PROPERTIES O^STEAM [ch. 

But thereHs no expe^ental evidence that the diameter is other- 
than str^ght in the case of CO|, and the simple equation (2), 
when taken in conjunction with a formula for the patent heat L, 
giving the difference V - v from Cllpeyron’s equation, affords an 
indepehdent method of deducing consistent values of the saturatioif 
volume of both liquid and vapour in the region near the critical 
point where the direct experimental evidence is somewhat deficient* 
and uncertain. Values of V and v obtained from L in this way are 
m close agreement with Amagat’s when the same value of L at 
0** C. is assumed. 

The Ldlent Heat, The values of p, l/F, and l/u, in Amagat’s 
table, give, all the necessary data for calculating the values of L 
from 0® to 80® C., by means of Clapeyron’s equation, but it is best 
to utilise formula (1), which gives 1985p/r for the factor Tdpjdt, 
Below 0® C., the direct observations of L by Jenkin and Pye (loc, 
cit,) are the only experimental data available, and are represented 
very closely from 50® to + 20° C., by a formula of the Thieserf’ 
type, as follows ; 

logio L « M164 + 0-4115 log^o (81-5 - f), (8) 

in which thff critical temperature is taken as 81-5® C. 

The following table shows a comparison of the experimental 
values with those given by the above formula. 


Table II. 

Latent heat of vaporisation of liquid COj in cals. C. 


Temp. Cent 

-60® 

1 -40® 

-30® j*-20®| 

-10® 

0- i 

+ 10® 

+20® 

+30® 

31® 

Amagst 







661 

47-7 

36-6 

14-8 

7-80 

J.andP. 

79q ; 

76-7 

71-3 ; 66-5 

60-9 

641 

46-2 

36-66 

1 



Formula (3) 

800 

^ 76-8 

71-2 66-2 

600 

641 

46-2 

36-7 

15-4 

9*97 


There is a discrepancy of nearly 2 cals. C. between the values 
of L deduced from V and those given by Jenkin and Pye at 0® 
and 10® C. Almast any equation that can be employed to give 
values of V consistent with Amagat’s value at 0® C.,*and with the 
curve of saturation pressure, will give values of L ^figher than (8) 
by a nearly constant difference of 2 cals. C. from 0° to - 50® C. 

( This is not without significance, because the values of P are more 
likely to be correct at low pressures than those of L, whiqji are 
extremely difficult to measure, afid are generally liable to err in 
defect 1%e observed values of V at high pressures are also liable 
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to eir in defect^ so that it would not be surpming if th^ahies of 
L given by (8) should prove eventually to be systematically too lens;. 
It is probable {hat a formula of this type would give more satis- 
factory values of L near the c^tical point than could be dcdi^ced 
from observations of V and u, if the critical temijcraturd vrere 
known with certainty. The difference between the valu^ 81*5° 
^siuned in (8) and Amagat^s value 81*85° C. is almost sufUcieni to 
account for the differences shown in the table at 80° and 81° C., 
but it is just as likely that there are systematic errors in V, 

The continuous curve in Fig. 10 represents the empirical 
formula (8) for the latent heat. The dots represent the observations 
of Jenkin and Pye extending from - 53° to + 20° C. The broken 



curve from 0° C. to the critical point represents values of L cal- 
culated from Amagat's table of p, F, and v. The continuation of 
this curve down to — 60° C. represents the values of L obtained 
by combiningf equation (89) for V with the observed values of v, 
and deducing Jthe equation of saturation- volume (48) from the 
values of h represented by equation (4) of the next section, as 
explained laterJ 

• The broken curve in Fig. 16, can be equally well fitted with a 
formula of the Thiesen type, namely, 

log« L « 11468 + 0*4018 logj,, (81*5 - t), (8 d) 
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which whuld agree Very closely with Amagat’s table up to the 

g itical poin^ if the critical temperature were taken as 81*85® C. 

ut any small disagreement near the critical po^t would be of 
littje significance, because the sctiAl values of V and v cannot be 
obserV^ satisfactorily in this region. The critical temperature fe 
taken,as 81*5® C. in both formulae for the sake of uniformity. The 
exact value is necessarily a little uncertain owing to th6 effect of 
impurities, which were not completely eliminated even in the 
'observations of Amagat, and which tend to depress the observed 
value of the critical temperature and to raise that of the critical 
pressure in this particular case. 

The T^tal Heat. The total heat is the most important quantity 
for thermodynamical purposes. In order to complete the solution 
for saturated CO.^, and to obtain consistent values of H in the 
neighbourhood of the critical point, it is necessary to assume a 
formula either for H or h, consistent with the critical conditions 
and with the experimental values at lower temperatures. Thb 
simplest way to do this is to adopt a formula of the same type 
as that already applied in the case of water, Chapter II (5), namely, 

H - aVTdpjdt * 5 - avTdpjdt = TdGjdT - G - 0*42/ - 6*58, (4) 

which has the advantage of giving simple and exact expressions for 
the entropy of the liquid and vapour, and of being cons\i!»4ent with 
the condition that both dH/dT and dh/dt become infinite, but with 
opposite signs, at the critical point. The value of the constant 0*42, 
like the corresponding constant in the case of water, is a little 
greater than twice the value of the specific heat of the vapour at 
aero pressure, which is 0*208 in the case of CO, at its critical 
temperature. The formula is equivalent to assumin^j that the 
coefficient TdlHi/dT^ remains finite and equal to 0*42. There is no 
thermodynainital reason why tliis coefficient should necessarily be 
constarUf but the constant value selected appears to satisfy the 
experimental data within the limits of probable error, as is shown 
in the following table. 


Table III. Total heat h of liquid CO, in cals. C. 


Tranp. Cent 

-fiO" 

-40® 

-80® j -20® 

-10® 

D 

+ 10® 


J. and P. (1014) 

- 27*3 

- 22*1 

- 16| 1 - 114 

-o-s 

0 1 

+ 6-S6 


FoAnak(4) 

- 26*27 

- 21*61 

- 16-66 1 - 11-37 

-6*88 

u 

+ 6*40 
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There appeared at first to be a systematic divergence below 
— W* C. between the values calculated by (4) and th :>se tabulated 
by Jenkin andtPye in their first paper (19X4). The observations 
subsequently given in their later paper {Phil, Trans,, A, 215, g. 960, 
A16) appear to differ from (4) by a few tenths of a calorie only in 
• the opposite direction, but it is not possible to give exact figures 
as they do not give a corrected table of h. The discrepancy in their 
experimental value at + 20° C. rests on a single observation of the 
mean specific heat of the liquid at 900 lbs. from - 12° to + 19‘2° C., 
and the observed increase of h from 10° to 20° according to their 
table is less than that from 0° to 10°, which is clearly impossible, 
since the rate of increase of h becomes infinite at tlic critical point. 
They found in fact that “the liquid limit curve between 10° and 
28° did not fit quite satisfactorily” in their diagram. The values 
of h and ^ shown on their diagram at the critical point itself agree, 
^as nearly as they can be estimated, with those given by equation (4), 
with Amagat’s value of v at the critical point. The constant 6*58 
in equation (4) is the value of the term avTdpjdt at 0° C., so that 
A = 0 at 0° C., according to the usual convention. Jenkin and Pye 
take h « apv ~ + 0‘91 cal. at 0° C. in their table. The constant 0*9 
has accordingly been subtracted from their values of h, as given 
in Table IH above, for comparison with the formula (4). 

Empi^alTahle for the Properties of CO^at Saturation, The values 
given in the following tabic have been calculated from equations 
(1), (2), (8), and (4), without direct reference to Amagat*s table, 
for the sake of uniformity and consistency, because Amagat's 
table does not extend below 0° C. It is quite likely that Amagat’s 
value, 0*166 for F, at 0° C., in F.P.C. units, is more nearly correct 
than the vi^uc 0*1605 given in the table, as deduced from equation 
|[8) for L, This could easily be represented, if desired,^by taking the 
second formula (8 b) with L == 56 at 0° C., and 82 at - 50° C. 

It is theoretically probable that the values of p given by (1) 
are a little too high below - 80° C., and that the corresponding 
values of dpjdt and V are uncertain in this region. Such points 
not be settled satisfactorily without more exact knowledge 
thw we at presept possess of the theory of the critical state and the 
of the characteristic equation, without which it is impossible 
$5 construct a completely consistent system of equations, including 

Held of the liquid and the superheated vapour in addition to 
pfc saturated state. This extension is full of difficulties, which will 
oil illustrated in later sections. In the meantime it is better to have 
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an exact system of equations summarising the experimental data 
for the saturated state, than a set of tables by different experi- 
mentalists which are necessarily more or less discontinuous and 
inconsistent. • 

Table IV. 


“Properties of saturated carbonic acid in F.P.C, units. 


t 

P 

100» 

lOOFx 

X 

h 

H 

0 


- 60° 

00*0 

1*386 

89*67 

80*00 

- 26*27 

+ 63*73 

- 01032 

0*2664 

-45° 

120*4 

1*409 

73*73 

77*91 

- 23*91 

+ 64*00 

- 0*0929 

0*2487 

-40° 

W6*l 

1*433 

61*06 

76*77 

- 21*51 

+ 54*26 

- 0*0826 

0*2424 

- 86“ 

173*6 

1*469 

60*89 

73*64 

- 19*06 

+ 54*48 

- 0*0724 

0*2366 

- 30° 

•806-0 

J*488 

42*66 

71*20 

- 16*55 

+ 54*65 

- 0*0622 

0*2307 

- 26° 

242*8 

‘ 1*619 

35*94 

68*77 

- 13*99 

+ 64*78 

- 0*0621 

0*2261 

-20° 

284*4 

1*562 

30*42 

66*21 

- 11.37 

•f 54*84 

- 0*0418 

0*2198 

- 16° 

331*0 

1*589 

26*84 

63*47 

- 8*67 

+ 54*80 

- 0*0316 

0*2144 

- 10° 

383*1 

1*631, 

22*00 

60*65 

- 6*88 

+ 64*67 

- 0*0212 

0*2090 

- 6° 

441*0 

1*678 

18*79 1 

67*45 

- 3*00 

+ 64*45 

I - 0*0107. 

0*2036 

0° 

606*0 

1*731 

16*05 

64*06 

0 

+ 64*06 

i 0 

0*19®) 

*f 6° 

676*6 

1*795 

13*72 

60*36 

+ 3*15 

+ 63*51 

‘ + 0*0110 

0*1921 

10° 

662*8 

1*866 

11*68 1 

46*21 

6*46 

62*66 

0*0222 

0*1864 

16° 

737*4 

1*957 

9*889 

41*44 

9*99 

61*43 

0*0340 

0*1778 

20° 

J|29*3 

2*076 

8*268 

36*71 

13*86 

49*56 

0*0467 

0*1686 

26° 

029*2 

2*260 

6*688 

28*24 

18*29 

46*63 

0*0609 

0*1666 

30° 

1037 

2*641 

4*864 j 

16*45 

24*62 

.39*97 

0*0807 

0*1317 

31*6° 

1071 

3*438 

3*438 

0 

31*38 

31*38 

0*1030 

-»i* 

0*1030 


Formulae for tho above quantities; • 

Saturation pressure, logioP = 2*7033 + 3 167 ijT (p) 

Rectilinear diameter, l/i> + 1/1^ = 64 - 0*185# (v) 

Clapeyron*8 equation, ap ( V r v) = LpfT {dp/dt) - XT/1986 [V) 

Latent heat (Thiostm), logjo X = 1*1164 + 0*4116 log,o (31*5 - 0 (X) 

Total heat of liquid, h - 0*42# + vLf{ V - v) - 6*63 (A) 

Total heat of vapour, H = 0*42/ + VL/i V - v) - 6*63 (J^) 


Entropy of liquid, (f> = 0*42 log, T/273 + vLIT ( F - r) - 6*63/273. ...(^) 
Entropy of vapdhr, = 0*42 log, T/273 + VLIT(V - v) - 6*63/273.... ($1 

These equations are of the same type as those employed for 
steam in the similar Table X at the end of this chapter. 

The Specific Heat of CO*. The properties of the lic^uid and vapour 
in the saturated state are the most important for refrigeration 
purposes, and it is therefore most appropriate, to employ the 
saturation table as the starting point in constructing a diagram. 
The most useful coefficients in determining the variation of H outside * 
the saturated region, are the specific heats and the cooling-^det. 

The specific heat of the vapdur at atmospheric pressure is the 
easiest to measure, but shows a considerable variation with 
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peiatuie, whidi is illustrated by the valu^ at 0* and IlOO* C..in 
the following table. 


Table V.* Specific heat of CO, at atmospheric pressure. 


Observers 

Regnault (1862) | 

E. Wiedemann ( 1808 ) 

Swann (1910) 

at 0® C. 

0*1870 

0*1952 

0*1973 

at 100“ C. 

0*2145 

0*2169 

0-2213 

Increase 

0*0275 

1 0*0217 

0-0240 


Swann (Phil, Trans, A, Vol. 210, pp. 199-288, 1910) employed 
the continuous electric method, which avoids many sources of error, 
and is best suited for measuring the variation of tfic specific heat. 
His results when corrected to zero pressure with the aid of the 
cooling-effect, give the formulae 

So*- 01950 4- 0 000254f, = 0 01950* 4 0 000127f, ...(5) 

wlierc i5o is the specific heat at zero presslire at 7° C., and is the 

mean value of Sq from 0° to t° C., in mean calorics C. These values 
at zero pressure are useful as a starting point, giving // = Sjt -f B 
at zero pressure. » 

Joly (Phil, Trans, A, Vol. 182, p. 78, 1891) measured the mean 
specific l^t of CO, at constant volume over various ranges of 
temperaffiire from 10® to 100® C., at high densities, approaching 
liquefaction. Taking L — 536*7 for steam at 100® C. (Regnault), 
he gives for the mean specific heat of CO, over the whole range 10® 
to 100® C. at constant volume F, the formula 

« 0*1650 + 0-2185/F + 0 840/F* ^...(6)- 

where F is in c.c./gm. The extrapolation of Joly’s values to zero 
density is a little uncertain, but if we add the constaift R 0*0450 
to Joly’s value 0*1650, we obtain A’o = 0*2108 * (corrected to 
L 589*8), which is in fair agreement with Swann’s value 0*2090 

at 55® C., the mean of Joly’s range. 

The Cooling-effect C. Joule and Thomson (Phil, Trans,, 1854) 
measured the cooling-effect for CO, at moderate pressures, chiefly 
in the neighbourhood of 0® and 100® C. Their mean corrected results 
in F.P.C. units*may be fairly represented by a curve of the type 
C « iSTT*"**, passing through the points 

•C « 0*0944®/lb. at 0® C. and C « 0*0421 ®/lb. at 100® C., 
but if a fbrmula of thb type is employed, the required value of the 
index ri is not 2^ as genmlly quoted, but more nearly 2*66 or 8/8. 

U-2 
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Jenkin and Pye (loc, cit,^ 1915) made some throttling experiments 
tn CO, £rom«which it is possible to deduce values of C between 
- 80® and + 80® C. These appear to agree very (josely with the 
Joule-Thomson cu^ve, though mad^ at somewhat higher pressures. . 
They tend to confirm the result of Joule and Thomson that C fk 
nearly^independent of the pressure within moderate limits. 

It will be observed on referenee to Table IV that the value of 
M reaches a maximum for the saturated vapour at a temperature 
close to ~ 20® C. The product Cdp/dt must equal unity at this 
point by equation III (7). The value of dpjdt at - 20® C. is 
1985p/r* = 8*8 Ibs./deg., by equation (1), the reciprocal of which 
is 0‘114®/lb., agreeing almost exactly with the value of C at the 
same point from the Joule-Thomson curve. 

Assuming that C is a function of T only, consistent values of H 
and S at any temperature and pressure within certain limits, are 
readily obtained from those of C by the method of Chapter IV, 

§ 89. It is very easy to construet a PT diagram in this way, sin& 
all the lines of constant // are exactly similar, having the same 
slope at the same temperature. The values of II and of SC for 
each line a«e given by the conditions H = + By and SC = 

where Co, <o» the values of C and / at the point where the line 
of constant II meets that of zero pressure. Values of H and S 
found in this way agree very closely with the observaTfons of S 
by Jenkin and Pye, and with values of H obtained by combining 
Joly’s values of S^ with Amagat’s values of PV, But the method 
appears to fail somewhat in the neighbourhood of the critical point, 
where the approach of thef liquid state requires a diminution of C 
with increase of density. At the critical point, Cdpidt = 1, giving 
C *« 0*044®/lb., which is smaller than the value 0*070 giyen by the 
Joule-Thomson curve at this temperature. 

75* Rankine’s Equation for CO,. In correlating the 
values of H, Sy and C, in the neighbourhood of saturation, where 
they are difficult to measure experimentally, it is desirable to 
employ expressions consistent ^vith a suitable foml of character- 
istic equation. The majority of equations which have been proposed 
for representing the deviations of actual gases from the ideal state 
are founded on that given by Rankine {Phil Trans.y 1854, p. 887), * 
deduced from Regnault’s experiments on the compressibility f^d 
the pressure-coefficient of CO,, namely, 

PF/17116 « (t + 274)/274 - ATJV {t + 274). ...,..(7) 
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The constant 17116 represents the ideal value of the pitniuct PV 
in foot-pounds at O^C., where the temperature is ^taken as 87^ 
on the absolute scale. is ^he ideal value of the volume at 0*^ C. 

and 1 atmosphere. A' is a Specific constant^ liaving the v^uc 
C. for CQ, . The drop of temperature expansion tKirough 

a porous plus was given by Rankine in the form 

( 8 ) 

where Vi is the volume at the higher pressure Pj at a temperature 
before passing the plug, and is the volume at the lower pressure 
P, when the gas has been restored to its original temperature ti 
by supplying heat JS (/j — at constant pressure Pj after passing 
the plug. The product P^V^ represents the work dohe by the pump 
on the gas per unit mass in forcing it up to the plug. The product 
PjjPj represents the work done per unit mass by the gas escaping 
at the same temperature. By the first law, the heat which must be 
^ applied to restore the temperature to Ij^is equivalent to the nett 
work, represented by the difference PjPj — Pjl'i, t()gether with 
the increase of intrinsic energy in expansion 1‘rom to Fj 

at constant temperature fj. According to equation (7) the increase 
of E is exactly txvice the increase of PF at constant tclbperature, 
giving the numerical factor 8 in equation (8). 

Sincc^lankine’s constant 

PJ^JJTq = 17116/1400 X 274 « 0 0440 cals./dcg. 
represents R, his equation may be put in the more convenient form 
aP/Pr= l/F-/*/F2 (9) 

where c is the coaggregation volume Cq(TqIT)\ and the value of 
the constant Oq, according to Rankine, is A'VqIT^, or 0*00698 of Fq, 
giving 8*58 c.c. per gm., or 0*0565 cb. ft./lb. The Constant a in 
the first term of (9) is the usual factor for reducing PV to cals., 
according to the system of units employed. 

Rankine obtained the expression for the increase of £ in ex- 
pansion at constant temperature by applying to equation (7) 
(preferably in the form (9)) the thermodynamical relation given by 
Kelvin {Phil, 1852, Vol. iv, p. 170), deduced from the second 


law of thermodynamics, 

(dE/dF), * aT (dPldT)y - aP ^ 2cRTIV\ (10) 

whioh^ves the expression for th^ intrinsic energy 

E « + B' - 2cBr/F, (11) 
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where a constW, and mean value of the limiting 

^|p%ciflc heat at zero density from 0° to f C. The corresponding 
expression for the specific heat 8 at any constai)^ volume V is 


obtained by differentiation, thus * 

^ = (d^ldT)^ = + 2cRIV (12) 

Thh expressions for U, S, and SC, are obtained as follows : 

// - JB + aPr « + B"- 8o«r/r (is) 

iSfC - - {dHldV)J(dPldV)t^ Sacl{\ - ^cjV) (14) 


S - (dll/dT)^ SC (dPld7\ - + ScKIV + (1 + cjV) RSCjaV, 

• (15) 

which shair th^it SC and S become infinite when V = 2c. Th 
value of C at any point defined by V and T, is easily found fror 
(14) and (15), thus 

c =. SC IS « ^acl[S^(l - 2clV) + (2 - c/F)3c/?/r]. ...(16) 

But the integrated throttle-drop fj - <2 for a finite range, namely,i 

S {ti — i^) — SciRTi (l/Fj ~ l/f^2)» (17) 

which is Uankine’s equation (8) expressed in terms of c, is trouble- 
some to Hiprk, when only P^ and Pg given. The value of S 
required is that at Pj f^^om /, to /g, which is difficult to calculate 
unless is known. Hankine takes S = 0*2148, Regnimlt’s mean 
value at atmospheric pressure from 0® to 200® C., whiefris often 
quite unsuitable. •“ 

The value of Cq deduced from Rankinc’s A' gives fairly good 
results for C on the average at moderate pressures, but errs greatly 
in excess at high pressures^ near saturation. The limit of C at zero 
pressure is Soc/iSo, and the other limit, when V ~ 2c, is 4acl8R, 
which is nearly double. The value at 0® C. and P - 0 is«0*090, but 
that near saturation at 0® C. is 0*128, which is too large, although 
Rankine's value of c is too small according to other experimental 
data which have to be considered. There are more serious objections 
to Hankine\s equation on other grounds at high pressures. It is of 
interest chiefly as a simple example of a common type. 

The order of agreement obtained under working conditions is 
illustrated by the following numerical example. 4^nkin and Pye 
{PhU, Trans,t 1016, p. 880, Table E, Throttling experiment T) 
observed a drop of temperature from -f 18*5 to - 15*05® C. on 
throttling from 500 lbs. to 200 lbs. abs. Dividing the d|Dp»of 
temperature by the drop of pi^ssure, we find the mean value 
C » 0*0958®/lb. at 850 11^. and - 0*8® C., in practically perfect 
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agreement with the Joule-Thomson curve. On referry;ig to the 
diagram, Fig. 19, we find that the initial and llnai states lie on the 
same horizontal line at If =*= 59. To compare*^ th^ result with 
Rankine’s equation (8) or (11^, we have to find the appropriate 
sralue of which cannot be done satisfactorily citcept by calculating 
H from (18) at both temperature limits at 200 lbs., and dividing 
•the difference by the difference of temperature. The equation then 
reduces identically to ff'= //", showing that the calculation of H 
at 18-5® C. and 200 lbs. was superfluous, and that it would save^ 
trouble to write the equation directly in the form 

Sn, (t' - r) - Sc'RT IV' ~ Qc''Rr'jV'\ (18) 

where is known^ being the mean value of frext V to 
namely 0*1949 in the present case, giving V— 88*9®, or 
~ 20*4® C., showing that Rankinc’s equation gives too large 
a value of C near saturation. 

■ Thb most direct method of performing the verification, is to 
calculate the values of II — B from (18) at each limit, and find 
f" by interpolation, thus: 

At P == 500, < - + 13*5°: S„, = 0*1967, c - 0 0513, V - 0*1796, II - ^ 8*430. 

AtP=:200,<= - 15*P: -8, 0*1931, c -0(M)33, T =:t 04930, // ^ - 7*388. 
AtP^200,/= -20® ; 0*1925, c = 0*0658, P = 0*4800, /i= - 8*644, 

By ■fl^crpolation at 200 lbs., //"= 11% when — 19*6® C. 

The most difficult part of the calculation with an equation of this 
type, giving H in terms of V instead of P, is to find F in each case 
from (9). 

Rankine’s equation (12) makes s a Knear function of the density 
at constant temperature. Joly found this to be the case provided 
that the %:mpcraturc range did not extend below the critical point, 
below which a quadratic function of the density Was required as 
shown in equation (6). Joly’s observations afford* an independent 
method of calculating c in Rankine^s equation. Since Joly’s Sp 
represents the mean rate of increase of E per degree over a con- 
siderable range of /, the comparison is best effected by reference 
to equation ^1) for E, which gives, on substituting c ^ 
a simple equa|ion for Cq 

Sp^^(W‘-E”)l(V + ...(19) 

leaking Joly’s first formula, Sp * 0*1657 + 0*2064/F, applying to 
moderate densities, we find 8*25c.c./gm., slightly less than 
Rankine’s value. But if we take his later formula (6), applying to a 
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mes^ vol)^e 7*62 c.(%/gm. we find an average value Cq ^ 4*06 c.c./gm., 
on 0*0660 cb. which is considerably larger. The method is 
Hot very satisfactory for finding c, because the change of with 
density over the experimental range is relatively small, being only 
about. 12 per cent, bf the whole quantity measured, and because tht 
quadratic formula (6) does not exactly correspond with Rankine’s 
equatibn (11) for E» 

Joly also endeavoured to obtain evidence of the variation of 
•with temperature by making experiments over different ranges of 
temperature, but was unable to detect any change with certainty. 
This has been quoted as casting doubt on Swann’s equation (6) 
for the variation of Sq with temperature, which ought to be the 
same as tliSt of,^o. The apparent discrepancy is explained by refer- 
ence to equation (19). The value of will increase as the range of 
temperature is raised, but that of the second term will diminish 
with increase of the limits T and If Swann’s value is ta)cen for 
the rate of increase of 5,„,^it happens that, for the densities chiefly ‘ 
employed by Joly m this investigation, the rates of change of the 
two terms are nearly equal and of opposite sign for a mean tem- 
peraturc in the neighbourhood of 60° C. 

A similftr effect occurs in the variation of the specific heat at 
constant pressure with temperature according to equation (16), 
but at much lower pressures, because the variation with 
pressure is much greater than that of s. When the increase of.jS'o 
with rise of temperature is compensated by the diminution of 
c and 1/F, there will be a minimum value of S at each constant 
pressure, accompanied by ^slow rate of variation over a consider- 
able range of temperature. According to (16) the minimum for S 
at 160 lbs. should occur in the neighbourhood of 0°C., which 
explains the fact that Jenkin and Pye were unable to detect with 
certainty any variation in the value of S at this pressure, from 
- 80° to + 80° C, 

As explained by the author {Phil. Mag.y Jan. 1908), the agree- 
ment of Rankine’s equation with observations of the specific heat, 
coolinj^-effcct, and compressibility, is greatly impnrved, even at 
moderate pressures, by the introduction of the covolume b, as 
proposed by Natterer {Wiener Ber,, 1860-54), and further developed 
by Him {Thiorie Mk. de la Chaleur^ vol. 2, p. 211), to represent 
the limit of compressibility at high pressures. Some modification 
of this kind is obviously necessary^ because Rankine’s equation, in 
its original form (7) or (9), gives maximum values of P when 
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F « 2c, and imaginary values of V when P ^xceeas The 

simplest way of reiQoving these difficulties is to put F - 6 
in the first ten]^ of (9), which then becomes ^ 

oPiRT = i 7(F - ft) - ctVK^ (2Q) 

Ihis simple addition makes no cliange in the expressions for E 
^nd if b is regarded as constant, but the equations for A, S, 
and <SC, become 

ScRTIV + bRTliV - b), (21) 

SC^a [Sc - bVy(V- 6)*]/[F*/(F - b)^ - 2c/FJ. ...(22) 

- iSo + bRI(V- b) + (P/(F- b) + cRIV^)SCtm. ...(28) 

If the critical pressure is taken as = 1071 lbs. .at 81 *5° C., 

with R — 0*0451 cals, deg. C., we find 

Co = 0*0655, b - 0*0156 cb. ft,/lb. 

Wi^i these expressions, the anomalies in the values of C at 
^high pressures disappear. Thus the value^of Cg at 30® and 1087 lbs. 
is less than Cq at 30® and zero pressure, inst(‘ad of greater, but 
C at 500 lbs. is nearly equal to Cq, confirming the experimental 
results at these pressures. Values of S calculated from (28) give 
good agreement with the observations of Jenkin and over the 
whole experimental range as shown in the following table, 

^ Table VI. 

S Observed by J. and P., compared with S Calculated by (28), 


Pressure 

150 lbs. 

200 lbs. 

30011>8. i 

400 lbs. 

600 lbs. 

1 700 lbs. 

Temp.C. 

Obs. Calc. 

Obs, Calc. 

Obs. Calc. 

Obs. Calc. 

Obs. Calo. 

1 Obs. Calo. 

- 30® 

- 15® 
0® 

+ 16® 

+ 30® 

2.345 2301 
2315 2246 
2315 2216 
^316 2209 
2315 2210 

270 2.53 
258 240 
246 234 
234 230 
221 228 

292 287 
277 264 
261 252 
246 245 

330 31.3 
296 282 
263 266 

396«404 
347 326 
298 294 

1 547 572 
378 386 


Nora. To save space, the decimal point is omitted before each value of 8 * 

The valued of S tabulated by Jenkin and Pye were required 
in the construction of their H<!> diagram by a step-by-step process, 
and were obtained by drawing tangents to the curves representing 
their observations on the variation of H, Formula (28), though 
deduced from totally independent data, fits the observations as 
do^y as if it had been spedallyacalculated from the observations 
themsdves, and affords strong confirmation of the accuracy and 
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consistenty of the eScperiments. The small discrepancies shown in 
the table would have very little effect on the values of R , and may 
fairly be attAbuted to accidental errors. It is hardly possible, for 
instance, that the value of S at 80° C. should be less at 200 lbs, 
than at 150 lbs., a^ shown by the observed values 0*221 and 0*281R 
The agreement of the values of C dedueed from (22) and (28) 
with tliose found by Joule and Thomson and by Jenkin and Pye,* 
is equally good over the experimental range, but is less important, 
because the range of variation of C is much less than that of S, 
It follows that the expression (21) must represent the variation of 
H correctly according to the same experiments, provided that the 
appropriate value of V is calculated from (20) for the given values 
of P and jTat a&ch required point. The expressions for S and C are 
not required in calculating //, but are useful as an auxiliary means 
of verifying experimental data. The values of II at saturation can 
be fitted very approximately with those already given in Tpble ly 
by using the appropriate value of the constant B in (21), but it bjr 
no means follows that the values of V given by (20) with those of 
p taken from (1) will fit with the values of V, in Table IV calculated 
from L and dpldt by Clajx^yron’s equation. As a matter of fact the 
values of T from (1) and (20) differ from those given in Table IV 
in the same direction as Amagat’s, but slightly more, indicating 
ihat the values of L given by (8) arc systematically low, or 
that there is a systematic error in the formula for p. An exact 
fit could be obtained only by finding the equation of saturation 
pressure consistent with (20). This is a highly debatable problem, 
which has given rise to endless discussion. It will be instructive 
to consider some of the difficulties, though no completely satis* 
factory solution has yet been obtained owing to the complexity 
of the conditions to be satisfied. 

76. The Continuity of State. In the ordinary process 
of evaporation or ebullition at constant temperature and pressure, 
the change of state from liquid to vapour takes place only at the 
surface of separation, and is a discontinuous process in the sense 
'^at all parts of the substance arc not simultaneously affected. The 
state of the substance at any stage of the transformation is not 
homogeneous, but consists of two separate parts liquid and vapour, 
in equilibrium at the same temperature and pressure. The ^ange 
is represented on the indicator diagram in the annexed figure (17), 
whi^ is drawn nearly to scale for CO|, by the horusontal line BEF 
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at 45 atmospheres, which is the saturatioit pressure ‘aat 10*^0. 
Any point of the line, such as £, represents a mixture of liquid and 
vapour in the r^tio of EF to DE by weight. The point F represents 
the state of dry saturated vapofir, D that of complete condensation 
fb liquid. The curve DL represents compression of the liquid, and 
FJ expansion of the vapour at the same constant temperature. The 
complete isothermal LDEFJ is a discontinuous curve with sharp 
breaks at the beginning and end of condensation. 

Andrews showed that it was |K>ssible to effect the transformation 
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Fig. 17. Jame.s ThomHon If'othermal for C'O, at JL0° C. 


from saturated vapour at F to saturated licpiid at D, without any 
separation into two states, or breach of homogeneity, as follows. 
The substance is compressed and simultaneously heated along any 
line such as FK (which represents the adiabatic), to a temperature 
and pressure above the critical point. The state at K is evidently 
that of superheated vapour. The substance is then cooled, keeping 
the pressure constant, to its original temperature, when its state 
will Ije that represented by the point L. In passing from K to L, 
the substance remains homogeneous throughout. No separation of 
liquid and vapour occurs, but the substance at L is certainly in 
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the liquid state. TUis is shown by releasing the pressure to its 
origin^ value. The liquid expands to D, at which point the vapour 
usually make® its appearance on further expansion. ^It is frequently 
possible, however, if the liquid is«Very carefully freed from dis- 
solved air, to follow the expansion of the liquid several atmospheres 
below the saturation pressure, along the curve DG, which is an 
exact continuation of LD. But when the pressure is P atmospheres* 
below saturation, a very small bubble, of radius only iiYjBP 
millionths of a cm. (if Y is the surface tension in mgm./cm.) will 
suffice to start the vaporisation explosively, and restore the pressure 
to the saturation value. (Ency, Brit 1911, vol. 27, p. 898.) 

The dry saturated vapour can similarly be compressed, in the 
absence oftiquid or hygroscopic surfaces, along the curve FH, 
which is an exact continuation of JF, to pressures considerably 
exceeding the saturation pressure. A limit of eight times the normal 
saturation pressure has been reached in the case of steain under 
suitable conditions ^at low, temperatures. The vapour in this statft 
is said to be supersaturated, a condition which appears to be very 
common in rapid expansion, such as occurs in a turbine nozzle. 
But since under this condition a dust particle of radius ^YvjRTx 
(where e* is the pressure-ratio), is capable of acting as a condensa- 
tion nucleus, this branch of the curve cannot be traced very far by 
static experiments. See X (28). Si 

Since the transformation from vapour to liquid, or vice vetsa^ 
can be effected by a continuous process without any breach of 
homogeneity, it is theoretically possible to include both states, 
liquid and vapour, in a single characteristic equation connecting 
the variables P, Fj and T, and representing an isothermal curve 
on the PV diagram for any given value of T, Consicjpring the 
isothermal as an equation for finding V when P is given, experi- 
ment shows that for any isothermal above the critical temperature 
there can be only one real root representing the volume of 
the vapour at the given temperature and pressure. Below the 
critical temperature, James Thomson (Proc. P. P., 1871) argued 
that the equation of the isothermal must have thr6e real roots, 
such as D, J5, P (for any given value of P within certain limits), 
two of which evidently correspond with possible volumes of the 
liquid and vapour, which can be observed experimentally along the 
branches LDG and HB'J respectively. These two bran^es s]^ou]d 
be parts of a single continuous curve such as LDGEHFJ on the 
indicator diagram, representing a continuous transformation from 
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liquid to ^pour without breach of homog^eity, of which the 
middle part GEH, 0 ving the third root E, is theoretically possible, 
but cannot be {ealised in practice because it represeftts a series of 
unstable states in which the \^lume increases with the pressure, 
ft is possible, however, as J. Thomson sug^sted, that states 
corresponding to this part of the curve may exist in the surface 
'film, which is in a different condition to the rest of the liqufd. 

77. Van der Waals’ Equation. The simplest algebraic 
equation capable of representing the James Thomson isothermal 
is that proposed by Van der Waals in his celebrated es'iay on the 
“Continuity of the Liquid and Gaseous States” (Leyden, 1878) 
in the following form • 

(P^a'IV^)(V-h)^.RT (24) 

Thewterm called the “internal” pressure, was identified 

»/ith the capillary pressure of Laplace. It ^as attributed by Van der 
Waals to molecular attractions, and assumed to be proportional to 
the square of the density, but independent of the temperature. The 
constant a' being the same for liquid and vapour, the surface tension 
would vanish when the volumes and capillary pressures became 
equal at the critical point. Wc have already seen that a term of this 
type, as^m Rankin e’s equation, represents the deviations of the 
vapour from the ideal state with a fair degree of approximation 
provided that the coefficient a* is a suitable function of the tem- 
perature, but according to P. G. Tait it cannot represent the pro- 
perties of any known liquid. • 

The covolume h expresses the effect of the size of the molecules 
in reducing the free-space. Van der Waals showed that, according 
to the kinetic theory of gases, h should approximate»to a constant 
limit when V is large, but should diminish \uth dhninution of F. 
Boltzmann at a later date obtained a more exact expression for h 
as a function of F, but this is of no practical importance when the 
volume is large, and becomes inapplicable when the volume is 
small* For pifictical purposes h cannot represent anything except 
the minimum volume at high pressures, and cannot be regarded as 
a function of the volume without introducing hopeless complica- 
tions in the theory of the critical state where it is of paramount 
impo^H^ce. 

Van der Waals treated both a»and h as constants, and calculated 
their values from Regnault’s experiments on the pressure-co- 
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y and the coidpressibility. The values found in this way for 

*^ 1 , taking the unit of pressure as the standard atmosphere of 
» 760 mm., an^ the unit of volume as that of the gps at 0** C., and 
' 760^mm., were as follows : 

• o'= 0 00874, b - 0 0028, B = 1-00646/278. ...(25) * 


With these values of the constants, the equation represents 
fair qualitative approximation to the isothermal of James Thomson 



shown in Fig. 17, in which the scales of pressure and volume are 
the same as those employed by Andrews and Van d^r Waals, and 
subsequently adopted by Amagat. The saturation pressurr 
45 atmospheres at 10® C. cuts the Van der Waals isothermal ii 
three points corresponding to D£F, Fig. 17, but the least roo\ 
representing the volume of the liquid is nearly twice too larg|, ami 
tlw volume of the vapour is a littlatoo small. 

The actual isothermals represented by Van der Waals’ equatioii 
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for COs are drawn to scale at intervals of Ib^C. SK)^jt9 

4- 50"^ C. in the annexed Fig. 18, in which the broken curve ACHJ 
represents the i^turatioh volumes of liquid and vapoiJr as observed 
experimentally, the full curve dC^b those given by Van der Wyls’ 
^nation. As the temperature is raised towanfs the critical* point 
the difference V — v diminishes, and the three roots approach 
e<piality. All three finally coalesce at the critical point, where the 
equation has three equal roots, and reduces to the form (V — =■ 0, 

Fj being the critical volume. Van der Waals deduced tlie values 
of the critical constants in the manner usually adopted in the 
theory of equations, namely, by writing equation (21/ in the form 
of a cubic in F with unity for the coeflieicnt of F®, and, equating 
the coefficients of the other powers of F to the corresponding 
coefficients in (F — F^)®. lie thiis obtained the well known 
relations for the critical volume, pn^ssiirc, and temperature 

F, - ;i6, =. «727/i*, T, - Ha'l27bR (26) 

Inserting the numerical values of the constanrs as given by (25), 
we find 

Vf. = 0-0069Fo, 1\ = 61*2 atmospheres, 

Tc - 305*3° abs. or - 32*2° C. 

The apprpximatc agreement of the calculated value of with 
that observed by Andrews is still regarded as a remarkable veri- 
fication of Van der Waals’ theory, but little weight can be attached 
to this coincidence, because the value of b could not be determined 
with any approach to the rcquirc*d order of accuracy from Rcgnault’s 
experiments. It was obvious that the Critical pressure and volume 
did not show a satisfactory agreement with experiment, but, in 
order to make an adequate test of the theory, it was first necessary 
to find some method of calculating values of the satufation pressure 
at each temperature consistent with the foi in of tfie characteristic 
equation. 

78. Maxwell’s Theorem, The most important contribution 
to the theory^ of continuity of state on the thermodynamical side 
was that made by Clerk Maxwell (Nature, March 4, 1875, vol. 11, 
p. 858; Collected Papers, vol. 2, p. 484) shortly after the publication 
of Van der Waab* equation. There was no indication in the original 
of James T^mson, or of Van der Waals, as to how the 
h^asontal line representing tbe saturation pressure should be 
dram in relation to the continuous curve represented by the 
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equation the conhsponding temperature. Bfaxwell, bjr ajpPyipg 
CArnot*8 principle, that no work could be obtained from heat 
without diffefence of temperature, showed that th^ saturation linfe 
on the indicator diagram DEF in*Fig. 17, must cut off loops of 
equal •area, DGE, ilHF, from the continuous isothermal. The worf 
represented by the area of each loop would thpn be the same, but 
the two would be of opposite sign, so that no work could be obtained 
from any heat-engine capable of performing the cycle, given by 
combining the curve DGEHF with the straight line FED. Jn 
other words, according to Maxwell’s theorem, the work of vaporish* 
tion, piFr-v), at saturation pressure p along the straight line 
FED must be e(iual to the work represented by the integral of . 
PdV from JTto ^ taken along the continuous isothermal DGEI^F^y 
The importance of this theorem is that it applies to any form of 
equation capable of expressing the continuity of state of liqujd 
and vapour in a consistent manner. 

Maxwell does qpt apppar to have applied his theorem to th?s* 
particular case of Van der Waals’ equation, but the application is 
sasily made by writing the equation in the form 

^ aPIRT - 1I(V - 6) - elV\ (27) 

where c is the coaggregation volume, equivalent to a'jRT in terms 
of Van der Waals’ constant o'. The equation in this form k identical 
with that obtained by introducing the covolumc b in Rankine’s 
equation (20), except that c in (20) varies as instead of being 
proportional to IjT as in (27). 

Equating ap (V - v) to the integral of aPdV at constant T 
obtained from either equation (20) or (27), we find immediately 

ap {V - v)IRT - log, (V-b)- log, (v - b) + cjV - c/v, ...'(28) 
The form thus obtained for the equation of saturation pressure is 
extremely simpk;, but at the same time incredibly inconvenient for 
purposes of calculation. The values of V and v must satisfy the; 
original equation (27) in addition to (28) so that there are three 
equations for determining p, F, and v for any value of T, but the 
elimination of V and v cannot be effected so as to obttffn an explicit 
relation between p and T. 

The saturation pressures shown in Fig. 18 by the horizontal 
lines at each 10® from 0® to 80® C. were calculated from Maxwell’! 
relation with Van der Waals’ values of the constants a*, b, and 
The curve aC^ extending from ~ lip® C. to the critical point, snows 
the values of the volume v of the liquid at saturation, with the 
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temfiteiAtures marked at intervals of 10** down to *•* 5<^a The 
c%cve C^b, extending from the critical point to a littl<^ below 0® C,f 
shows the corresponding values of the volume of the vapour V at 
^turation. The dotted curve *ACB, shown ii^ the same figure, 
represents the volumes of liquid and vapour actually obscrvW in 
J;he case of CO, at saturation, with the saturation temperatures 
similarly marked on the curve at the appropriate pressures. It 
will be seen that there is a wide discrepancy between the observed 
vdues of the saturation pressures and those calculated from Van der 
Waals* equation by the aid of Maxwell’s theorem. The discrepancy 
in the value of V at 0® C. and saturation is only about 16 per cent., 
but the values of v deduced from Van dcr Waiils’ fqu^tion are all 
rnearly double the values actually obser\ ed. The vafiie of p is about 
right in the neighbourhood of 12® C., but, tJie iiicrcase of p between 
0® and 80® C. is nearly twice too small, and tlic value of p at — 50® C, 
yt morc*than twice too large. 

Corollary, It also follows from Carnot’s principle as applied to 
the continuity of state that the latent heat L is given by the integral 
of aT (dPjdT)^ dv from v to V at constant 2\ which gives the simple 
expression L — UT log, (V — b)j(v — 6), for A according ty Van der 
Waals* equation if a' is constant. The value of L at 0® C. comes out 
25*6 cals, €!•> which is less than half the observed value, namely 
54- cals. C., and the calculated values show a similar discrepancy 
from observation at other temperatures. But it is hardly to be 
expected that so simple an equation should be capable of satisfying 
&11 the required conditions. 

It follows from the general expression for L when combined 
with Clapeyron’s equation, that the useful coefficient dp/dl is equal 
4o the mean value of (dPjdT)^ taken along the isothermal from 
. t; to F at equal intervals of v. The expression for L if c is*any arbitrary 
' function of the temperature, while b is constant, in an equation of 
the form (20) or (27), is easily seen to be 
L « log, (V - h)l(v - 6) + KT(T(kldt + c) (1/F ~ l/i;),...(29) 
which by substitution of ap (F — u) from (28) reduces to the form 

L » ap (F - u) + (dc/dt) (RjV - R/v), (80) 

giving for dpjdl the simple and convenient expression 

, ? dpidt ~ PIT -T (dc/dt) B/aVv (81 ) 

lA iHuch it may be remarked that dcldt is usually negative. 

The equation of saturation pi^ssure may also be obtained in a 
form identical with ( 28 ) by writing down the general expressions 
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for H anfl O, aiid equating the values of G ^ TO - H for liquid 
Und vapour. The value of p at any temperature depends only on 
the values of the constants ft, and c at that temperature. If 
tha critical temper|iture and pressu^ are known, the constants are 
readify determined from the critical relations 

RTJap, - SVJS = 8ft - 6ic,/27, (82) 

which apply to any equation of the type (20) or (27). 

The absolute values of the constants for any particular sub- 
stance can be eliminated by taking the ratios of each to their 
critical values, so that it is possible to construct a table of corre- 
sponding, values of the ratios pTJpcT and eje, from which the 
value of p^X any temperature is readily obtained in terms of c, 
or vice versa, Clausius (Phil, Mag,, vol. 13, p. 182, 1882) constructed 
a table of this kind, which gives also the corresponding values 
of r — ft and i; — ft at saturation in terms of — ft. . Similar 
tables can be consJ;ructe(^for other types of equation, but are vei^ 
troublesome to calculate accurately, though useful in testing the 
applicability of any equation to a particular substance. Since it is 
always possible to choose the variation of c with temperature in 
such a way as to fit the observed variation of p, the applicability 
or otherwise of an equation cannot be determined by alone, as 
is often assumed, and it is necessary to consider other properties 
in addition to p, 

79. Clausius^ Equation for COg. Of all the equations 
employed for COj, that of Clausius has been most often quoted, 
since it was realised that £he equation of Van der Waals was very 
inaccurate. Clausius (loc, cii,) adopted Ilankinc’s formula for the 
variation of Cj but substituted V + ft" for F, choosing tlfc empirical 
constant ft" to;nake the volume of the liipiid agree with observation 
in the neighliourhood of 20® C. 

aPjRT « 1/(F ~ ft') ~ c/{F -f ft")* (88) 

The effect of tliis is to reduce all the values of F and v by thd 
constant quantity ft", and to replace F - ft in the first term by 
F - ft', where ft'= ft - ft". The values of c and ft, ^calculated from 
the critical relations (82), remain exactly the same as for (20). 

If « 81-5® C., and ~ 1071 lbs., as in Table IV, we have 
c^«i0'05265, Co « 0 0655, ft « 0 0156, F.P.C., as in (20), «but 

0'0064, and ft"^^ 0*0092, to make v » 0*02078 at 20® C« 

For any given values of F and T, the value of F from (20) is 
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the same as that of F + 6" from (88), and all the other {Properties 
calculated from (20) .are identical with those calculated from (8<)/ 
if Maxwell’s theorem is assumed. The following tai)le shows the 
values of the latent heat, saturation pressure ^nd liquid volume, 
Salciilatcd with the aid of Clausius’ table. The values apply equally 
^to (20) or (83) except for the constant difference b" in u. 

Tabic VII. Values of p, L, and u, calculated from Clausius’ equation. 


1 

p lbB.yin.‘ j 

L oalH. C. 

100 ycb. ft./ll>* 

rc. 

Obt 

Calc. 

Obs. 

Calo. 

Oba. 

Calo. (20) CaU (33) 

- 50° 

97-2 

04-5 

80-0 

109-0 

1-386 

1-944* 

1-024 

- 20° 

284 0 

240-8 

66-2 

85-0 

1-552 

2-168' 

1-248 

0° 

505- 1 

468-2 

54-1 

65-9 

1-731 

2-433 

1*513 

+ 20° 

8290 

812-1 

36-5 

39-6 

2-075 

2-993 

2-073 

+ 30° 

1037 

1034 

(15-4) 

14-3 

— 

3-891 

• 

2-971 


Equation (20) gives 0*0 t68 for the critical >^»lume, the same as 
Van dcr Waals’ equation (27), but (83) gives 0 0408 — 6''=* 0*0876, 
which is in rather better agreement with Amagat’s 0*0845 F.P.C. 
Unfortunately the v^alues of the saturation pressure ealc^ilated by 
Maxwell’s theorem (28), and those of the latent heat calculated by 
(29) or (30), do not agree sulficicntly well with experiment to be 
of any practical use, at low temperatures. Clausius took 77 atmo- 
spheres at 31° C. for the critical pressure, in order to make p agree 
more nearly with observation at 0° C. But this value of is 
undoubtedly too high, and does not materially affect the values 
of L, besides leaving p much too small at low temperatures. It 
would be possible, as already explained, to choose the variation 
of c to make the values of ;> agree as closely ns desired with observa- 
tion, but when this is done the equation no longer represents the 
variation of //, or the observed values of iS’ and 6 satisfactorily, 
and the volumes of tlie liquid do not agree with observation any 
better than before. 

The same difficulty is illustrated by Clausius’ equation for 
Steam (loc. cU.], which is of the same type as (83), but with different 
values of the cqpstants, which are as follows : 

0*000754, 5"- 0*001815, 

c = 45*17r-i*“- 0*00787, in cu. m./kg. 

Thw variation of c was chosen to fit with Regnault’s values of the 
saturation pressure from 0° to 220° C. The values of c calculated in 
this way do not represent the cooling-effect satisfactorily, and the 
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extrapolated values given by the equation at the critical point, 
\iamely, ^ 

^ 882'' C., = 134 atinos|)heres, ^ «to5‘89 c.c./gin. 

difkr ^widely from^he results of experiment The constant h” waj 
chosen by Clausius to fit the volume of the liquid at 20'' C., but 
the volumes of the liquid at other temperatures do not agree at all^ 
with observation. 

Table VIII. Volumes of Water from Clausius’ equation for steam. 


^ Temp. Cent. 

0° 

100® 

200® 

300® 

332® 

yoJ[. Oba. o.c./gm. 

„ Calculated 

1000 

0-971 

1-0433 
1-160 I 

1-159 

1-626 

1- 429 

2- 686 

1-620 

6-89 


It is unjustifiable to apply Maxwell’s theorem for calculating 
the saturation pressures, or deducing the values of the constants 
in any equation, unless iUs capable of representing the propertied 
of the liquid with the same degree of proportionate accuracy as 
those of the vapour. An equation of the Van der Waals type, with 
c a suitable function of 7\ is fairly accurate for representing the 
properties of the vapour through a wide range, but it is most in- 
convenient and unsuitable for the liquid, and it may be doubted 
whether it is possible to represent the properties of both' liquid and 
vapour by a single formula without impracticable complications 
which would render such an equation useless. 

8o. Variation of Hf S, and C near the Critical Point, 

The critical point is most conveniently defined by the general 
conditions 

. (dP/dV), = 0, and {<PP/dF>), = 0, (84) 

which imply tlfat it is a point of inflexion on the indicator diagram 
with a horizojital tangent cutting the critical isothermal in three 
consecutive points. The expression for (dP/dF)| on the critical 
isothermal contains (F - Fc)* as a factor, and becomes zero of the 
second order at the critical point, where F = vanishing without 
change of sign. , 

It follows from the general expressions (14) and (15) for SC 
and S, that both will become infinite of the second order at the * 
critical point, but since the only term in S which becomes ijpfiAite 
is that containing SC as a factor, Hre observe that C remains finite, 
being equal to the reciprocal of {dPIdT)^ at the critical point, and 
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piat C{dPldT)^ differs from unity by a small quantity of the 
bcond order only, if (dHjdT)^ remains finite. 

- ‘ We have alij^ady scon as a corollary to Maxweil’s theorem that 
Ip/dt is a mean between the vAues of {dP/dT)^ for the liquid |tnd 
lapour which become equal at the critical ix)int. 

At the critical point 

l/C = (dPfdT)„ - dp/dt (00) 

This is a useful relation, wliich has generally been overlooked, for 
testing the applicability of an equation at the critical point, 
because an expression for (dPfdT)^ is easily found froiq the equation, 
and compared with the observed value of dpjdt, whieh is generally 
known with a fair degree of aceuracy. Thus in thO c*i^c of (20) or 
(88), we hav^c dcjdt = — ^cjTy so that dpjdt at the critical point 
from (81) and (32) comes out exactly 7p/T. But the empirical 
cquatiop (1), which cannot be far out, makes it only 6*5p/T, so 
that we should expect to find some diflicnlty, as is shown to be the 
case by Table VII, in reconciling (20) or (83) with the saturation 
pressures, unless the index of c were reduced. 

One of the commonest objections to an equation of the Van dcr 
Waals type is that it makes the ratio, HTJapcVcf of*the ideal 
volume to the critical volume, equal to 8/3, as shown in (82), 
whereas experiment gives higher values, averaging 8*7 for most 
substances. This is not a fatal objection liccause Maxwell’s theorem 
says nothing about the zero from which V is reckoned, but gives 
only 4- so that Vc can usually be adjusted to suit the observa- 
tions by the method of Clausius. 

Dieterici (Ann. Phys., vol. 5, p. 51, 1901) devised a very in- 
genious equation, which is often quoted, to meet this objection, 
namely, 

aP (F - 5) = (86) 

Applying conditions (84) we obtain for the critical relations 

« 25 = cj2, RT^jap^ - e^b - 7*895 - 8*695Fc, ...(87) 

giving the required value 8*7 for the critical ratio without any 
adjustment. T^s equation gives a simple expression for SC^ and 
very fair agreement with observed values of C from — 80® to 
+ 80® C., if c is assumed to vary as l/T*^, as proposed by Dieterici. 
Unibi^unately the expressions for L, p, etc. cannot be integrated 
in finite terms. This would not be a serious matter if the equation 
were otherwise satisfactory. We find, however, by applying con* 
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dition (85), that the value of dpjdt at the critical point is only 
showing that it would be impossible to reconcile the satura- 
tion pressures with experiment, unless the index gf c were raised 
to 8*75, in which case it would not represent the other properti^ 
at all satisfactorily. 

Another suggestion with a similar object is to reduce the index^ 
of V in the term c/F* in Van der Waals’ equation from 2 to 5/8. 
This gives a value 8*75 for the critical ratio. But it also gives 
dp/dt = Qp/T at the critical point, if the index of c is 2, and would 
require the index of c to be reduced to 1 1/8 to agree with the satura- 
tion pressures. This would not affect the value of F^, or of c^, 
which is .lCFc^/15, but the equation would he unsatisfactory for 
the represenfatton of the cooling-effect. Thus, it would make C 
at 0® C. al)out 30 per cent, too large at satiiration, diminishing tc 
negative infinity at zero pressure, and the two fractional indices 
would be very inconv’cnient as compared with the simple squares in 
(20) or (88). Most of the other numerous modifications which have 
been pro|X)sed appear liable to similar objections. Attention has 
usually been restricted to the representation of some particular 
property ,^such as the saturation-pressure, without observing that 
modifications introduced with this object played havoc with the 
other properties of the substance. Clausius devoted his attention 
almost exclusively to the saturation-pressures, which he did not 
succeed in representing very accurately, but he appears to have 
been quite unaware that the chief merit of the equation lay in 
representing the total heat. 

It has often been dispiftcd, whether the volumes of the liquid 
and vapour actually become equal at the critical point when the 
surface tension vanishes. There is strong evidence that the capillary 
elevation y of the licpiid in a tube of radius r diminishes near the 
critical point al a finite rate, and vanishes precisely at the critical 
temperature. But the surface tension, Y = gyr{V - v)l2Vv, also 
contains the factor F - v, so that dY/dT, and the surface energy 
Y - TdYjdT, should vanish simultaneously with Y when the 
volumes become equal. In the case of mixtures there are many 
possibilities, but in the case of a pure substance tljere is no satis- 
factory reason to abandon the simple relations F = i», and L » 0, 
consistent with an equation of the Van der Waals type, or to 
assume that any molar distinction between liquid and vapo^ir «an 
persist beyond the critical point, ^though both types of molecules 
may remain present in the mixture. 
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Assuming that the latent heat vanishes, and that the ^turation 
values of the total heats of liquid and vapour become equal at th^ 
critical point, the rates of variation of U and A<^must become 
infinite, but with opposite signs. This is consistently explained 

the usual equation III (7) for the variation t>f the total liea\; at 
saturation, when combined with (15), which gives 

(dHjdT), = (dHjdT), + SC [(dPIdT), - (dpidt),]. ...(38) 

The coelHcicnt (dlljdT)^ remains finite, and becomes the same for 
liquid and vapour at the critical point, but SC becomes infinite of 
the second order. The value of dpjdt is intermediate between those 
of (dPjdT)^ for the licpiid and vapour, so that the difference in 
square brackets is positive for the licpiid but negati^e-Jfir tlic vapour. 
Since this difference is a small quantity of the first order near 
the critical point, the product of the difference by SC becomes 
infinitci of the first order at the critical point, but changevs sign from 
'T^sitivc to negative in passing from liquid to vapour. This gives a 
perfectly consistent representation of the jihcnomena in the neigh- 
bourhood of the critical point, agreeing with the values of the 
coeflicients given by an ctpiatiou of the Van der VVaals tyjic in 
conjunction w'ith Maxwell’s theorem, but material inconsistencies 
may result if experimental values of dpjdt arc emjiloycd which do 
not happen to agree with those of H and SC and (dl^ldT)^ required 
by the characteristic equation or the expression for //. 

8i« Equation of Saturation Volume. An equation of 
the Van der Waals or Clausius type jw;prcscnts the properties of 
the liquid so badly that it would seem almost hoiielcss to apply 
Maxwell’^ theorem, with any empirical adjustment of c to make 
the saturation pressures correct, because it would certainly follow 
that the equation, being inconsistent for th * liquid, would be also 
erroneous in several other respects. Van der Waals’ theory of the 
covolume and the capillary pressure is very unsatisfactory as 
applied to the liquid; but a terra cjV* of the Rankine tyj)e may be 
interpreted ds representing the effects of coaggregation in the 
vapour, according to the law of equilibrium between molecules of 
different 4ypes, at moderate pressures, and the covolume b intro- 
duces the necessary limit at high pressures, so that the equation 
rem^jps a very suitable type of empirical formula for the vapour, 
although the theory cannot be regarded as exact. Any attempt to 
modify this type to suit the liquid would probably result in such 
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intolerabfc complexity, that it is preferable to assume different 
equations for the liquid and vapour. 

The simplest method of obtaining a consistent equation of 
saturation volume is that employod by the author in the case of 
steam, namely to Assume an equation of the type (4) for the totaf 
heat of the liquid, which has already been shown to give satisfactory 
agreeniltent with experiment. This equation, when combined with 
(20) for the vapour, will necessarily give a fair approximation 
to the saturation pressures, so far as (20) correctly represents the 
total heat of the vapour. As in the case of steam, we have merely 
to integrate equation (4) with the expression for H from (20), 
which is easy, because H ~ aVTdpjdt when divided by T* is 
necessarily 6xuct differential of G/T, namely 

(llT)dGldT-GIT\ 

Tiie eifjation thus obtained gives values of the latent heat and 
saturation pressure from ~ 50° to -f 28° C., which arc much bettof* 
than those obtaincd'rrom Maxwell’s theorem, as given in Table VII. 
But it fails near the critical point to give any solution, for the 
reason already explained, namely that the saturation pressures can- 
not be rceonciled with the value dp/dt = 7plT at the critical point 
required by equation (20), or by (38), which cannot be corrected 
by changing the index of c without introducing other discrepancies. 

There is an infinite variety of ways in which the equation may 
be modified to suit the critical conditions, especially if transcen- 
dental functions are introduced, but the experimental evidence is 
too vague to determine the form of the equation with any certainty. 
For this reason it seems preferable to limit the field to algebraic 
equations of the cubic typo, which arc well understood and fairly 
easy to manipulate. The following equation docs not Appear to 
have been investigated previously 

aP/RT = 1/r - c7F2 + c'c"IV\ (89) 

in which c' and c" are any arbitrary functions of the temperature. 
This equation is based on the coaggregation theory, ^but, since no 
such theory can claim to be exact for very high densities, it is 
better to regard the equation simply as a convenient type of 
empirical formula for the vapour. The application of the critical 
conditions (84) gives immediately 

aPJBT, ■= 8F, =,8c.'- 9c," (*<>)* 

which are simpler than those given by the Van der Waals type, 
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and give a somewhat better value of the critical ratio# The oo* 
aggregation theory yequires that c* shall be of the form c ~ 5^ 
where c is the usual coaggregation volume and h tht»^K) volume. If 
we restrict ourselves to squares and square-roots, which are easy 
fb work on a slide-rule, c must vary inversely rfs the square ^f T, 
as in Rankine’s equation, and h directly as the squart? root, and the 
Value of c" must be 5ft/3, in order to satisfy (40) and to make the 
value of dp/dt exactly Q‘5plT at the critical point. We thus 
obtain 

p; = c - 6 = 56 = 0 0410 F.P.C (41) 

When the constants arc determined in this way at the critical 
point, the values obtained for the specific heat ajid^ht cooling- 
effect are very nearly the same as those given b/ equation (20), 
which have already been verified. But (39) has the advantage of 
giving very accurate values of the saturation jiressure all tl'*: 

^om ~ •OO®, and of giving an exact solution right up to the critical 
point. The pressures arc also within 2 per cent of Amagat’s along 
the 40® isothermal down to a point well be low the critical volume. 
The saturation volumes agree with Amagat’s at 0° and 10® C., 
and are probably within the limit of experimental errqf at 80®. 
The equation also gives a much closer approximation than (20) 
to the liquid volumes, though not good enough to permit the 
application of Maxwell’s theorem. 

Combining equation (39) with (4), the eipiation to be integrated 
for the saturation volumes reduces to the simple form 

L/+ 0-217f'- aVTdpIdt f D//, (42) 

where DH is the defect of the total heat according to (39) from the 
ideal vaiu% -{■ B at zero pressure. the ideal value of tl^t 
latent heat, is the critical value of aVTdpjdt -I- D//, which is 
exactly SRTg, according to (39). The constant 0'217 Ts the difference 
of the specific heats of the liquid and vapour, as in the 
corresponding equation for steam, and f is the temperature 
— t, reckoned downwards from the critical point, which is 
one of the lid^its of integration, the other being the saturation 
volume V at t\ 

The integral of this equation corresponds term by term with 
that similarly obtained for steam in Chapter VII, equation (18), 
exc^pt^ that the limits are different, and that an equation of the 
form ( 89 ) necessarily gives the relation between temperature and 
saturation volume instead of saturation pressure. When the volume 



186 PROPERTIES OF STEAM [ch. 

is found, .the pressul^ is given by (89). The equation of saturation 
wlume takes the form 

4mfU'IT + 5*81 [mt'IT ~ log TJT] 

- yiK + 2mc7F - 5w6c72Fa - 8m/2, ...(48) 

in which the logarithms are to the base 10, and m is the modulus of 
commdn logarithms. The coefficient 4 in the first term isL^^'IRT^ — 1, 
and the coefficient 5*81 in the second term is 1 + 0*217/R. The 
symbol denotes - U and the symbol c' denotes c - 5 as in (40). 
The constant 8m/2 is the difference of the two preceding terms at 
the criticaj point. The temperature function in square brackets in 
the second term on the left is a small quantity of the second order 
near the criflHvtpoint, but becomes important at low temperatures. 
It is easy to find the value of V from this equation for any given t\ 
I w takin g a trial value of V from Table IV in calculating the volume 
mnctioh on the right hand side of the equation. After two trials, 
the solution is obtained l^y interpolation. Near the critical poirifT 
it is necessary to use seven-figure logarithms, and to take values 
of c and h exactly consistent with those assumed at the critical 
point, because the volume function reduces to a small difference 
between relatively large cpiantitics, but an error in V makes very 
little difference in the pressure at this point. 

The following table shows a comparison of the results calculated 
from (48) with those given by observation so far as they can" be 
verified. 

Table IX. Values calculated from (89) and (43) in F.P.C, units. 


t 

p(43) 

p (K, & R.) 

lOOv 

loor 

h 

H 

LW 

fi(3) 

8, 


-60“ 

63-2 

83-2 

1-346 

137-7 

29-92 

66-64 

86-66 

— 

— 

— 

-50“ 

97’2 

910 

1-386 

91-25 

26.57 

66-61 

82-08 

s 

0-216 

0-40 

- 40“ 

143-6 

1440 

1-433 

62-44 

20-98 

57-17 

78-16 

76-77 

0-231 

0-40 

-80“ 

205-0 

206-2 

1-488 

43-83 

16-16 

67-64 

73-70 

71-20 

0-252 

0-50( 

- 20“ 

284-0 

284 

1-652 

31-34 

11-16 

67-64 

68-69 

! 66-21 

0-282 

0-531 

- 10“ 

383-1 

383 

1-631 

22-72 

- 6-77 

67-08 

62-86 

60-66 

0-326 

0-67! 

0“ 

505-1 

606 

1-731 

16-67 

0 

56-02 

66-Oa 

54-06 

0-398 

0-63^ 

“f 10“ 

662-0 

663 

1-866 

12-02 

+ 6-33 

54-08 

47-76 

46-21 

0-538 

0-738 

15“ 

737-3 

736 

1-957 

10-17 

9-82 

62-63 

42-81 

41-44 

0-670 

— 

20^ 

829-0 

828 

2-076 

8-490 

13-69 

60-63 

36-911 

36-56 

0-923 

0-995 

25“ 

928-5 

930 

2-272 

6-916 

18-26 

47-70 

29-46 

29-18 

1-581 

.-r* 

28“ 

992-2 

094 

2-482 

6-943 

21-76 

44-98 

23-23 

22-69 

2-993 

— 

3(f 

1086-5 

1038 

2-766 

6-210 

26-07 

42-15 

17-08 

15-92 


— 

31“ 

1058-4 

1062 

3-073 

4-719 ; 

28-14 

30-80 

11-66 

10-11 

20-76 


81*5“ 

1070-0 

1071 

4-160 

4-160 

36-32 

36-32 

0 

0 

Inf. 
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The values of the saturation pressure p given by ( 48 ) are com- 
pared with the observations of Kiienen and Robson below 0® 
interpolated wl^re possible from the actual obscriTations, since 
the values in tHeir tabic are lesA accurately statwl. The empirical 
£>rmula (1) agrees better than (43) with the observations of Zteleny 
^nd Smith at low temperatures, but a formula of the type (1) 
necessarily .gives too high values in this region, and the otserva- 
tions of Kuenen and Robson api)car the most reliable from internal 
evidence. Amagat’s values arc taken above 0® C., but are uncertain 
by 2 or 3 in the last figure. 

The values of v are taken as in Table IV, up to {- 20® C. from 
Behn’s observations. Beyond this point they are ealculated to suit 
the critical volume 00410 F.P.C. They differ fr^wif'Amagat’s by 
less than 3 per cent, at 31® C., where tlie observations would be 
extremely uncertain, and the rectiliiu‘ar diameter might well 

between Tables IV .and in regard to the 
values of Vc and He looks alarming at first sight, but is of no practical 
importance, because the values of V or H near the critical point 
cannot be accurately specified in terms of P and 7\ The relation 
between H and V near the critical point remains practically the 
same in both tables. Thus the formulae of Table IV would give 
// =a 80-3 at F ~ 0‘0410 as in Table IX, and the formulae of 
Table IX give II — 31*4 at V — 0-0344, as in Table IV. The un- 
certainty of Table IV, from a thcfiretical standpoint, lies in the 
assumption of a rectilinear diameter of l/V and }jv. If we had 
assumed a rectilinear diameter of H amd /i, which is intrinsically 
more probable, but unorthodox, wc should have found //^ 84*4 

instead ofi31*4, giving ~ 0-0380 instead of 0-0344. 

The values of h in Table IX differ slightly from those in Table IV. 
The reason of this is that the limiting valu^ of the sjK*cific heat 
of the liquid, 0*42, was assumed to be constant in calculating 
Table IV, in the absence of evidence to the contrary, whereas in 
Table IX the difference of the specific heats of licpiid and vapour 
at zero pressure was assumed to be constant, and to be equal to 
the value, 0-^^ — 0-208 ~ 0-217, at the critical point. This is 
intrinsically more probable, and has the effect of simplifying the 
equations (42) and (48). It also gives better agreement with the 
obiewed values of p and h, and tends to reduce the discrepancy in 
the values of L, 

By far the most serious difference is that between the observed 


^esentksingularities. 
The discrepancy 
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and calculated valiibs of L, which has already been illustrated in 
pig. 16. The values given in Table IX under the heading L (48) 
are calculated from consistent values of V and dpl^, deduced from 
the same equation, and have grfater weight than values of L 
previously calculated by Mollier, Cailletet, and others, from in- 
dependent and possibly inconsistent observations, such as those^ 
jf Re|;^ault for and Cailletet for V, The values L (48) are repre- 
sented by the broken curve in Fig. 16, which gives an exact 
lontinuation of the curve representing Amagat’s table down to 
)® C. The values L (8) are taken from equation (3) representing 
Jenkin and Pye’s observations, with the exception of the observa- 
tion at 20® C. which falls on Amagat’s curve. Above this point the 
values unde?^C(43) depend on an empirical extrapolation of the 
values of r, which are more uncertain, but do not differ greatly 


fgJBk^magat’s. 

The required cxjfression for H is deduced from equation (8^ 
in the same way aji in th <5 case of Rankine’s equation (9). Differ- 
entiating (89), with regard to T at constant F, we find 


a (dPIdT), = UIV -f (c + 86/2) - 56 (c + 46) RI6V\ ...(44) 

The expression for E is deduced by integrating a2’ (dPjdT)^ - aP 
at constant 2’ with respect to F, from F == infinity to F, and 
aPV is added to find H. 


H « + R - (8c - 6/2) RTIV + 56 (7c - 26) RTjl2V\ ...(45) 

SC and S are obtained by differentiation as in (14) and (15), 

5'C - fl [8c - 6/2 - 56 (7c - ?6)/0F]/[l ~ 2 (c - 6)/F + 56 (c - 6)/F*], 

(46) 

iSf « f 8(c 4- 6/4)i?/F - 56(7c+ 86)/e/24F2 + SC (dF/d21),, (47) 

To find L and k ^t saturation for any value of T, F is first calculated 
from (48). H and DU are obtained from (45). DH in (42) is 
Sjt -{■ B — which gives aVTdpjdty taking L'— 5RT = 68*68, 
whence avTdpjdi for the liquid (since v is known) and the difference 
gives L. H — L ^ hf which may also be obtained /lirectly from 
the equation 

6 = (iS„ + 0*217) t - 6-58 + avTdp/di (48) 

The constant being chosen to make 6 « 0 at 0® C., gives B « 68*97 
in (45). 

The expressions for S and SC\&re useful for calculating con- 
sistent values of either near the saturation line, or in other cases 
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where they cannot be measured experimeiltaily. The values 
of Sg given in Table IX were calculated in this way from {4t9\ 
by using the saturation values of V, They are cliiefly of academic 
interest, and illustrate the rapM variation of S near the critical 
^int. 

The values of $, given in the table are those of the specific heat 
of the liquid at constant pressure at the saturation poinf. They 
are obtained from dh/dt by the usual relation, III (7), 

s, = (dhldl)l(\ - Cdpl<U), (49) 

in which C denotes the cooling-effect for the liquid at saturation. 
The results agree closely at low temperatures with the observations 
of Jenkin and Pye on the specific heat of the licjiiid at. constant 
pressures of 700 and 900 lbs., because the values ot(T are small and 
fairly certain. Above 0*^ C. the values of C become more uncertain, 
and the values of s show an increasing divergence from^,''T 
^grvatidns at lower temperatures, because both s and C increase 
rapidly in the neighbourhood of saturation. cannot be cal- 

ciUated above 20° C. without assuming some arbitrary type of 
characteristic equation for the liquid. 

82 . H log P Diagram for The annexed* diagram 

is given as a graphic illustration of the properties of a sub- 
stance in the critical state. On account of the experimental 
discrepancies previously enumerated, which amount to nearly 
4 per cent, in the value of the latent heat at 0° C,, the diagram 
cannot claim a very high order of quantitative accuracy, but 
there is no other substance for whicJi njore complete and accurate 
data are available in this region, and there is little doubt that 
the diagr^n for COj affords a very fair qualitative representation 
of the phenomena. • 

Mollier (ZeU. Ver, De\U, Ing., vol. 48, p. 272, 1994) gave an HO 
diagram for CO, together with his well known diagram for steam. In 
constructing a diagram of the HO type near the critical point, it is 
necessary to use skew coordinates in place of rectangular, because 
the pressure ffnd temperature lines would otherwise be excessively 
crowded. Both pressure and temperature lines are of a peculiar 
shape and difiO(cult to locate accurately, which makes it difficult to 
construct the HO diagram from experimental data. Mollier also gave 
diagram, which is much easier to construct, and possesses 
some useful properties, but affprds an inconvenient scale, when 
^extended to low pressures. The scale of temperature in the wet 
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region is five tinies*as open near the critical point as at - 50** C., 
and the volume lines are excessively crowded at low pressures. 
The adiabati^s are also of an inconvenient shape, being sharply 
curved near the lower extremitju These difficulties are avoided 
by‘ taking the logdrithm of the pressure as one of the coordinate^ 
which gives uniform proportionate accuracy in reading the^ 
pressufes. The adiabatics become nearly straight, and it is 
possible to insert a complete system of constant volume lines 
without confusion. 

There is little advantage in having the adiabatics exactly 
straight, in the TO and IW diagrams, because adiabatic ex- 
pansion or compression cannot be accurately realised in practice, 
and because'Wi^ value of 0 is seldom required and can never be 
observed experimentally. The (piantity most often required is H, 
an d th at most easily observed is P. The processes most accurately 
jSS^Tftc in practico arc those of expansion through a thjjottle at 
constant /f, and hcating^or cooling at constant P. It is a greSf 
convenience to ha\'c\hc lines of constant pressure straight, although 
it entails a logarithmic scale, but this cannot well be avoided in 
any case. 

Moll i A* made use of llegnault’s data for the saturation-pressures 
below 0® C., and deduced an expression for the entropy from an 
equation of the Clausius type, but assumed c in equation (88) to be 
of the form, He also assumed the specific heat at 

constant volume to be constant and C(pial to 0*182, which would 
be inconsistent with (83) and with July’s experiments. Some of 
his lines of constant pressure arc thermodynamically impossible, 
but the experimental data available in 1904 were very incomplete. 
Most of the deficient experimental data were supplied |)y Jenkin 
and Pyc who gave a more accurate diagram, con- 

structed on the«same lines as that of Mollier, but directly from the 
experimental data without assuming any particular ty jk of equation. 
There is much to be said for this method, on account of the un- 
certainty of the theory, if the object is merely to construct a 
diagram for practical use. But it is convenient toffiave a set of 
equations to represent the experimental data, if the object is to 
elucidate the theory, or to circulate properties w£ich cannot be 
read with sufficient accuracy from a diagram. 

The diagram here given was constructed at the same tqp^as^,. 
the steam diagram (1915) with %view of testing, in the critiedi 
I region, the equation employed for the total heat of the liquid, and 
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the method of calculating the saturation pi^ure by combining 
the equation for h with a suitable type of characteristic equaticny 
for the vapour^ Both these methods were found ^ give more 
satisfactory results than any based on Maxwell’s theorem, and 
there was no great difficulty in making the equation represent the 
^variation of the total heat of the vapour satisfactorily. But it was 
found to be impossible to reconcile the values of the latefit heat 
observed by Jenkin and Pye with values calculated from Amagat’s 
observations, or from any form of characteristic equation con- 
sistent with the saturation-pressures and with the variation of 
H and h. This may possibly be explained by the restriction of the 
investigation to equations of the simple cubic type, but it is at 
least equally possible that there may be some consfofit error in the 
observations of L, if the great difficulties of the experimental 
measurements are considered. , . ^ ^ 

In qonstructing the diagram. Fig, 19, Table IV was daiken'as 
The basis for the saturated state, which niade it very easy to plot 
all the lines in this region, but implied the adoption of the experi- 
mental values of L represented by formula (3), in place of those 
deduced from Amagat’s table or from the characteristic equation. 
The starting points of the lines of constant temperatures and volume 
thus fixed on the saturation curve were necc^ssarily inconsistent 
with those of Amagat above 0° C. The position of the isothermal 
at 100® C, was fixed with a fair degree of certainty by the character- 
istic equation, but some adjustment was required in spacing the 
intervening isothermals. This was found to be unsatisfactory, and 
it would be better, in drawing the diagram on a large scale foi 
practical measurements, to draw all the curves for the vapoui 
down to — 0*04 F.P.C., including the saturation line, so as tc 
be consistent with Table IX instead of Table IV.* This is easily 
done with the aid of equations (99) for P and (45) for 7/, which 
though inconvenient for calculating V and 7’ from 7/ and P, arc 
of a suitable type for locating the lint's of constant tcnqHJrature and 
volume on the HP diagram by calculating value's of P and 7/ for 
given values 6f V and T. 

In the hquid region below 20® C. the lines of F and T are fairly 
simple and are readily drawn to fit the saturation line with the aid 
of Amagat’s tables and of Jenkin and Pye’s values of the specific 
h^^d the cooling-effect. Near the critical point there is neces- 
sarily some uncertainty owing ^ the absence of observations on 
S and C, but some assistance is obtained fh>m the consideration 
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that the relation bdwcen V and H remains finite and continuous 
hteing represented by the relation, App. I, (55), 

"{dfjdH), = CjaT + VjST = (l/oiT) (di^iP)^ (50) 

:he v<ilue of which at the critical point is 0*00140 F.P.C. 

The adiabatics, of which a few arc shown dotted, present no 

Pressure Lbs. /sain, 

100 200 500 1000 2000 
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since they cross the saturation without change of 
direction, and the vertical scale of entrofly is T cals./deg. in any 
part of the diagram. 

^ ^The position ^>f the critical ppint shown on the diagram is that 
Seduced from the rectilinear diameter of l/F and l/i>. It shoftld 
probably be higher, as already explained, but this would not affect 
the position of the F lines appreciably, and would fit better with 
the raising of the saturation line for the vapour as required by 
Amagat’s table and by equation (39). 

83. Refrigeration Cycle. The metlvxl of Joukin, and Pye 
for measuring the latent heat affords a goml example o( the usual 
refrigeration cycle. The gas is compressed by a pump and^ liquefied 
continuously in a condenser. The liquid flows tJ»rough weighing 
flasks (required in these special experiments for measuring the 
flow) past a thermocouple, w^herc its teijqx'rature ti is 
to a thiottle. In jxissiitg through the throttle from pi to jpj, tm; 
tetal heat remains constant and equal to^ts vulqo A, on the satura- 
tion line at , but some of the liquid evaporates and its temperature 
falls to that of saturation, at pj. It then passcit through a calori- 
meter in which it is completely evaporated at constant pressure P|, 
and is superheated to a temperature (whicli is measured), to make 
sure of complete evaporation. The heat absorbed in this process is 
Vneasured by observing the electric energy retjuired to keep the 
temperature of the calorimeter constant, and is eciual tf.> the change 
of total heat from /q as liquid before passing the throttle to //, as 
vapour on leaving the calorimeter, applying corrections for any 
external loss or gain of heat in the process. The latent heat at 
is deduced (1) by adding the difference //, - /ij between the values 
of the toteJ heat of the liquid on the saturation line at fj and /|, 
and (2) by subtracting the difference //, ~ //, required to superheat 
the vapour from to f,. After leaving the calorimeter, the vapour 
is returned to the pump, and compressed to the saturation pressure 
Pi in the condenser. 

Jenkin and Pye illustrate the process in their paper by areas 
measured on tlxe TO diagram, but it is much easier to follow on the 
H log P diagr^. Taking one of their experiments as an example, 
the initial state as liquid before passing the throttle is represented 
by the point (1) on the saturation line at + 14-7® C,, where the 
totildieat is hi 9*77 according to equation (4). It is throttled 
along the hori 2 sontal line at A ^ 0*77 to the point (2), where the 
pressure is given as 105 lbs., and the temperature - 48-8® C. 

CLS. 13 
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By employing adiabatic expansion in place of throttling, work 
l^qual to the adiabatic heat-drop (5*7 as measured on the diagram) 
might be gained, with an equal increase in the refrigerating effect, 
but the theoretical gain would pfobably be couWrbalanced in 
practice by mechafiical losses, and the adiabatic process would iif 
any case be inapplicable for accurate measurement, 

The^flow through the calorimeter during the experiment was 
6 lbs., in 51-5 mins. The electric heat supply was 42*9 cals, per lb. 
The heat gained by the calorimeter externally was estimated as 
5*8 cals, per lb., giving 48*2 cals, per lb. as the refrigerating effect 
R.-ft,. djie to the evaporation, and to the superheating from 
- 48*8® to >- 30-6° C., including an almost negligible correction for 
change of tempijrature of the calorimeter between the beginning 
and end of the experiment. 

^The quantity to be added, and the quantity 

tob^Bbtracted from the observed refrigerating effect in order to 
deduce the latent heat, L = J/g - were determined by specif! 
experiments. The cHhngc of h for the liquid, at constant pressures 
of 700 and 900 lbs,, was obscr^'ed over various ranges of temperature 
from — 40° to + 19® C. Combining these results with observations 
of the ccJbling-cffcct, the variation of h along the saturation line 
could be deduced. The correction — //g is given as 85*25 by Jenkin 
and Pyc for this particular experiment, agreeing as closely as 
possible with the value read on the II log P diagram, from point 
(2) down to the liquid limit curve. 

The correction II^ - for the superheating of the vapour was 
estimated by measuring tl^c sixjcific heat of the vapour near the 
saturation line, and is given as ~ 8*72 cals., which also agrees as 
nearly as possible with the distance of point (3) above the satura- 
tion line on the II log P diagram. The value of L comes out 79*75, 
as shown on th<» curve in Fig. 16. 

The difficulties of manipulation increase considerably at tem- 
peratures above 10® C., owing to the rapid variation of the quan- 
tities concerned, and the corrections become less certain, especially 
that for the superheat. Thus at 20® C. the specific heat at saturation 
according to Table IX is 0*92, but varies so rapidly that the change 
of H would be difficult to determine satisfactorily without the 
aid of an expression for H such as (45). 

The standard refrigeration cycle is supposed to be comol^ted 
by adiabatic compression to the ^condenser pressure as wown 
by the line (8, 4) on the diagram. The work required is represente4 
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bythe difference which is found tobesi^*6 cals.^ as measured 

on the diagram for this example. The ratio (Hj - hi)l(H^ - JET,) 2*<fc 
called the “co^cient of performance,” depends Chiefly on th< 
temperature range, as in the Cdtnot eycle. 

84. Empirical Table for Saturated Steam from 200* 

to 374' C. It is easy to construct an cnipiricnl tabic for steam 01 
the same lines as Table IV for COj, extending to the critical point 
Although the values for steam in this region cannot easily be verifiet 
experimentally, the table may serve as a gtiide for futtirc work an< 
may be accepted with greater confidence on account# of the ex 
jK'rimcntal verification t»f analogous methods in the casi;of CO,. 

All the formulae employed in constructing^ this table have 
already been explained and verified in the case of steam ^ithin 
certain limits, except that for the diameter of the density 
This formula depends chiefly on observations* of the volume of the 
iiquid V under saturation pressure, whicji is faiUy well established 
by previous experimentalists up to 820® C. litryond this point, the 
authiir has succeeded in following the variation of v up to a tem- 
Ijcrature within V C. of the critical point, by heating the Ijquid in a 
series of scaled tubes of quartz-glass. The diameter of the density 
curve is found to be a flat parabola, and gives fi*5‘-^l cb. ft./lb., 
or 8*25 c.c./gm. as the critical volume. The only previous measure- 
ments of the critical volume appear to be those of Nadjedine, 
and Battclli, giving 2-83 c.c. and 4*80 c.c. resjicctively, which 
happen to agree very closely with the values of i; and F given in 
the table at 373® C. It is noteworthy that Nadjedine’s method 
measured the volume of the liquid, and Hattelli’s that of the vapour 
near the critical point, so that the discrepancy between them is not 
surprising, considering the rapid changes of both. Tly combining 
the parabolic diameter Avith Clapeyron’s c«piation, it is easy to 
calculate both V and v at any temperature. 

The value of H reaches a maximum, 681*5, at 277® C., at which 
point the factor 1 — Cdpjdl in equation III (7) vanishes. This 
gives C == 0*0?'82®/lb. which agrees very closely with the author’s 
curve marked f g in Fig. 10. The same factor must vanish again at 
the critical point to account for the change of sign of dhidt. This 
gives 0*0286®/lb., which is quite a possible value, since C for 
th<^Iu|uid vanish^ and becomes positive at 260® C. The relations 
of these quantities to 5 in the ifeigbbourhood of the critical point 
have already been explained in { 80. , 
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te X. 


ITroperties of Saturated Steam from 200® to 874® C. in F.P.C. units. 

o 



P 

• 

lOOv 

^OOF 

L 

•* 

H 

G 

0 

♦ . 

200® 

226*2 

1*866 

207*38 

467*41 

203-66 

670*96 

69-76 

0*6665 

1*6446 

210° 

256*0 

1*884 

170*04 

459*00 

214*44 

673*44 

66*33 

0*6790 

1*6291 

220° 

336*4 

I'OU 

140*37 

460*00 

225*49 

676*49 

71-12 

0*6016 

1*6140 

230® 

404*6 

1*946 

116*67 

440*60 

236*71 

677*31 

77*11 

0-6237 

1*4996 

240® 

484*2 

1*981 

97*61 

430*60 

248*13 

678*73 

83*30 

0*6468 

1*4860 

280° 

676*7 

2*018 

81*96 

420*26 

259*78 

680*03 

89*67 

0*6679 

1*4713 

260° 

680*2 

2*060 

69*22 

409*30 

271*69 

680*99 

96*31 

0*6903 

1*4680 

270® 

798*(k 

2*106 

68*69 

397*66 

283*89 

681*45 

102*98 

0*7123 

1*4443 

280® 

932*0 

2*169 

50*00 

386 04 

296*45 

681*49 

109*97 

0*7347 

1*4308 

290® 

1082* 

2*3J8 

42*69 

371*62 

309*39 

681*01 

117*03 

0*7672 

1*4171 

300® 

1249 

2*292' 

36*69 

367*11 

322*86 

679*97 

124*34 

0*7803 

1*4036 

310® 

1436 

2*370 

31*38 

.341*12 

336*84 

677*96 

131*79 

0*8037 

1*3888 

3201 

1642 

2*459 

26*91 

323*37 

351*46 

674*82 

139*46 

0*8277 

1*3729 

Wr 


2*664 

23*03 

303*18 

366*88 

670*06 

147*27 

0*8526 

1*3661 

340® 

2120 

2*691 

19*61 

279*61 

.383*32 

662*83 

156*22 

0*8784 

1*3349 

360® 

2394 

2*850 

•16*60 

•260*44 

401*12 

651*66 

163*36 

0*9069 

1*3076 

360® 

2693 

3*069 

1.3*47 

211*35 

421*17 

632*62 

171*67 

0*9364 

1*2702 

370® 

3020 

3*483 

9*84 

142*60 

446*81 

589*31 

180*16 

0*9749 

1*1964 

373® 

3122 

3*880 

7*864 

92*00 

461.35 

553*35 

182*75 

0*9969 

1*1393 

374® 

316Q 

5*211 

6*211 

0 

494*26 

494*25 

183*52 

1*0474 

1*0474 


Formulae for the quantities in the above table; 

Saturation pressure, log^op « 2*3526 + 4*264 (t - 200)/T Ibs./in.*. .,.(p) 

Parabolic diameter, 1/v ^ 1/F = 60*76 - 0*0()016<* lb8./cb. ft («) 

dapeyron's equation, ap(V - v) = LpjT(dpl(U) = LTf 4045 cals. C. ...(F) 
I<atent heat (Thieson), logiol/= 1*9638 + 0*3161 log,o (374 - 0»cals. C. (L) 

Total heat of liquid, h - 0*99666« + vLfi V - r), cals. C (^) 

Total heat of vapour, H = 0*09666i + VL/( V - t?), cals. C {H) 

Gibbs’ potential, 0 = 2*296 T log,o T/T^- 0*99666<, cals. C (<?) 

Entropy of liquid, <f) - 2*296 iogip T/T^ + vLjT ( F - r), cals. C. ...(<^) 

Entropy of vaj>our, 4> *= 2*296 logio T/T^ + VLjT ( F - v), calk, C. ...(<t) 

For (p) see Chapter VII, equation (36), and Chapter IV, § 41. 

Fbr (L) see Chapter II, equation (18), and Chapter IV, § 41. 

For {h) and (^f) see CJhapter II, equation (6). 

For (0), (4>), and {0) see Chapter VII, equations (11), (24), and (26). 

Judging from the analogous case of CO| we should conclude that 
the formulae employed for L and h in the case of steam would be 
fairly satisfactory because they represent the varies of H very 
closely at low temperatures (between 0® and 200® C.) which are 
much more accurately known than in the case of CO, . The empirical 
formula employed for p represents the observations ofp itself witiun 
the limits of experimental error, ®as in the case of CO, over the 
corresponding range of temperature. But in the case of steam we 
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have the additional evidence at low temperatuBes, which shows that 
it must give far too slow a rate of change of the ratio (Tjp) (dpl^\ 
in this region. The same effect is observed in tlie ca^ of CO, if we 
compare the vafues of this ratic^ 1985/7' from (1)» with those given 
by the theoretical formula (43). It follows that the formula Em- 
ployed for steam in Table X must give too high values of p and 
dpidt in the region between 200® and 800® C. An error of the same 
nature is indicated by comparison with the obser\^ations of Holbom 
and Baumann in Fig. 14. The effect of this is most imi)ortant in 
deducing the values of V from those of dpjdt, which are necessarily 
more uncertain than those of p. This error does not affect the values 
of H or L appreciably, and cannot be corrected with certainty in 
the case of steam, because there are no satisfactory^obsefvations of 
the volume between 200® and the critical point. Even if the values 
of p were kno\Mi with certainty, they would not suflicc by them- 
selves, ^ already explained, to determine a satisfactory fofkU of tEe 
iJbaracteristic equation capable of bein^; extended to the critical 
point. Even in the case of COj* for which Uie cxi>crimental date 
are more complete than for any other substance, this j)robleiT 
cannot be satisfactorily solved. In the case of steam, it would 
doubtless be jwssiblc to find a more probable formula foi^p, and to 
make a better estimate of the values of dp/dt and F, but since the 
problem is of purely theoretical interest, it wo\ild seem better to 
wAit for more experimental evidence before proceeding to speculate 
on the form of the characteristic equation. 

With the scanty experimental data at present available above 
200® C., we can hardly do more tliaii jjstimate the pmbable limits 
of error of p and V. The values of p given by the empirical formula 
in Table ^ are almost certainly too high, and those of V too low 
as already explained. The experimental values of p in the neigh- 
bourhood of the critical point, are probably vit iated by the presence 
of gas, which can hardly be avoided in heating water in steel 
vessels at such temperatures. Holbom and Baumann succeeded in 
reducing this source of error by gilding the inside of the container^ 
but they do flot seem to have been able to eliminate it completely. 
Their results are likely to be too high, especially near the critical 
point, thouglT the error from this cause would be less than that 
shown by the other curves in Fig. 14. 

• ^ lower limit to the values of p can be estimated as follows. 
The rate of diminution of the ra^io (Tjp) dpidt at 200® C. cannot well 
be greater than that given by the theoretical formula, VII (19). 
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Assuming that the ratio diminishes to a minimum 7*5, as is probable 
the critical point, we find the following formtila 

(ITp) dpItU = 7-5 + 7-65 (T. - T)* x ‘ (51) 

€ 

agreeing with the theoretical equation, VII (19), at 200® C. The* 
corresponding formula for p, taking p = 225*2 at 200° C., and 
2\ « 64»*1, is 

logioP = 8*4866 - 89*54 log^o (TJT) 

+ 1*6615 (Te - T) (87’c -T)x 10-5 ( 52 ) 

which gives 8066 lbs. for the critical pressure, differing by 8 per 
cent, from the value 6158 in Table X. The difference is no greater 
than that*bctwewi the values given by Andrews and Amagat for 
the critical pressure of COj, which would be much easier to deter- 
mine than that of steam. 

^ The^lue of p at *250° C., given by (52) is 567*6, as co^lpared 
with 565*8 by VII (19), and 575*7 in Table X. The value oT 
(Tjp) dpjdi from (51)^at 250° C. is 8*676 giving V - 0*850 by Cla- 
peyron’s equation. The value of V at the same point calculated 
directly from 11 = 680*08 by III (23), withp = 567*6, isV - 0*886, 
as compared with V = 0*8695 in Tabic III, App. Ill and V = 0*820 
in Table X, or V 0*854 from H with p = 575*7 as in Table X. 

Equation (52) for p is in some respects more probable than the 
empirical formula of Table X, but it is evident that a considerable 
margin of uncertainty must remain until further light is thrown by 
experiment on the form of the characteristic equation at high 
pressures. Since stcam-prc^surcs above 250 lbs. seldom occur in 
engineering practict^ it hardly seems worth while to make any 
modifications to suit possible deviations at higher presspres from 
the simple fornpulae employed in the Steam Tables. 

It is common practice to deduce the properties of steam, or 
other substances beyond the experimental range, from those of a 
similar substance (e.g. COg which is also triatomic), by reference 
to the ** law of corresponding states.” According to Van der Waals* 
equation, the reduced value, p/p<,, of the saturaftion-pressure 
expressed as a fraction of the critical pressure, should be the 
same for all substances at any given value of the reduced tempera- 
ture, T « T/Tc* Thus for CO, at - 50° C., the reduced tempera- 
ture T « 228*1/804*6 =>* 0*7824, corresponding to a temper^tive 
0*7824 X 647*1 ^ 478*9 abs., or 200(9° C. for steam, at which point 
the pressure is 229*4 lbs. The corresponding pressures fenr COg 
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according to equation (1), are 09*0 and 1071 lbs,, at - 50^ and 
+ 81*5® C. respectiv^y. The critical pressure for steam should 
therefore be 22^*4 x 1071 /99 = 2482 lbs., which is cridently much 
^too small. The law in tliis form is clearly unreliable, even for the 
saturation-pressures, and is much less likely to^ive reliable results 
for other properties, such as the cooling-effect, to which it has 
frequently been applied. According to the equation of Clausius, 
the law takes a slightly different form. Corresponding temperature? 
are those for w'hich the reduced value of c is the same. At suet 
temperatures the reduced values of pIT and of V — b correspond 
It is always possible to satisfy the law in tins form for p by choosing 
the variation of c to fit with that of p, but the other properties 
such as V and L, show little or no correspondent!#, as illustratec 
by Table VII, and the law' affords no assistance for estimating the 
variation of p unless the variation of c can be predicted. On 
account of these difficulties, the application of the law has^merally 
Seen abandoned except for closely related substances, but haa 
recently been revived, on the basis of Chuisius* ecpiation, by 
M. Aries, in a long series of papers in the Com pies Uendiis^ 1918-19, 
who assumes that the variation of c with 7* should be the same for 
molecules containing the same number of atoms, recalling Maxwell’s 
suggestion with regard to the ratio of the specific heats. The 
variation of c is undoubtedly different for different types of molecule, 
but the agreement thus obtained, except for closely related sub- 
stances, is not of a sufficiently high order for the present purpose, 
and M. Aries finds it necessary to admit that 6 also is a somewhat 
peculiar function of the temperature. Jn spite of this complication, 
there are many notable exceptions. The variation of c which appears 
suitable gi the case of COj fails entirely for steam. According to 
the orthodox view, the discrepancy is explained hy saying that 
water is an abnormal, or highly associated liquid? We have seen, 
however, that the expressions here proposed for the total heat of 
water and liquid COj show a remarkable corrcsiwndence, and it 
seems more likely that the difference is due to the mode of variation 
of c for the vapour in either case, since different indices are required 
to represent ^le other properties satisfactorily, in addition to the 
saturation-pressures. In this connection, it is perhaps noteworthy 
that, in order to make the value of c ~ 6 for steam at 874® C. equd 
tcatl^ critical volume 0'0521 (which depends chiefly on the author’s 
obsc^ations of the expansion 4of the liquid up to 878® C.), taking 
the value e » 0*4218 at 100® C., it would be sufficient to assume 
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that c varies as in extremely close agreement with the mode 
Of variation required from 0® to 200® C. 

It would Ao doubt be possible to devise an equation capable of 
regresenting the properties of stcfem within the limits of experi- 
mental error over \he whole range 0® to 874® C., but the experi- 
mental data available in the critical region are so inadequate and • 
uncertain that it would be impossible to discriminate satisfactorily 
between a variety of possible types. The problem is by no means 
so easy as it looks, and the solution, when found, would necessarily 
be very cumbrous and inconvenient for practical calculations, as 
compared jvith the simple equations whieh suffiee for the experi- 
mental rqnge of the steam-engine. In the case of CO 2 , since the 
experimental range coincides with the critieal region, it is impossible 
to avoid such complications, which otherwise would be regarded 
^ prohibitive. But in the case of steam, it would be unreasonable 
to insist^n the use of equations capable of representing the critical 
phenomena which .are not required in practice. 



CHAFl’ER IX 

IDEAL CYCLES AND STANDARDS OF EFFICIENCY 


85. Application of the Laws of Thermodynamics to a 

Cycle. The application of the laws of thermodynamics to a cycle 
of oi)erations, such as arc performed by a hcat‘Cn^nue,,or can be 
represented on the indicator diagram, is so fully discussed in all 
the textbooks that a brief summary of the prvu^pal facts and 
formulae will be suflicient to explain the notation cm])loycd and the 
use of the tables in the calculation of numerical results. ^ 

Fir Law, The general expression <»f the* first law as applied 
to a cycle is that the thermal equivalent AfV (*f the work repre- 
sented by the area of the indicator diagram, is (fqiial to the difference 
between the heat energy Q' received by the working substance 
and the heat energy Q" rejected by it in the performance of the 
cycle, as expressed by the simple equation 

AW = q - Q" (1) 

Second Law, Since all closed cycles which can properly be 
represented on the indicator diagram, arc reversible so far as the 
working substance is concerned, it follows from the second law 
that the entropy of the heat received is pqiial to the entropy of the 
heat rejected in any such ideal cycle. 

Symmetrical Cycles, There are three principal types of sym- 
metrical cycles employed in heat-engines, characterised by the 
reception and rejection of heat, (1) at constant temperature, (2) at 
constant pressure, and (8) at constant volume. 

Constant T cycle. This is the Carnot cycle, consisting of four 
operations, which may be described as follows : 

(1) Reception of heat energy Q' at constant temperature T\ 
Since T is constant Q' « r'(0 - Oq), where O - <I>o « the increase 
of entropy. 

(2) Adiabatic expansion at constant O to the lower tempera- 

( 8 ) Rejection of heat energy T' (O — Oq) at the tem- 
perature 
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(4) Adiabatic compression at constant Oq to the initial state 

r. 

These gi\1j the following simple and obvious gelations between 
the ehange of entropy, the heat erOrgy received, and the equivalenj 
ofthsework: ‘ 

0 - « Q7T'= Q'vr'- (Q' - Q")i(r- T") = Awi(r- ro. 

( 2 ) 

Constant P Cycle. This cycle comprises four symmetrical 
operations, similar to those of the Carnot cycle, except that heat 
is received and rejected at constant pressure instead of at constant 
temperatihe. 

(1) The Ijoat energy Q' received at constant pressure P' is 
equal to the incJbase of total heat //'- Hq\ where is the initial 
and H' the final value of U during the heating. 

• (2) %The drop of total heat in adiabatic expansion from P' 

to P” at constant d) is denoted by (//'~ but the suffb^^ 
may be omitted if ikis otherwise obvious that adiabatic expansion 
is intended. 

(8) The heat energy Q” abstracted at constant pressure P" 
is equal to the diminution of total heat H"~ Hq" required to 
restore the entropy to its initial value Op. 

(4) The working substance is restored to its initial state by 
adiabatic compression at Oq, during which operation the increase 
of total heat is Hq- Hq\ 

We thus obtain the following general expression for AW 

AW Q" ^ (IP - ir% - (//o' - U'% (8) 

the application of which is seen to depend on the evaluation of 
the heat-drop in adiabatic expansion at constant O. 

In the case^of the steam-engine, the initial state of the fluid as 
supplied to the boiler by the feed-pump, is generally that of water 
at condenser temperature. The initial value of the total heat 
is that of water h\ under the saturation pressure p' of the boiler 
but at temperature T". The water is heated at constant pressure, 
and converted into steam of total heat which is adiabatically 
expanded from p' to p", with heat-drop H'— IP' as before. But in 
the third operation the steam is completely condensed to water 
of total heat h" at the pressure p", by abstracting beat 

The water is returned to the boiler at pressure p', in which operation 
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H total heat is raised from A" to h\ Since the*changes of volume 
nd temperature in this operation arc neglijrible, the increase 
h"' is equal to the equivalent av (p'~ p'') of the Work done by 
he feed-pump. The formula as appli^ to this case, becomes ^ 

AW « //'- w''- (/*'- h”) == ir- ir- av (p'- jn 

^hich is the general formula of the Rankine cycle described in 
he next section. 

ComtatU V Cycle, If the heat Q' is received at constant volume 
the increase of intrinsic energy E'— E^ during hcatiiip is equal 
;o Q'. Similarly if heat Q” is rejected at constant volume after 
jxpansion to F", the heat rejected is equal to E '*~ wliere E^' 
s the final energy. If the expansion from E' to E'\ and the com- 
pression from Eq' to Eq are adiabatic, we have 

AW =. Q'- E^% - (AV- AV'), (5) 

It is possible to calculate the values of AV.and Aq" from the 
condition of constant entropy, if the properties of the working 
fluid are known. The constant A'olumc cycle corresiionds closely 
with that employed in the internal combustion engine, wli^re heat 
is communicated to the working fluid by ignition of an inflammable 
mixture at constant volume in the working cylinder. Tliis method 
is most appropriate when air is the working fluid, but is impractica,blc 
in the case of steam, because the only convenient method of 
supplying heat to steam is by the use of a separate boiler at constant 
pressure. On the other hand, the cfinstapt pressure cycle would be 
very inconvenient for a gas-engine or gas-turbine, owing to the 
size and inefficiency of the compression pump required, and the 
difficulty olf avoiding excessive waste of heat if external combustion 
were employed. • 

Expression for the Efficiency, In the case of an ideal gas, it is 
easy to calculate the expressions for the efficiency, which wew 
first given by Rankine. 

For the cohstant V cycle, E'—E”^S^(T'- 2"'), where 5* 
the specific heat at constant volume, is- assumed to be coiLstant 
The ratio TjT* is (where n is the adiabatic index ii 

the equation FT" == AT), and is equal to the ratio 7 
initi^, and final temperatures in compression. Making thes 
substitutions the expression for tjie efficiency becomes 

AWiq^^ I - r'/r* i - (e) 
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Similarly in thfe constant-pressure cycle, if the working fluid 
<s an ideal gas with Sj, constant, we have H'- T”), 

and the ratki T'/T” is equal to from the adiabatic 

Pjfn+i « The temperature ratio in compression is the same as 
thatdn expansion? and we obtain 

AWIQ'-^ I - T'lr^ 1 - (F7F)i^(«+i) (7) . 

In both cases, the expression for the efficiency in terms of the 
temperature range is the same as that for the Carnot cycle, provided 
that T'IT” is interpreted as the temperature ratio in adiabatic 
expansion. 

If we imagine the area of the cycle on the indicator diagram 
divided up in4?^a number of elementary sections by means of a 
family of adiabatic curves, the efficiency of each elementary section 
will evidently be 1 - T'IT\ where TjT' is the temperature ratio 
for the lection considered. The same expression for the efficiency will 
therefore apply tp a cycle of any form for any working siibstaSce 
whatever provided ’^hat the ratio is the same for all the 

elementary adiabatic sections into which the cycle may be divided. 
This condition is always satisfied in the case of the Carnot cycle 
for any*substance, but it is satisfied in special cases only, such as 
that of the ideal gas, when the reception and rejection of heat are 
at constant pressure or volume. 

When the ratio is not the same for all the elementary 
adiabatic sections of the cycle, the work theoretically available 
must be calculated by a process of summation or integration for 
the elementary cycles. J'or each elementary cycle, if a small 
quantity of heat energy dQ is received at the upper limit the 
work available is dQ/V multiplied by the range of temperature 
T— T" in the elementary section considered. The efficiency of the 
whole cycle is* obtained by summing the available work for the 
elementary sections, and dividing by the whole quantity of heat 
energy supplied. It is always possible to perform the summation 
provided that the properties of the working fluid are known and 
that the operations of the cycle can be mathematically specified. 
In many cases the result can be expressed in a very simple manner 
in terms of the properties of the working fluid, and affords a most 
useful criterion of the performance of an engine working under the 
specified conditions, showing how much of the work theor^jgaUy 
available is actually realised, andcndicating the directions in which 
improvement may be effected. 



i] IDEAL CV(XES AND STAN&AROS OF EFFICIENCY 308 

Standards in general use for this purpose *e (I) the 'R«nHni> 
:ycle for the steam-en^ne, and (2) the Air Standard Cycle fof 
he internal coin|}ustion engine as recomnaended by tHe Institution 
if Civil Engineers ♦. 


86. Tht Rankine Cycle. The Carnot cycle can seldom 
)e realised in practice, because the practical limits of worWng are 
imits of volume and pressure rather than limits of temperature, 
[t would be very difficult to arrange for all the heat to be received 
3y the working fluid at one temperature, especially in the case of 
superheated steam. In the steam-engine heat is sujipljed at the 
constant pressure of the boiler, giving a constant tempeniture ol 
vaporisation, but the heat of the liquid and the yiperheat of th( 
steam are supplied at different temperatures. Heat is rejc(!lod al 
the constant pressure of the condenser, so that the tem{>crature o: 
rejectiorwis constant if the steam is saturated, • 

Rankine (Phil, Trans, R, S, Lon,^ Jtyi. 1851-j was the first to 
calculate the maximum work obtainable from a heat-engine 
receiving dry saturated steam at a temperature 2", and condensing 
the steam completely at 2”', Expressed in our notation, the formula 
which he gave for the work obtainable per unit mass of steam was 
as follows 

. w « ju (2’^- r')/r-f Js [r- r'-r" log, •••(«) 

where J is the mechanical equivalent of heat, L' the latent heat 
of vaporisation at T\ and s the specific heat of the liquid, which 
is taken as constant. ^ 

The first term on the right hand side is the mechanical equi- 
valent of the product of the entropy of vaporisation UjT' by the 
range of temperature T'— since the latent heat of vaporisation 
is all received at one temperature T', The second term is more 
complicated, ancf represents the work obtaiiiablc from the heat 
supplied in beating the water from T' to T under constant 
pressure, which heat is taken in by the liquid at all intermediate 
temperatures, tanging from T' to T, The expression for this part 
of the work is obtained as follows. 

If a small qftantity of heat sdT is received by the liquid at any 
intermediate temperature T, the part convertible into work is the 
piojm^ of the entropy sdTjT, by the available range, T 
which gives the expression j8dTJ(l - T'jT) for the corresponding 

* Sir D. (Seric, Qa$ Sngimt voL i, p. 83. 
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ejement of worlc obtainable. The second term in the fbnnula given 
by Rankine represents the integral of this expression from T" to 
T\ on the a^umption that s is constant. 

^ More accurately, if s is not assumed to be constant, the integral 
of sdT is the incrtsase of total heat h of the liquid from T” to T* 
under the constant boiler pressure p'; and the integral of sT^dTjT* 
is the \*orresponding increase of entropy multiplied by T'\ This 
remains true however s may vaiy. 

A similar expression for the work obtainable was subsequently 
given by Clausius (Poggendorff’s Annalen, March 1856), precisely 
equivalen| to Hankine’s formula with the exception that a factor 
corresponding to the dryness fraction q was introduced into the 
first term, so cover the case of steam initially wet. Rankine 
clearly had priority of publication, so that the name “Rankine 
jCycle” appears to be more appropriate than the name “Clausius 
Cycle,’ •which is alWays given to this cycle in German works, and 
is often found in^mcrienn textbooks. 

In accordance With a recommendation of a Committee of the 
Institution of Civil Engineers {Proc. Inst, C, E,, 13 i. Part IV, p. 284, 
1898), the work obtainable in the Rankine cycle is now generally 
taken as a standard of comparison for the performance of steam- 
engines, because the Carnot cycle leads to an exaggerated idea of the 
possible performance, especially in the case of superheated steam. 
In the formula recommended by the Committee for saturated 
steam, the specific heat s of the liquid was taken as unity, which is 
near enough for all practical purposes, though not theoretically 
exact. The corresponding Somiula recommended by the Committee 
for superheated steam, contains the additional term 

js (T^ - r- T" log, lyr), 

which represefits the work obtainable from the. heat required to 
superheat the steam at constant pressure p' from T' to Tj, if the 
specific heat S of the superheated steam is taken as constant. This 
term is calculated in exactly the same way as the corresponding 
term for the liquid. The Committee proposed Regnault’s value, 
S » 0*48, for the speeific heat, but expressed a ^oubt as to its 
accuracy. As is now generally recognised, the appropriate value 
of S is somewhat larger and certainly variable, depending both on 
the pressure and on the temperature. 

On account of the diberenccb between various tabl^ of the 
properties of steam, it is useful to have an authoritative formula 



)f this kind as a standard of teierewie^ hut m practii^ it is pro** 
ferable to take the required values of H, d), etc. from the tables; 
n place of working out the Rankine formula, because this saves 
3 L great deal of trouble, besides mfking it possible to take consistent 
M^count of the variation of specific heat. 

The expression given by Rankine tacitly assumes that the 
temperature of the liquid, after adiabatic compression tc' boiler 
pressure, is the same as the temperature T* of condensation. This 
is not exactly true, since the liquid will in general be heated by 
compression. In the case of water at low temperatures, the error 
of this assumption is quite negligible, but it may be appreciable in 
the case of other liquids, such as carbon dioxide, when used in the 
neighbourhood of the critical point for refrigeratic^rApurposes with 
a similar cycle. 

87. Graphic Representation of the Rankine Cy cle on * 
tht Pl/and TO Diagrams. Many of these points are more 
clearly brought out when the operations of ,tlie cycle arc repre- 
sented on the temperature-entropy and indicator diagrams, as 
in the accompanying figures, which arc drawn api)roximatcIy to 
scale for carbon dioxide, because the behaviour of the liquid^ cannot 
be shown satisfactorily when the diagram is drawn to scale for water. 

The curve AC in either figure is the saturation line, showing the 
relation between T and O, or P and F, respectively, for the liquid 
under saturation pressure. The curve CB is the saturation line for 
the vapour. C is the critical point. Any point such as k inside the 
boundary ACB, represents a mixture o^ liquid and vapour in the 
proportion of dk to ck, 

Startini^ from the point A, representing the state of liquid CO, 
at O'* C,, under the saturation pressure of 500 lbs. 2 >er sq. in, abs., 
in either diagram, (1) the line Ab represents the adiabatic com- 
pression of the liquid to the higher limit of pressure represented 
by 900 lbs. The temperature is raised 8° in this process, and the 
volume is slightly diminished. (2) The line bede represents heating 
at constant pr<f^sure. The part be represents heating of the liquid 
to satumtion temperature and volume. The part cd representa 
vaporisation at fconstant temperature T', with absorption of latent 
heat L\ and increase of volume from v/ to V/, The part de repre- 
^t^s^perheating of the vapour at constant pressure with a further 
incliease of volume. The increase pf total heat from 5 to « is repre- 
sent^ by H'- A' in the general fonnula ( 4 ). 




for the wet mixture. The dryness fraction q at the point g is repre- 
sented by the ratio of the length Ag to the lengfii AB in either 
diagram. 

(4) The last operation is the condensation of \he wet vapoiuf, 
represented by the line gA, in which heat H*'- h” is abstracted 
at the lower pressure. ^ « 

The area of any closed reversible cycle on the r<I> diagram 
represents the heat converted into work. The corresponding closed 
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area on the PF diagram represents the work (Sbtained, so that the 
areas are equivalent, ^'he area of the Rankine cycle is not exactly 
represented by ^king the saturation line Ac for the Uquid in place 
of the broken line Abe, The diiierence is quite appreciable in the 
case of carbon dioxide, but immaterial in the Ase of water at fow 
. temperatures. 

The work done by the feed-pump is represented by the area 
OAbp on the indicator diagram, which is equal to (P' — P") v, 
where v is the mean volume of the liquid during compression. Even 
in an extreme case like that of CO 2 , the area in question is very 
nearly a rectangle. This area is not represented at all on the TO 
diagram, because the energy is supplied as work and not as heat. 
The whole area Ogep on the indicator diagram, t^v^thc line of zero 
volume, accurately represents the work-equivalent of the adiabatic 
heat-drop //'— H'' of the vapour, being the integral of VdP from 
P'' to Pi, from which the work of the feed-pump must be dtedtictecf 
to get the area of the cycle. The area AcdefgA ijj not exactly equi- 
valent to //'— though this is commonly assumed in using 
the TO diagram. The error of this assumption, represented by 
the area OAcbp on the PV diagram, is of the same order of magni- 
tude as the work of the feed-pump, about 20 i)cr cent? in the 
present case. 

*88. The Adiabatic Heat-Drop. The quantity most often 
required is the work obtainable in the cylinder of the engine, which 
is directly given by the adiabatic heat-drop IP— H", without 
applying the small correction for the foed-pump work required in 
the case of the Rankine cycle. In any case it is important to be 
able to determine readily the value of the total heat //" at any 
point of the expansion when the entropy <l>' remains constant. 
Either //'— //" pr H" is directly obtained from die formula (4) 
already given for the Rankine cycle by transferring the small 
term A'— h'* to the right hand side of the equation, which gives 

or H ' (10) 

where T"^"— h” by definition. Since G is the same function 
of the temperature for either wet steam or water, the only difficulty 
in aj^ying this formula is to find the initial value of the entropy 

which necessarily depends on 4he data given for the initial state. 

In any practical problem, it is usually necessary to find the 

14 
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final value of the volume F'' in addition to the total heat, but this 
k easily deduced from the total heat by the aid of the relations 
already givem. The two cases of dry and wet steam will be treated 
separately on account of the diffeiffence of the expressions required 
in applying the fcSrmula, but the principle of the method is the 
same in both cases. The differences arise only from variations in 
the possible data, since the state of wet steam cannot be fixed by 
the pressure and temperature alone as in the case of dry steam. 
In many cases the final volume is given in place of the pressure 
or temperature, which necessitates a slight variation in the 
procedure. 

It is sometimes necessary to distinguish between (1) the work 
done in adiaba'nc Jlow^ which is the equivalent of the Heat-Drop 
H'— and (2) the work done in adiabatic expansion, which is 
the equivalent of the Energy-Drop E'- and is seldom required 
in praclice. In a reciprocating engine, the heat-drop is the equi- 
valent of the tota} work obtainable in the cylinder, and includes fhe 
work (P'V') done by the admission of the steam and the work 
(— P**V”) done in exhausting the steam, in addition to the work 
of expansion J {E'~- E”), Similarly in steady flow through a 
turbine, the total work done is the ccpiivalent of the Heat-Drop, and 
not of the Energy-Drop, The latter is so seldom required that the 
term expansion may be used generally to include the case of steady 
flow, unless otherwise specified. ‘ • 

89. Adiabatic Expansion of Dry Steam. If the final 
state is dry as well as the initial state, as may frequently happen in 
the early stages of expansion with superheated or supersaturated 
steam, it is often advantageous to calculate the heat-drop, or the 
final state, dcreetly from the adiabatic equations, which are the 
same as those sof a perfect gas. The advantage of this procedure is 
most evident when small differences are in question, as in cal- 
culating the discharge through a nozzle. The use of the tables for 
dry steam involves a double interpolation for both T and P, which 
is troublesome to perform with the necessary degree of accuracy. 
Whereas the adiabatic equations are extremely simple, especially 
if the small quantity b is neglected, as is usually dione in the case 
of gases. The values of O and G are seldom required if the initial 
and final states are both dry, because, if either P, or V, ,9r t, is 
'given for the final state, the othei two are easily calculated without 
reference to O or 6r. The adiabatic heat-drop is most easily found 
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from the formulae, given on p. 229, and in Appendix III, and the 
value of V is most easily calculated from that of H. * 

The tables a|e most useful for finding the initiaf values of H, 
O, Vy and 6r, when the range of^xpansion is considerable, and the 
final state is saturated. The value of H is the casfest to find bylnter- 
* polation in the tables, since the differences are small and regular. 
When required below the tabulated limit of 100® C. for dry steam, 
H may easily be obtained with groat accuracy from the formula, 
H — SqT — SCP + 464 (F.P.C.), which for purposes of numerical 
calculation takes the form 

H - 594-82 + 0-4772^ -P(c- 0 0037)/2-2486 (F.P.C:). ...(11) 
The last term, representing SCPy being small, can.*be worked on a 
small slide-rule, with values of c from Tabic 111 (c). The small 
constant 0-0087 to be subtracted from c, represents 85/13; and the 
factor 2^2436, representing 3/13a, is the sama as that required fof 
Adding V by the formula 

V - 2-2436 (H - B)IP + 0-012a<F.*P.C.) (12) 

which is most often required, and is given for other systems of 
units in the Steam Tables, App. III. Unless small differences are 
in question, the initial and final values of II and V may often be 
obtained with sufficient approximation by reading tlic diagram, 
as explained in Appendix II. 

90. Adiabatic Expansion of Wet Steam, The usual 
method of finding IP' in adiabatic expansion for wet steam, is 
to find the final quality or dryness fraction q” from the equation of 
constant entropy, O', or 

c f '+ f + q'L'ir (18) 

and to deduce //" and V” by means of </" from tli{? relations 

r"=- (1 - 9") i;" (14) 

where F," is the tabulated volume of dry saturated steam at the 
final pressure. 

This method involves the tabulation of the five quantities, 
V, <f>, hy Ly and JjjT in addition to p, f, O, //, and F, and gives the 
required drop of total heat H” as the difference between two 
large quantities, each of which must be carefully calculated when 
small ^differences are in question. The method is somewhat in- 
convenient in practice when th6' final volume, or the ratio of ex- 
pansion, is given in place of the final pressure or temperature, 

14-2 
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When the final voliftne is the given quantity it is first necessary to 
And the final pressure, which is generally calculated by employing 
Zeuner’s empirical formula, namely, 

pyuomif/io d constant: (15) 

This equation gives a fair qualitative representation of the 
adiabatics of wet steam over the range required in practice, but it 
is found on closer investigation that it does not agree with the tables, 
unless the index is taken as a function of the initial and final 
pressures, as well as of the wetness. Thus for steam nearly dry at 
200® C., the initial value of the index is 1*155 in place of 1*185, 
but falls fcelow the latter value when the range of expansion 
(starting at 2O0^C.) is extended below 100° C, The error at low 
pressures may amount to 15 or 20 cals. C. in the heat-drop. Many 
attempts have been made to express the variation of the index in 
terms (ft pressure or temperature for different ranges, but the 
resulting expressions are too complicated to be of much practib)d 
use. Even in its simplest shape, the formula is somewhat trouble- 
some to work. It cannot be applied to superheated steam, and the 
results are often less accurate than those which may be obtained 
by simiSe inspection of a diagram (sec Example 1, below). 

If more exact results are required than can be obtained from a 
diagram the method of the next section based on the thermo- 
dynamic potential G is generally the most convenient. 

To find p" and if V*' is given. If the final volume is known, 
but not the temperature or pressure, as is the case when the ratio 
of expansion alone is givep, the usual procedure for calculating q 
fails. The main object of Zeuner’s equation is to meet this case by 
calculating the final pressure from the ratio of expansion. It is 
well known that Zeuner’s equation does not give p very accurately 
firom V, An c^fact solution, however, may easily be found by trial 
from the simple expression for VjV, already given, with the aid of 
the tables for F, //, and G for saturated steam. If the final volume 
of wet mixture V is given, the value of V, is known approximately, 
since it must be a little greater than V, This gives rfh approximate 
value of the temperature, and therefore of Hg and G, from which V 
may be calculated for comparison with the giveh value. After 
two trials, the exact answer can always be found by interpolation. 

Example 1 . The following example will make the procedure dear. 
Given 0'=* 1*600, from the initial state, find the pressure and 
temperature when the steam has expanded to a volume of 200 cu. ft 
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per lb. The answer can be found approximate^ from any'diagram 
on which hath volume and entropy are sIi6to.* Ins^tion of the 
diagram accomqpnying this book gives imm^iateljw 

p"=l-87, r=44-5“C*, //"= 505, y'= 0807. 

^ To find a more accurate solution from the tables, take as a trial 
solution, 

<"= 45°, r."= 244-30, If,"= 615-84, 8-50, //"= 503-45. 

This gives 

(505-45 - 44*85)/(615-34 - 44-85)*, 
or 197-28. Taking 44®, 250-45, //;"= 614*88, 

8*85, gives F"= 206-68. By interpolation , 

44 + 6-68/9-40 = 44*71®, 1-8694,'^ 6’"- 8-46. 

‘ Whence //"- 508-48 - 8-46 - 505-02, which confirm^ 

diagram.. Since V/' at 44-71®-= 247*8, 

(1 - q") = 47-8/247-8^ -1980; 

or ^"==: -8070. 

It is seldom worth while, except when small differences are 
required, to solve problems of this kind more accurately tRan they 
can be solved by inspection of the diagram. It should be observed, 
however, that it is a great advantage to have both V and O shown 
on the same diagram. As a rule, they are shown on different dia- 
grams (e.g. those of Mollier) and it would be neeessary to find by 
trial a point on the line O == i-oo on one diagram giving the same 
state as a point on the line F — 200 on fihs other. This is so trouble- 
s6me and confusing in practice that it is generally better to use 
the tablesf if a suitable single diagram such as that explained in 
Appendix II, is not available. 

91. Use of the Potential G in Adiabatic Expansion. 

The thermodynamic potential G b^ing defined by the general 
relation 

G^T^-- //, (16) 

the expression for the heat-drop W— H'* when O'' is evidently 

//'- (r- T") O'- ((?'- G") (17) 

which applies to any state of , the steam, whether' wet or dry, 

* See equation (18), next page. from Q" by (10). 
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superheated or sup^aturated, provided that the proper values of 
6 are inserted in the formula. The use of this expression is most 
advantageous^in the case of wet steamy because C( is the same for 
water and steam in equilibrium, and its value for any mixture of 
watep and steam ft therefore independent of the composition of 
the mixture. 

The^defect of volume F/'- V” due to wetness is directly 
obtained by the equation 

F/- F''= F/' (R;'- St) (18) 

from the corresponding defect. of total heat H”-H” due to 
wetness, without the necessity of calculating q'\ This expression is 
exacts accordin^f^o the author’s equations, and does not require 
any correction for the volume of the liquid or for the variation of 
^he specific heat. The value of stist — tjSOO, but it may generally 
be takeifas t simply, 'since st itself is small compared with.ff. ^ 

The advantage of thi^i method is that the required drop of 
total heat, and the required defect of volume, are directly given as 
small terms which may generally be calculated with a small slide- 
rule. The single quantity G is tabulated in place of the five quantities 
n, ht <l>t ty and L/T, which arc so seldom required for other purposes, 
and are so easily calculated by the author’s formulae, as not to 
require close tabulation. This effects a considerable simplification 
in the tables, and makes it possible to include all three systems of 
units in one table, App. Ill, Steam Table II, which is a matter of 
great convenience in comparing the results of experiments recorded 
in different systems of uniHs. 

Since 0"= T"^”- ///', for wet steam, where 

<!>/' and ///' arc the tabulated values of the entropy andi total heat 
otdry saturated steam at 2’", the same formula may also be written 
in the convenieht shape 

T' <D') + H'- R/' (19) 

• 

which is easy to work by taking O," and ///' from^the tables for 
saturated steam in place of G' and (?". But the formula in this 
shape applies only when the final state is wet, an^ it is necessary 
to find T” by adding 273-1® C. or 459-6® F. to the tabulated value 
of The results obtained will not be quite so accurate as those 
given by the G formula unless is tabulated to five places of 
decimals. Since H* occurs on beth sides of the equation, it is 
evident that the formula in this shape is simply equivalent to 
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j5r"= If/'— T" (®,— ®')> which is obvious, and'is often convenimt 
if <D' is given and /f" alone is required in place of J?''. • 

It was not considered worth while to tabulate T in addition 
to U because the G formula foi the heat-drop involves only the 
difference T'— which is the same as t*- and because 'f is 
, so easily obtained from t on the few occasions on which it is required. 
The potential G on the other hand is troublesome to calculate, and 
is worth tabulating for many other reasons. 

When it is required to calculate a number of values of the 
heat-drop DH from a given initial state to several different 
final states, the formula (17) in terms of G will be found the most 
convenient, since O' and G' are the same for each value of DU to 
be calculated. The work may conveniently be n^r^iigcd as in the 
following example. 

Example 2. Find DH^ from the initial state P =160 Ibs.^ 
t w 200^C., to each of the final states, P - 80, 40, 20, 10, 5, 2, 
and 1 lb. • * 

Here 0'= 1-591 23 from Table VI, and 76-40 from Table VII. 


Final P I 

80 

! 40 

20 

10 

6 

1 2 , 

1 

Final t '■ 

165-62 

130-67 

108*87 

89-58 

72-38 j 

1 62-27 

38-74 

Difl. 1 

44-48 

69-33 

9M3 

110-42 

127-62 

147-73 

161-26 

Diff. X (♦'-!) 

26-30 

40-09 

63-88 

65-29 

75-46 

87-35 

95-36 

G" \ 

37-54 

27-12 

19-22 

13-26 

8-81 

4-69 

2-61 

Sul)tract O' 

- 76-40 

i 76-40 

76-40 

76-40 

76-40 

70-40 

76-40 


I 31-92 

01-04 

87-83 

112-57 

135-49 

163-37 

182-82 


The difference t' — t*' is multiplied by O'— 1 and added to 
beqpuse this gives better accuracy with the Fuller slide-rule 
employed for the multiplication of /" by the tonstant factor 
0-69123. If the, second formula (19) for DH^y involving the term 
r '((!»."- O'), were employed for this purpose, we should have to 
look up and O," in Tabic II in addition to i” at each point, 
and to find T" by adding 278-10. Both factors of the product 
T" (O/'— O'l would be different in each case, which would add 
considerably to the work required, 

When*on tlie other hand we require the heat-drop from several 
different initial states to the same final pressure, the second formula 
(l^.is usually more convenient, since T" and O," are constant; 
whereas hoik factors of the product (/'— C) would be different 
at each point in the G formula. 
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Example 8 . Find DH^ from 160 to 1 Ib., with initial tempera- 
Unes t « 200®, 250®, 800®, 850®, 400®, 450®, 500® C. 811*84® C. 


Initial ( 



KB 



460® 


Initial («'-!) 

0-6912$ 

0-64699 

0-69523 

0-73810 

0-77686 

0-81233 

0 

1 

Pinal (♦/'- 11 

0*97239 1 

0-97239 

0-97239 

0-97239 

0-97239 

0-97239 

1 

Diff, 

. , .... .. 

0-38116 

0-32540 

0-27716 

0-23429 

0-19654 

0-16006 

0-12728 

Initial R' 

676-41 

704-14 

730-65 

766-16 

781-26 

806-00 

830-52 


118-87 

101-47 

86-43 

73-06 

60-98 

49-91 

39-69 

Subtract H,'" 

-612-46 

612-46 

612-46 

612-46 

612-46 

612-46 

612-46 

a 

182-82 

193-15 

204-52 

216-76 

229-77 

243-45 

257-76 


92. Table^^of Adiabatic Heat-Drop. The adiabatic 
heat-drop is required as a standard of comparison for the per- 
formance of steam engines and turbines, and is often tabulated with 
This objast, especially in relation to the elRciency required or 
guaranteed in commercial specifications. Tables of heat-drop fn 
B.Th.U. based on Ihe^autlior’s formulae have been published* for 
this particular purpose covering a range of 27 to 29 inches vacuum 
in tenths of an inch, with 50 to 400 lbs, initial pressure and 0® 
to 800® P. superheat at intervals of 10 lbs. and 25® F. These contain 
upwards of 12,000 entries, and are very complete for the required 
purpose; but the possible variety of initial and final states is so 
great, and there are so many different systems of specifying file 
measurement of pressure and temperature, that it would be im- 
practicable to construct tables of this kind to meet all possible cases. 

The Steam Table Vlll^of heat-drop in calories Centigrade, 
given in Appendix III, covers a wide range of initial states, but is 
restricted to a final pressure of 1 lb. It will be found useful for a 
similar purpose^ but requires the application of a vacuum correction 
if the final pressure differs from 1 lb. The tablets arranged to 
correspond with Steam Tables IV, V, VI, and VII, of H, V, 0, 
and (?, so that the initial values of these quantities are easily 
obtained if required in the case of superheated steam. In the case 
of steam below the saturation limit, the initial state*s are defined 
by the values of H given in Steam Table IV, but the initial state 
is taken as wet saturated instead of dry supersaturated, so that 
the initial values of F, <!>, and G are different, and must be 
deduced from H, if required, with the aid of Steam Table^I 
for saturated steam. This is eqiiivakjnt to supposing that the dry 
* Sdwftrd Arnold, 1917. 
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supersaturated steam of Tables V, VI, and VII, is transformed 
into wet saturated at constant P and U, as would actually* 
happen if the drv supersaturated steam were discl^rged into a 
receiver without loss of heat. Tl^ initial temperatures for super- 
heated steam are those given in the column on the left; the initial 
temperatures for steam below the saturation limit, are the satura- 
tion temperatures given in the lowest line of the table, together 
with the values of the heat-drop DH^ for dry saturated steam, 
from the given initial pressures to a final pressure of 1 lb. 

The values are tabulated to two places of decimals, in case they 
may be required for small differences, but owing to the number of 
different figures from other tables involved in the caMulation of 
each separate residt, the errors may often exceed One in the last 
figure of the heat-drop. 

Values of the heat-drop to 1 lb., for initial pressures and tem- 
peratures^ intermediate between those tabulated, may gjnerally 
be obtained with sufficient accuracy for most purposes by linear 
interpolation. But at low pressures, where the intervals are re- 
latively large, it is sometimes advisable to employ the special rule 
for <!> and G given in the Steam Tables, A})p. Ill, §202. The 
largest interval (ratio 2/8) is that between 20 and 80 lbs., \^ich is 
very seldom required. To find the heat-drop from 25 lbs. at 200® C., 
by linear interpolation, we should add half the tabular difference 
18*51 to 117*06, giving 128*82. By the special rule, the half- 
difference 0*76 should be increased in this case by 1/1 0th, or 0*68, 
giving 124*50 as the correct result. The error of linear interpolation 
between tabidatcd values P' and P" can never exceed 

(P'- P")/4 (P'+ P") 

of the tabular difference, e.g. between 90 and 1 00 lbs, the maximum 
error amounts to^ less than 1 /20th of a caloric, and between 450 
and 500 lbs. to about l/80th. Linear interpolation for temperature 
difference is quite satisfactory, and may be effected simultaneously 
with that for pressure difference by adding the apj>ropfiate fraction 
of the tabular difference for 10®. 

To correct the heat-drop to any other final temperature 
in place of * 88*74® C., the value for 1 lb., we have to add 
(tx — O'— (Gx — G^j the heat-drop from tx to ^ at O', the initial 

valu%, 9 f the entropy. This is easier than calculating the whole 
heat-drop, because G* is not required, an approximate value of O' 
suffices, and the multiplication can be done on a small slide-rule. 
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Thus to find the hcftt-drop from 25 lbs. at 200® C., to 2 lbs. in place 
of lib., we find 1*814 from Table VI, 52*27® C., and 
Gg ■* 4*69 fr^m Table II, whence the required correction is 
18*58 X 1*814 2*08 = 22*47, to Jpe subtracted from 124*50, giving 

l(t2*Q8 for the heat-drop to 2 lbs. or 25*92" vacuum (Bar. 80"). 
But this is an extreme case. The vacuum correction seldom exceeds^ 
10 cals.,C. The correct value of the heat-drop, directly calculated 
with <!>'= 1*81425, G'= 170*70, by 7-figure logarithms, comes out 
102*02, which agrees within the probable limits of error of the 
tabular data. 

Table VIII differs from Steam Tables IV, V, VI, and VII, by 
the addition of the first column for an initial pressure of 15 lbs. 
This has been l^ded to include the case of low-pressure turbines, 
which generally work with an initial pressure between 15 and 20 lbs. 
The maximum error of linear interpolation between 15 and 20 lbs. 
cannot exceed 1/28 of the tabular difference, which is nearly 10 cals, 
at all degrees of superheat. This amounts to 0*35 per cent, of the 
heat-drop at the low^r initial temperatures in the table, so that it 
may be advisable to correct the result of linear interpolation by the 
special rule already quoted, which takes in this case the following 
form. * 

When the given initial pressure P is intermediate between 15 
and 20 lbs., find by linear interpolation the fraction {P - 15)/5 
of the tabular difference D at the given initial temperature, increase 
it by the fraction (20 - P)/2P of itself, and add the result to the 
tabulated heat-drop at 15. 

Thus if P - 17, f = 290®, D ~ 9-68, the correction by linear 
interpolation is 8*87. This must be increased by 8/34 of itself, or 
0*84 cal. giving the result 107*38 + 8*87 + 0*84 = 111* j9 cals. C. 

The initial values of H at 15 lbs. are easily found, if required, 
by adding 5S€ to the tabulated values at 20jbs., or half the 
difference for 10 lbs., namely 10».9C, given in the first column of 
Table IV. The value at the given initial pressure may be obtained 
with equal ease by adding the appropriate fraction of lOSC^ e.g. 
at 17 lbs. and 200° C., add 0-8 x 0-884 = 0-2S to*fl = 688-08 at 
20 lbs. Similarly, to find the initial value of the entropy, if required 
for the vacuum-correction, add to the tabulated value of the 
entropy in Table VI at 20 lbs. the fraction (20 - P)/5 of 0*082, 
since the value of the entropy at 15 lbs. exceeds that at ,20 lbs. 
by the nearly constant quantity«0*082, which is accurate enough 
for the purpose of the vacuum-correction, though not for the whde 
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heat-drop. The initial value of G is not required for the vacuum- 
correction, and that of V may be most easily obtained from H by. 
the usual formul| for dry steam. ^ 

It will be seen that most of yiese corrections are insignificant 
in practice, but they may be required if it is desired to invesygate 
the probable effect of small changes in the initial conditions. 

s 

93. Absolute Thermal Efficiency of the Rankine Cycle. 

The efficiency of the cycle, or the fraction of the heat received 
which is converted into work, is readily obtained from the expres- 
sions previously given for the work done per cycle. The heat received 
is the change of total heat H*— hf at constant nressu re p\ from the 
state of water at the lower temperature to that /if steam at the 
upper limit of superheat. The heat rejected is the product of the 
corresponding change of entropy d)'— by the temperature T". 
The heat converted is T" (O'- which ma} also be*^^^ 

put in the form IF- //"- {h'~- h”), where IF- IF' represents the 
work done by the steam, and h'— h" the work of the feed-pump 
Aw = av" (p' — p"). We have therefore the following expressions 
for the efficiency AWIQ\ 

AWIQ'^ 1 - T" (O'- f )/(//'- h') = (H'- IF'- Aw)l(H'- h"- Aw), 

(20) 

of^hich the second is the most convenient for use with the tables, 
when combined with the formula already given for the heat-drop 
//'- H ". 

The performance of an engine is colamonly expressed in terms 
of the number of pounds of steam required per horse-power-hour 
of 1,980, OQP foot-pounds (H.P.H.). The work obtainable per pound 
of steam in the Rankine cycle being represented by • 

• 1400 {H'- H "- Axv), 

the number of pounds of steam required per II.P.H. is given by 
the numerical ^formula, 1414*8/(/f'— II"— Aw), This is a favourite 
method of expression in the case of superheated steam, but is very 
misleading, begause it obscures the fact that a pound of super- 
heated. steam contains more heat, and requires more fuel to 
produce it, than a pound of saturated steam. The theoretical 
impfovement in efficiency by superheating is comparatively small 
even when the superheat is considerable, as shown in the following 
example, in which supersaturation (§ 187) is excluded. 
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Example 4. Efftciency of the Rankine Cycle for steam at 200 lbs. 
•condensing at 40® C., with various initial temperatures. 


biti.li' 

• 

i- 

H' 

i 

Q' 


AW 

f- 

H'-V 

Effioienoy 

Lbt./ 

H.P.H. 

194*36“ 

669*69 

1*6538 

66*69 

186*95 

186*62 

629*47 

•2949 

7*618 

300“ . 

, 728*82 

1*6682 

227*24 

209*49 

209*16 

688*60 

•3037 

6*761 

400“ 

780*26 

1*7611 

398*37 

234*79 

234*46 

740*04 

•3168 

6*031 

600“ 

829*93 

1*8199 

577*02 

262*93 

262*60 

789*71 

•3325 

6*386 


Final state, 1*0703, 2*78, Aw = 0*33, ^ = r+ Aw = 40*22. 


The calculation of the heat-drop by the formula 

is very easy, but is not so advantageous in the case of highly super- 
cheated steam as in the case of wet steam, because the value of 
G* may Se large, as in the last example, and the range is ijso 
large. When the absolute thermal efficiency is required in addition 
to the heat-drop, it is^ necessary to take IV from the tables in any 
case, and the heat-drop may be found by the equally simple 
formula 

R'- //,"+ r' O'), 

which is just as easy to work, and saves looking up G', The formula 
in terms of G is more convenient when the heat-drop is small, 
especially if IV is not required. The second is often preferable 
when the superheat is considerable, and IV is required for other 
purposes. Sec Ex. 8. ^ 

The above method of calculation is much simpler and more 
accurate than working out the Rankine formula with S^~ *48, and 
j *» 1, but thare is no great difference in the results if the same 
values of L arc employed. The usual method of , working out the 
dryness fraction q as an intermediate step with the aid of ij> and 
Ir/T, and deducing //" from q, L'\ and involves more arith- 
metic, but is otherwise exactly equivalent to employing G, provided 
that H and h are defined by the same expressions. 

The correction for the feed-pump work Aw is of the same order 
of magnitude as the effect of the variation of the specific heat. 
Both are generally less than errors of observation, and are unimpor- 
tant for practical purposes; but neither can be exactly applied 
unless the relations of /i, and^ are defined with much greater 
precision than is usually attempted. The method of applying the 
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correction given in the above example, is thrt required by the 
author’s equations and definitions. The assumption 

in adiabatic compression of the liquid from p'* to p\ is very accurate, 
and the value of G" takes exact account of the xliriation of specific 
heat according to the formula assumed for h” under saturation 
pressure. The effect of the variation of S for the vapour^ is also 
exactly represented in the expressions for H\ O' and G\ But when 
purely empirical formulae are employed for these various quantities 
it is very difficult to say hoxv the corrections should be applied or 
to interpret the application of the formulae in special cases. Thus 
if Regnault’s formulae are used for // and /i, it is difficult to say 
exactly what they mean, or to specify the vari^tioxi of s and L. 
They have in fact been interpreted and applied in different ways 
with inconsistent results. 

• •*' 

*94. The Efficiency Ratio, and^ the Relative Effici- 
ency, F, The drop of total heat in isentropie expansion, calcu- 
lated by the method above explained, gives the thermal ecpiivalent 
of the work theoretically obtainable under the condition of steady 
flow from a higher to a lower pressure, and can be calculated very 
accurately in any case, since it depends only on the properties 
of the working fluid in the initial and final states. The thermal 
equivalent of the work actually done by the steam in an engine 
or tiubine for the same initial state and final pressure, must 
always be less than the ideal value thus calculated, provided 
that no additional heat is supplied after the steam has reached 
the engine. The ratio of the work done to the work theoretically 
obtainable^ in the engine is a measure of the relative efficiettcy 
which is of greater practical utility than the absolute thermal 
efficiency, because it affords a fair estimate of the* thermal losses 
due to imperfect fulfilment of the theoretical conditions. 

The relative efficiency having been determined for different 
types of engine under various conditions by direct experiment, 
supplies a convenient means of estimating the jMJrformance to be 
expected in anj given case, or the dimensions required in designing 
an engine for a particular purpose. But since its value cannot be 
determined by experiment, or predicted by theory, with a high 
degHt2 of accuracy, no practical advantage is gained by insisting 
on small corrections, such as the work done by the feed-pump, or 
by distinguishing between the work done in the Rankinc cycle and 
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the work-equivalent of the beat-drop in adiabatic expansion. The 
relative efficiency, denoted by F, will therefore be defined and 
employed in fhe present work as the ratio of the thermal equivalent 
AW of the indicated work per ^ound of steam to the adiabatic 
heatidrop {IF - calculated from the tables, or read .on the 
diagram, for the same initial state and final pressure. The relative 
efficiency thus defined is for all practical purposes the same as the 
ratio of the thermodynamic efficiency of the actual engine to that 
of the Rankine cycle, which is commonly called the “Efficiency 
Ratio.” It is easy to allow for the difference in any case in which 
the accuracy of the calculations makes it worth while, but the 
“relative Efficiency” F as here defined is the most useful quantity 
to employ in tl^prctical calculations. 

It follows immediately from the above definition of the relative 
efficiency F that, if M is the mass-flow, or the steam supplied to the 
engine, «in pounds jxir second, the indicated horse-powej*, I.H.P., 
is given by the equation ^ 

I.H.P. -.V2-5454MF (//'- H'% (F.P.C.) 

- l-414lJlfF(;i'- H'% (F.P.F.) (21) 


Th# English horse-power is taken as 38,000 foot-pounds per 
minute at London. If the French horse-power (F.H.P.) or Cheval- 
Vapeur, is taken as 75 kilogramrnctres per second in latitude 45®, 
and ilf is in kilograms |)er see., the corresponding expression- for 
the French horse-power in (K.M.C.) units is 


French I.H.P.- 5-694ilfF (//'- ir% (K.M.C.). ...(22) 

To find the consumption of steam in pounds or kilograms per 
I.H.P. hour we have 


Lbs.i(I.H.P.H,) = 36003//(I.H.P.) 

- 1414-3/F (//'- H'% (F.P.C.) 

= 254G/F(//'- H")^ (F:P.F.) (28) 

Kg./(F.H.P.II.) » 682-3/F(R'- H")^ (K.M.C.), 

which are useful for finding the value of F, when the consumption 
is given, by Yaking (hf'- H")^ from the tables or diagram for the 
given conditions. ^ 

By equation II (2), if there is no external loss of beat, and if 
the kinetic energy of the steam at release is included in the final 
value of H" (as would be the case if the total energy rijvcted 
were actually measured in a caferimeter), the actual heat-drop 
(£f'- H") wiD be equal to the effective heat-drop given by the 
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product F (H'- The effective heat-drop may be estimated 

from the value of F in this maimer, or may be calculated from the; 
actual heat-drop measured experimentally, by appl^^ng a correc- 
tion for the external heat-loss. ^ 

In many cases the external heat-loss may he neglected, j^eiAg 
^mall or less than the uncertainty of F. The actual final value of 
W is thus known approximately, and the state of the s^eam at 
intermediate points of the expaiision may be inferred with a fair 
degree of probability, or represented by a suitable curve on the 
diagram. This method is particularly useful in treating problems 
relating to nozzles and turbines, when the flow is continuous, and 
the intermediate states lie on a continuous curve. 

Detailed examples of the applications of those and similar 
methods arc given as illustrations of the use of tlie diagram, which 
affords ample accuracy in nearly all cases in which the relative 
efficiency enters, except when small differences of heatt Irop are'"*'^ 
reifiired. In the latter case it is generally necessary to use the 
tables, but very fair results may also lie obtained by a simpler 
method of calculation based on the following formula. 

95. Empirical Equation for the Adiabatic of Saturated 
Steam. The theoretical equation of the adiabatic, namely 
H — TOq — Gy is easily applied if tables of G and O are available. 
Fffi’ exact calculations in the case of saturated steam, the adiabatic 
drop may also be expressed in terms of // and T only, by means 
of the following theoretical formula 

//'- (//'+ 5 X 273-1) (1 - r yr) f sT' log^ (r'/r), ( 24 ) 

which is comparatively easy to work in the absence of any tables. 
But the cdrresponding theoretical expressions in terms of H and jp, 
orp and V are too complicated to be of any use. For this r eason an 
empirical expression for H in terms of p may prove useful in special 
cases, for obtaining the final state, or for fluding intermediate 
points when the final state is given. 

As an empirical equation for the heat-drop, it is preferable to 
use an equation giving H directly in terms of p ox V, A suitable 
type of equation is the following 

U-B'^kp^y ( 25 ) 

whigh gives an expression for the adiabatic heat-drop exactly 
similar to that for dry steam, except that the small constant b is 
omitted, and that the values of B' and m vary slightly for different 
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adiabatics, and ai» only about half as great as the corresponding 
•constants for dry steam. 

When u^d as a formula of interpolation, for finding inter- 
mediate values along an adiabati^ for which the nnal state is given, 
the values of k arid m are not required in the calculation, but only 
that of which is obtained from'the simple relation 

. (H'- F) -= p'rip"r\ (26) 

where //", p", are the given final values. The resulting value 
of B' is nearly 250 for large ratios of expansion with steam initially 
dry. Intermediate values of F - R' are obtained from those of p 
by logarit|imic interpolation, since log (H - B') divides the interval 
betweenjog (//'- B') and log (H”- J3') in the same ratio as that 
in which log p'dwides the interval between logp' and logp". 

An equation of the type K is often employed for a similar 
purpose by calculating the appropriate value of the index y to fit 
the initial and final states, from the relation 
• y = log (p7p")/log (F'7F'). 

But it is more conv^ient in practice to employ this equation in 
the precisely equivalent form 

pV = kp”*, (27) 

where m = 1 - 1/y = log (p'V'lp”V'')l\og (p'/p")* 

An equation of this type, with the appropriate value of m, fits 
the adiabatic very closely for small ranges of pressure, but it has 
the disadvantage of being somewhat inaccurate for large ratios of 
expansion, and of being inconvenient for the heat-drop, which is 
difficult to calculate accumtely from the value of V given by the 
formula. 

The difficulty of calculation may be evaded by employing the 
fictitious volite of the heat-drop obtained by integrating aVdp, 
namely, * ^ p"yy,„^ (28) 

but the values of H so obtained are inconsistent with tliose of F, 
and usually lead to a discrepancy of 1 or 2 per cent, for the final 
heat-drop assiuned in calculating w. 

So much experimental work has been based on Zeuner’s equation 
for the adiabatics of wet steam, and so many attempts have been 
made to find empirical expressions for the index y in terms of the 
initial and final states and the wetness, that it is import^ to 
realise that an equation of this type cannot correctly represent the 
adiabatic with any value of the index except for mall ranges of 
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pressure. On the other hand a formula of the type (25) fits the 
adiabatic very fairly for large ratios of expansion^ and is also useftil* 
for representing different types of expansion curves jp the case of 
turbines, whether the efficiency is^onstant or varies systematically 
throughout the expansion. • ^ * 

» The difference between the types of formulae here discussed is 
most readily appreciated by taking a specific example and drawing 
curves showing the difference between the theoretical values of 
the heat-drop and those given by the empirical methods of cal- 
culation. Curves of this kind are shown in the annexed Fig. 21 
for the case of adiabatic expansion from 165 lbs. (dry sat.) to 
1 lb. The abscissa in the figure represents the logariHim of the 



pressure-ratio; tl\,e ordinate of each curve, the difference in cals. C. 
of the heat-drop, as calculated by the empirical methods, from that 
given by the theoretical equation, represented by the horizontal 
base-line. The lowest curve, 25 — ^Th, which crosses the base-line 
at the middle of the range, shows the excels of the values of H 
calculated by formula (25) over the. theoretical values. The maxi- 
mum error of tfiis formula is oidy 0*8 of cal., or less than l/5th of 
1 per cent, of the whole heat-drop. The curve Z — ^Th, which also 
crossar* the base-line near the middle, shows the deviation of 
Zeuner’s formula (15), with the index 1*185 for dry saturated steam. 
1^8 gives a positive deviation of about 5 cals, near the start, and 

15 


as. 
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a negative deviatiDn amounting to 17*4 cals, at the finish. The 
curve 27 — ^Th shows the deviation of formula (27) from the theoretical 
when the va|^e of the index is specially calculated to fit the final 
state, as is often done. The deviation then reaches a maximum of 
lt*6 cals, near the*middle of the range. The curve Th — 28, in which 
the sign of the difference plotted has been changed so as to bring; 
the curye above the base-line, shows the effect of calculating m as 
in (27), but taking the heat-drop as in (28). This gives good results 
for small ratios of expansion, but leads to a discrepancy of 8 cals, 
in the final state. 

Formula (25) is distinctly the most satisfactory for large ranges 
of pressing. If //" is given, or calculated by the theoretical 
formula, *it is generally sufficient to take i3'= 250, and the values 
of V at intermediate pressures may be found with sufficient approxi- 
mation for most purposes by the simple formula F ~ m{H — B')jap, 
This is kss trouble than calculating V from H at each point by 
reference to the tables for saturated steam, but the latter metfiod 
is much the most accurate. 

If p is a round number given in the tables, so that no inter- 
polation is required, it is usually more satisfactory to work a single 
result By means of the theoretical formula H = TO — G, But if p 
is not a round number, and if several intermediate values are 
required, the empirical formula represents some advantages. Its 
utility becomes even more apparent if it is required to solve tile 
inverse problem of finding the pressures when the division of the 
heat-drop is given, as in the following. 

Example 5. Find the pressures required to give subdivision of 
the adiabatic heat-drop into ten equal parts from H = 667*55 at 
165 lbs. to H - 486*66 at 1 lb. ^ 

The wholt work is shown in the following table, giving the 
values of p at ’the nine intermediate points. Takmg B'- 250, the 
values of R — JB' given in the first line are obtained by successive 
addition of 18*089 (being one-tenth of the given heat-drop) to the 
final value ot H — B\ namely 286*66. The second line gives the 
corresponding logarithms omitting the characteristic and the 
decimal point. The third is obtained by subtracting the logarithm 
(87412) of the final value from each. The values of idgp given in the 
fourth line are obtained by logarithmic interpolation, i.e. by 
multiplying each of the differences in the third line by the^ ^tio, 
1/m « 2*2175/0*24644 of the difference of the logarithms of theinitiid 
and final pressures to the difference of the logarithms of the corre- 
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spending values of E - B\ and adding logjp'\*which in this case 
is 0. The theoretical values are added in the last line for comparison, • 

as obtained by a method given in a later section. 

• 

H-B' 399-46 381-37 363-28 346-lg 327-10 309-02 290-93 272-84 264*76 

logH-J?' 60147 68134 66023 63806 61470 48999 140378 43690 40612 

-37412 22736 20722 18611 16394 14058 11587 08966 06178 03200 

Ibgp 2-0441 1-8633 1-6733 1-4741 1-2640 1-0418 0-8061 0-5555 0-2877 

p 110*7 73-00 47-13 29-79 18-37 11-01 6-399 3-693 1*940 

Theor. 111*3 73-66 47-63 29-97 18-41 11-00 6-368 3-667 1-927 

The values of p show very fair agreement with the theoretical. 
It would not be at all easy to get equally accurate results from a 
diagram. The equal subdivision of the heat-drop on the diagram 
would also be a troublesome process. The graphic arfalogue of 
logarithmic interpolation is to rule a straight line jpftiing the initial 
and final states plotted on logarithmic scales for both P and H, 
Unfortunately the scales required are so different that suitably 
ruled pap^r is unprocurable. 

I’hc formula (25) with 250, is essentially pne of interpola- 
tion, and would not represent the adiabatic ^ith the same degree 
of accuracy unless the values of the constants Zf' and m were cal- 
culated to fit the final state. If the final state is not given, but only 
p” or V’\ the formula can still be used for finding //, with certain 
limitations, by employing a fixed value of w, provided that the 
value of B' is taken to suit the initial temperature V by the formula, 

B “ 300 — 0*27f', in which case fairly accurate values of H at low 
pressures are given by 

(H-B')l(ir-B’) = {PIPJt^ or (F'/F)!/*. ...(29) 

The formula in terms of p gives fairly accurate values of II with the 
index w = 1/9, throughout the whole range, and accurate values 
of V can be deduced from H by the usual formula for saturated 
steam. If V only is given, the formula in terms of V with the index 
m ==» 1/8, gives equally accurate values of H at low pressures, where 
they are most required, but is distinctly inferior to the p formula 
for moderate ranges, because the equation pF®/® cannot fit the 
adiabatic througfhout, and cannot be used for deducing p from F. 
ff p is required, better values may be obtained with much less 
trouble from F Iby the formula, p « 1*08 (H - j?')/F. 

Correction for Initial Wetness, The formulae above given apply 
to thj^initial. state of dry saturated steam. Zeuner’s method of 
naaking the index a function of tjie wetness is very crude and un- 
satisfactory, The exact correction of the adiabatic heat-drop for 

16-4 ■ 
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initial wetness of the steam is given in terms of the defect of W 
or 0' by the very simple formula 

Correction oWH^ - (O'- 0/) (f- 1") - (H'^ H/) (/'- t")IT\ 

m 

where Hg and 0/ are the initial values for dry saturated steam. For 
this reason it is usually best to calculate the heat-drop as for drf 
saturated steam, and to apply the correction with a small slide- 
nile if the wetness is known. In a practical problem the value of 
is the quantity directly given, but if 4:he dryness fraction q' 
is given in place of the defect of H' may be taken as 

The correction ‘for wetness is always negative, as is indicated by 
the sign of the*term (H'- H/) in the formula. In modern practice, 
the initial steam is more often superheated than wet, but wet steam 
is comnran in intermediate stages, where it is usually complicated 
by supersaturatiqn. * 

If the initial steam is superheated^ and remains superheated for 
an appreciable range of expansion, as is often the case in practice, 
an equation of the type PF^== K cannot represent the adiabatic 
satisfactorily, as commonly assumed, with a single value of the 
index, calculated in the usual way to fit the initial and final states. 
The reason is that an equation of this type gives a continuous curve 
on the PV diagram, whereas the true adiabatic shows an abrf^t 
change of slope at the point where it crosses the saturation line. 
Conversely, the curve PV^= K, when plotted on the U log P 
diagram, shows an abrupt ^hangc of slope on crossing the saturation 
line, whereas the true adiabatic is continuous. This follows from 
the fundamental relation dll/dP ~ aV at constant entropy, which 
may be regarded as the differential equation of the adiabatic. 

On the other hand, a cun e of the type H - B'- kP^^ satisfies 
the condition of continuity for dH/dP, and can be employed to 
represent the adiabatic with a fair degree of approximation by 
calculating B from the initial and final states as already explained. 
The approximation obtained with a single value of B' is generally 
within 1 per cent, of the whole heat-drop; but a much closer 
representation is secured, without any discontinuity, by using 
different values of B' for the superheated and saturated portions 
of the curve. For superheated steam the required value is 
simply 464 cals. C. (if b is neglected in the equation of the adiabatic) 
and the value of the index m is 8/18. At the point where the curve 
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crosses the saturation line» the condition of cl^ntiniiity gives the 
simple relations 

p {dHjdP)^ apV , » (8/18) (//, - 464) « m (H, -^i?'). • ••(«!) 

Ifm « 1/9 for saturated steam, we^ndJ?'= 464 -,(14/18) (H,— ^464), 
which gives values of B' slightly smaller than the empirical formula 
800 — 0*27/', owing chiefly to the neglect of h. The latter 
formula for B' is generally the most convenient and accurate. It 
gives B'— 260*3 in the following example, in which the curve 
crosses the saturation line at 64 lbs., starting with steam initially 
superheated to 805*67*^ C. at 256 lbs. 

Example 6. Empirical equation for adiabatic applied to super- 
heated steam. 


Pressure 

266 

128 

64 

1 32 

16 

8 

i 4 1 

1 1 

! 2 

i 

1 

(Thyr. ) 
'= 260-3 

729-48 

690-00 

($56-56 ! 

627-00 

699-81 

574-74 

1651-49 

629-88 

509*70 

729-48 

690-10 

650-55 

($27-13 

599-88 

574-($7 1 

661-32 

629-71 

609-70 

326 

729-48 

091-76 

657-66 

(i26-63 

598-4(f 

672-90 

•549-78 

628-81 

609-80 


In the last line a single value of B' is taken throughout, and 
the deviations exceed 1 cal. In the second line B is tuken as 
464 for superheated steam, and the agreement of the empirical 
formula with the theoretical is seen to be extremely close. 

* The exact expression for the adiabatic heat-drop for dry steam 
in terms of the initial value of //, is readily obtained by writing the 
general expression for // in the form 

//'- B - S^r (1 - a (m + \):c/P'ir) + abP\ 

in which we observe that c'P'jX' is proportional to and 

is constani^ along an adiabatic. Thus if II" is any value of // on the 
same adiabatic at P" and T", we have the simple ^relation 

H"--*B - abP"== (T"ir) (IP- B - abP'), 
giving for the adiabatic heat-drop IP— IP', or DII^ , the expression 
(W -B' - abP') (1 - r'/r) + ab (P'- P"). ...(82) 

The adiabatic heat-drop is obtained in terms of the pressure-ratio 
P"/P' by the jdibstitution (P'7P')=*A», since n + 1 - 18/8. 

DH^ may also be expressed in terms of the initial value of F, by 
8ubs||^uting for H' in terms of P'V* from the general expression 
for H, as follows 

DH^ma{n + b)(l - (P"IP')^^) ^ab{P'- P'%..(S8) 
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When V is large, the b terms may usually be neglected in the above 
^formulae, which then become the same in form as those applicable 
to perfect gases. The values of the constants in different systems 
of units are r 

If = 4640, = 000165, 3/18fl = 2-2436, (F.P.C.) 

B = 885*2, ah = 0-00165, 3/18a = 1*2464, (F.P.F.) 

B « 464-0, ah = 0-0284, 8/18a = 0-009847, (K.M.C.). 

In working with a slide-mle it is generally best to use the reciprocal 
of the factor a(w + 1), namely 8/18fl, to reduce the number of 
settings. 

The hag.t-drop for saturated steam, according to the empirical 
formula -- B’^ kP”*t takes the same form as for dry steam, but 
with h omitted, and with the index 1/9 in place of 3/18, thus 

{H'- B') (1 - (84) 

_ • 

assuming that the steam remains saturated. But it appears pro- 
bable that in rapid discharge through a nozzle the steam usually 
becomes supersaturated, as explained in the next chapter. In this 
case the formulae for dry steam apply, with the index of (P^/P') 
equal ko 8/18, even when the initial steam is wet saturated, provided 
that DH^ is expressed in terms of V\ thus 

D//^= (13/8) aFF' (1 - (F'lPyl^^) (85) 

96. Use of the Potential G in Isothermal Flow. If 

the flow is isothermal instead of being isentropic, we have the 
condition 2’'= T" in plac^ of O' - 0", and the expression for the 
drop of total heat //'— in terms of G becomes 

//'- //"= r (O'- 0") + (G"- G') (36) 

Comparing tliis with the general expression for the drop of total 
heat in steady flow deduced from the first law, II (2), namely, 

//'- //"= Q + AW, (87) 

we see that the term T'(0'- 0") represents the heat Q abstracted 
per unit mass if the flow is reversible, and the term G"- G' repre- 
sents the thermal equivalent AW of the work don^, including any 
kinetic energy generated. In other words, the increase of the 
potential G, as here defined, represents the external work done in 
reversible isothermal flow, in the same way that the drop dl^iotal 
heat represents the work done iif adiabatic flow when Q » 0. The 
increase of 0 at constant T between any given limits of pressure 
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represents the thermal equivalent of the maximum work obtainable 
xoUhaut expenditure of fuel per unit mass of compressed fluids 
provided that the temperature can be maintained constant during 
expansion by communication with a large reservoir’ such as the 
ocean, at a practically constant temperature JT. The work tlms 
^.obtained is equal in magnitude to the minimum work required to 
compress the fluid to its original state at the same constant tem- 
perature. The function G is accordingly just as useful in estimating 
the work done in isothermal expansion or compression, as it is 
in adiabatic expansion or compression. In many cases isothermal 
compression is more economical than adiabatic compression, and 
is the logical limit required in defining a standard of efl)^iency. The 
familiar refrigeration cycle is a case in point. But adiabatic com- 
pression is commonly assumed, though not the^ost elficient, be- 
cause it is easier to calculate the work done in adiabatic com- 
pression from the tables as usually arranged. The actual compression * 
curve is usually intermediate between the isothermal and the 
adiabatic, but may be considerably more elficient than the latter, 
if the compression is slow, especially if mad6’in two or more stages 
with intermediate cooling. 

97. The Refrigeration Cycle. The ideal refrigeration 
^cle is a reversed Carnot cycle in which heat Q" is abstracted from 
the refrigerator by the evaporation of the working fluid at a low 
pressure p'' and temperature and is transferred to the cooling 
water in the condenser at a higher temperature T' by the expendi- 
ture of external work W per cycle. In the ideal cycle the com- 
pression from p'T" to T' and the expansion from p'T' to p'T'' 
are both ^iabatic, but the temperature during compression is not 
allowcil to rise above T\ The coefficient of performance, measured 
by the ratio of tjie refrigerating effect Q" to the thermal equivalent 
AW of the work expended in the cycle, is given, as in CarnoCs 
cycle, by the ratio T"/{T'— T"), and is independent of the nature 
or state of the working substance in the ideal case. 

By employing a mixture of liquid and va[K)ur throiighout the 
cycle, it would be possible in practice to approach the theorcticed 
condition of isothermal compression and condensation at T\ 
and to realise an approximation to the theoretical performance, 
if it^ere not for mechanical inefficiency of the compressor and 
excessive interchange of heat between the wet vapour and the 
walls of the cylinder. 
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The practical qyde more nearly resembles a reversed Rankine 
,cycle, and is selected on the ground of simplicity of operation and 
convenience. The liquid is completely evaporated in the refrigerator 
at p”T\ in 5rder to avoid evaporation by absorption of heat firom 
the walls of the compressor, winch in practice would more than 
counterbalance the slight theoretical gain by the compression o^ 
wet va]^ur. The vapour is compressed to a pressure P' slightly in 
excess of the saturation pressure p' corresponding to the limiting 
temperature T of the condenser. During thi| process the dry 
/apour is superheated and raised to a temperature much higher 
:han that of the condenser, so that a somewhat greater amount of 
vork is do^e than would be required if the temperature were not 
illowed to rise, above the condenser limit T'. The vapour after 
caving the comjtressor is completely condensed, and reduced as 
learly as possible to the temperature of the cooling water T\ 
lince vefy little work could be gained by the adiabatic expansion 
of the liquid^ the adiabatic expansion is replaced in practice'Tjy 
throttling from V* to p" through a regulating valve, which effects 
a great simplificatioirSn the mechanism, and also in the theory, 
since the total heat remains constant. The refrigerating effect is 
the difference of total heat //"— K from dry saturated vapour at 
p” to liquid at P' and T\ The work required AW is — the 
increase of II in adiabatic compression from dry saturated vapour 
at p''T” to P\ if the interchange of heat with the walls of 
cylinder is neglected. 

An example of a refrigeration cycle using COj is given in 
illustration of the use of^ the diagram for COj in the previous 
chapter. 



CHAPTER X 


FLOW THROUGH A NOZZLE 

98. Relation between Heat-Drop and Velocity. The 

action of a turbine depends on the conversion of hca'c energy by 
flow through a nozzle into kinetic energy, which is utilised in the 
rotation of suitable wheels or drums provided with vanes. It is^ 
often useful to consider the conversion into kinetic energy separately . , 
from the*performance of work on the revolving shaft. 

It follows from the law of conservation of energy, as explained 
in Chapter II, section 10, that, in the case of steady flow, there is 
a simple relation between the heat-drop and the kinetic energy 
generated, since one is equivalent to the other if there is no cjctcrnal 
loss of heat. Thus if IJ is the velocity of steady flow at any point 
of a pipe or nozzle of variable cross-section, we have the relation 

• 2Jg{ Ho- II), ..( 1 ) 

where J is the mechanical equivalent, g the acceleration of gravity, 
and //q the initial value of II when U === 0 . This equation takes 
exact account of friction, and shows Miat II is the same at all 
points of a pipe where U has a given value. The effect of friction 
is to rediJcc the heat-drop and the kinetic energy in the same 
proportion. If the heat-drop is known, the value of*!/ is found by 
multiplying the square root of 11^—11 by the Constant y/ 2 Jg, 
The numerical values of this constant in different systems of units 
are independent of variations of g with latitude, etc. (provided that , 
this is taken ii^to accoimt in the value of J), and are as follows to 
1 in 10,000: 

H in calorias C., U in feet per sec. ~ 800*2 (F.P.C.), 

H in B.Th.U. F., JJ in feet per sec. „ = 228*8 (F.P.F.), 

J^in calories C., U in metres per sec. „ « 91*51 (K.M,C.). 

The maximum velocity attainable for a given drop of pressure 
is that due to the heat-^p in firictionless adiabatic expansion^ 
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as given by the formulae in the last chapter. These formulae are 
•especially useful in this connection, because the friction loss in 
a nozzle is g^erally small. 

c 

99. Relation between Flow and Sectional Area. It 

follows from the conservation of mass, that, when the flow is steady,* 
the same mass M of fluid must pass every section of the pipe or 
nozzle per second. We have therefore the following simple relation 
for finding the cross-section X required to pass a flow M, at a point 
where the mean specific volume and velocity are V and U re- 
spectively 

UX = kMV (2) 


The value of the constant k is unity on the F.P.C. or F.P.F. systems, 
if M is in Ibs./sec., V in cb. ft./lb., and U in ft./sec., provided that 
X is me^ured in sq, ft. It is more usual, however, to measure X 
in sq. in., in which case the value of k is 144. Similarly on 'the 
K.M.C. system, If M is*in kg./sec., V in cb. m./kg., and U in 
mctrcs/scc., k is unity* if X is measured in sq. m. But X is more 
often measured in sq. cm., in which case k == 10,000. 

In most cases the required values of V are best obtained from 
those of //, by the usual relations for dry or wet steam. But when 
the steam is dry and the expansion adiabatic, the value of V may 
also be obtained directly from that of P by the adiabatic equatitfu 

Since b is only 1 per cent, of V for saturated steam at 800 lbs. 
the small terms depending on b are often beyond the limits of 
experimental accuracy, and may be neglected, as is usually done 
in dealing with gases. The adiabatic heat-drop then reduces to the 
form (18/8)aP5Fo{l -(P/P q)®/^*). Substituting fpr U and F, and 
putting y for the adiabatic index 1*3, we find for the discharge 

kMIX « UjV^ (llV,)(PIP,yiy[2JgayPoV,(l - (P/P,M^)/(y ~ 1)?/*, 

( 8 ) 

which is equivalent to the expression first deduced 1^ de St Venant 
and Wantzel (Comptes Rendtis, 1839), from Poisson’s equation for 
the adiabatic. 

But since this expression for M is somewhat complicated^ and 
is restricted to the case of isentrepic expansion with PV*^Kt it 
is usually preferable to calculate U and V separately from the 
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heat-drop, and to find M/X from (2). The expression for U in 
terms of the heat-drop is generally true for steam or gas in any 
state whether th^ expansion is frictionlcss or not, .provided that 
there is no external h(!at-loss. 

100. Discharge in terms oi 1 nroat Area, me aiscnarge 
through a nozzle under given initial conditions is generally limited 
by the area of the “tliroat” or smallest section .Y|. The condition 
that X is to be a minimum for a given value of M, or that M is to 
be a maximum for a given throat area gives d(XIM)^ 0, 
whence dUldV = (7/K. Eliminating dUjdV by differentiating the 
equation U^= 2Jg (Hq— //), we obtain , ^ 

C/2=: _ JgV(dHldF). .we..! (4) 

In the case of frictionless adiabatic flow, the entropy is constant, 
an^ we have dll = aVdP, or (dH/dF)^==- aV(dPldV)^, w!iich gives' ’ 

UW^^-aJg(dPldF)^, • 

showing that the velocity in the throat is that of sound*. Substi- 
tuting for U jF from (2), wc obtain the expression for the discharge 

kMjX,^ (- aJg(dPldV)^)‘l‘ (6) 

jvhich is independent of any assumption with regard to tjic pro- 
perties of the fluid f. 

♦ Holtzmann’s proof (1861), quoted by Zeunor, was inadiM[uate. 
t The method employed above for deducing the velocity corresponding to tho 
maximum mass-flow per unit area, which was fi **st given by the author in a paper 
communicated to the Listitution of Mechanical Engineers (Proc. Inst, MecK Eng., 
Feb. 1916, p. 63), has been criticised as being unnecessarily difficult and indirect 
. as compai^ with the differentiation of the expression (3) given by de St Venant 
and Wantzel, whose method has naturally been followed in all flu) texf'>ooki. The 
maximum deduced from (3) depends on assuming the adiabatic of a perfect gai, 
whereas (6) has the advantage of being thermmlynamioally exact for all fluids, and 
is really more direct than the usual method, besides poanessing a wider validity. 
Joule and Thomson (Proc. R. 8., 1866, p. 178) also gave an expression equivalent 
to (3) f 9 r the velocity of discharge of a perfect gas, and remarked that the maximum 
was related to the velocity of sound, but they failed to interpret the relation. 
Osborne Reynolds (PAtf. Mag., March 1886, p. 194) flrst showed that the velocity 
at the minimum dhM of the stream was the same as that of sound in the simple case 
of e perfect gas, so that, when this velocity was reached, no further lowering of 
preatnre beyond the throat could possibly increase the discharge. His method of 
the critical velocity, involving 12 equations applying only to the perfect 
gas, is unnecessarily cirouitotis, and he expressly states that his reasoning does 
ttot apply to the ease of a liquid. Whereas the author*s method shows that the 
icleiit^y of ^ oritioal tlizoat>velodty with that of sound applies equally to all 
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If we assume ait adiabatic equation of the type P (F- by =* con- 
^stant, we find 

kMIX,^VaJgyP,l(r,-- b), (6) 

which applies to t^e case of dry ^ceam if y == 1*80, and is the exact 
expr^sion for the discharge in terms of and in the throat. 

Since b is very small, the expression for the throat velocity, 

namely.* aJgyPV^KV- b), (7) 

may be simplified by neglecting terms involving (6/F)*, which 

U^^=aJiyP(V-i-b) (8) 

Substituting this expression in the equation = 2Jg (Hq— H), 
neglecting (b/V^^ and higher orders, and eliminating either P or 
V as required by the aid of the adiabatic equation, we have the 
following equations for //<, P<, and 

Ho- H;^ (y- 1) (//o- P)/(y + 1) + abP, . 

PJPh- [2/(y+ + b/Vo- 2blV,) (10) 

ytlVo-Uy + + (y + 2)%F,- (y + l)%Fo), ...(11) 

which apply for any value of y, and may be reduced to correspond 
with tfie usual formula PV* constant, by simply omitting the 
b terms. 

loi. Numerical Formulae for Steam. The general’ 
formulae above given may be applied to any gas or vapour by 
employing the appropriate values of the constants, a, 6, y, and P, 
and substituting the approximate values of P^ and F, in the small 
terms. 

In the case of dry steam, putting y =» 1*80, they become 


(Ilo- H,)l(Ho- B) = 0*18042 + 0*126Z»/Fo (12) 

P*/Po ” 0*5457 - 0*1895/Fo (18) 

VJVo^ 1*5984- O*28l6/Fo (14) 


Since these formulae involve ratios only, they are independent of 
the system of units adopted, provided that the proper values of 
B and b are employed. 


fluicb, whatever their properUee. But eince, in the case of water, the production of 
the critical velocity requires a head more than 70 miles high, the effect in q< csstion 
ooqld seldom be observed, and is of litt^ practical importance in the flow of 
water, though undoubtedly true for liquids, as well as for gases and vapours in any 
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Substituting the values of and in thj expression for the 
discharge we find 

kMIX,f> 0-5852 (ayJgPjr^yl^il + 0-274ft^F,), ...(15) 

which gives for the discharge in pounds ^r second i^er square iiyjh 
of throat, when Pq is in lbs. per sq. in. abs., and Fq in cubit* feet 
per lb., 

M/X, = 0-8155 (1 -f 0-2745/Fo) (Po/^o)’^' (F.P.C. or F.),!..( 10 ) 

or in kilograms per second per square centiiurtre, when Pq is in 
kg. per sq. cm. and Vq in cubic metres per kg., 

M/Xt == 0-02090(1 4 - 0-2745/Fo)(Po/Fo)J/2(K.M.C.) (17) 

For steam initially dry and saturated, the dischargft may be 
expressed in terms of Pq alone by substituting for Vq from the 
empirical equation, PqFo^®/^®— 490 (F.P.C. or F.), or 1-780 (K.M.C.), 


which gives the formulae 

M/X, - 0-01730Po«*/® 2 (K.P.C. or F.), (18) 

MIX, - 0-01593Po®'/»* (K.MX:.), (19) 


but these formulae, though simple in appearance, arc not so ac- 
curate as those given above, and arc not so easily appIicS when 
tables of V are available, because it is much easier to work 
^Po/Fo )*/2 on a slide-rule than to find The small term 

0-2745/Fq is omitted in these formulae, because it is only 0-274 per 
cent, at =- 300 lbs., and is beyond the limit of accuracy of the 
empirical formula = 490 for saturated steam. 

In the case of dry saturated stegm, to which the formula 
pyy = constant is generally applied, it is usual to take the value of 
the index^y as 1-185, from Zeuner’s empirical formula, which gives 
the eqi’.ations 

•P</Po- 0-5770, F,/Fo- 10223, (20) 

M/X, = 0-3008 (Po/Fo)i/® = •O 1640 Po “/*2 (F.P.F. or C.), . . .(21 ) 
MIX, - ^-01990 (Po/Fo)i/* = •01516Po®*/®* (K.M.C.)^ ( 22 ) 

which are 5 per cent, smaller than the values above given for dry 
steam. 

The theoretical objections to these formulae are, ( 1 ) that Zeuner’s 
empj|ica] formula docs not agree exactly with the tables for wet 
steam, and ( 2 ) that no appreciable condensation can occur in the 
time taken to reach the throat, which is generally of the order of 



one two-thousandth part of a second. Hie jhractical objections are, 

i l) that these formulae do not apply to superheated steam, and 
2) that, in the case of saturated steam, they give values which are 
almost invari&bly too small, in spite of friction^ and cannot be 
reconciled with the results of expdtiment. This point has been more^ 
fully discussed by Ihe author in the Proc, Inst, Mech, Eng,, Feb. 
1915, pp. 5a-77. 

102. Effect of Supersaturation. In the case of dry 
saturated steam, better agreement with experiment is obtained if 
we assume that the steam, on account of rapid expansion, is always 
supersaturated in the throat of a nozzle. The discharge of saturated 
steam is thell determined by the same equations as for superheated 
steam with the indk^x y — 1*80, For steam initially wet, the same 
formula gives the theoretical limit of the discharge, since evapora- 
tion of the suspended water drops, or condensation on suspended 
nuclei, would be comparatively slow in the early stages of sup^r- 
saturation. In eadi case the actual initial volume of the steam Vq, 
whether wet, or saturated, or superheated, must be inserted in the 
formula. The required value of Vq can be obtained from the tables, 
or by inspection of the diagram. 

With steam at an initial pressure 100 lbs. abs., the drop 
of temperature to the throat, if the condensation were able to keep 
pace exactly with the expansion according to the usual equatiorr> 
for wet steam, would be only 20-7® C. But, if there is no condensa- 
tion, the drop of temperature found for steam in the supersaturated 
state is 57° C. The densit)^ of the supersaturated steam at this 
stage is about three times ‘the density of saturated steam at the 
same temperature. The ratio of the density or the pressure to the 
saturation value at the same temperature may be taken as a 
measure of the sypersaturation. The ratio of expansion to the throat, 
according to equation (20), is only 1-6, the degree of supersaturation 
at this stage is comparatively slight, and the condensation rela- 
tively slow. But, if we supposed the state of supersaturation to 
continue until the pressure had fallen to a tenth of its initial value, 
corresponding to a ratio of expansion 5*9, the temperature would 
be 20° C. below zero, and the density woidd be about a thousand 
times the saturation .value at this temperature. We have no 
experimental knowledge of the rate of condensation under ^uch 
couditions, but it must evidently^ be extremely rapid. Since a 
relatively small change (1*6 to 5*9) in the expansion ratio makes so 
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great a change (8 to lofto times) in the supersaturation, we should 
infer that the limit of expansion at which condensation begins^ 
would be very sharply marked. 

Lord Kelvin {fhiL 1870) showed that the vajik)^ir pressure 
p in a fog containing drops of rad^is r, was given by the equation 

/fTlog,(;>/po) = 2Fn/r, (28) 

where is the normal vapour pressure at the temperature* Tj and 
Y is the surface tension of the liquid of s|x?cific volume v. The 
ratio p/po is the measure of the supersatiiration. According to this 
equation, the radius of a drop in equilibrium with the vapour at 
20® C. when the supersatiiration p/po==8, should be 5 x 10~*cm., 
which is something approaching molecular dimens4>ns. * 

C. T. R. Wilson {Phil, Prana, ^ 1897) has showirthat water vapour 
mixed with air at 20® C., in the absence of dust or other nuclei, 
can be expanded until its pressure is eight timps that of saturation 
witRbut any condensation occurring; but that, if this limit be ex- 
ceeded, condensation takes the form of*an excessively thick fog 
of very fine particles, as though the vapour its(*lf contained in- 
numerable nuclei capable of acting as centres of condensation. It 
seems probable that these nuclei arc the coaggregated mofccules 
(required for explaining the deviations of the vapour from the 
laws of gases) which are larger than the single molecules, and are 
“capable of starting the condensation when tiic supersatiiration 
reaches this limit. The condensation, once started, will be extremely 
rapid, owing to the enormous number of nuclei available, about 
10** per lb. at 20° C. 

For steam initially saturated, cxpaiiding according to the law 
ppi.3^ ^^tbe limit of the supersaturated state is reached when 
the pressure has fallen to about one-third of the initjal value. The 
exact pressure at which condensation begins cannohbe determined 
with certainty, but is immaterial for the present [lurpose. The 
important point to observe is that there will be no appreciable 
condensation in the throaty so that the mass discharge is determined 
by the equation for dry or supersaturated steam. But that soon 
after passing the throat, the condensation will be extremely rapid, 
so that the ren&inder of the flow in an expanding nozzle approxi- 
mates more nearly to that given by the ^iabatics of wet steam. 
Thus«for steam initially dry and saturated at lOOlbs, abs. the 
throat pressure will be 54*0 lbs., ^nd the discharge 1*50 lbs. per sec. 
per sq. in, of throat. Condensation will begin when the pressure 
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has fallen to abo\jt 85 lbs.» and the temperature from 164*8° 
jto 70° C. The saturation pressure at 70° C. being 4*52 lbs, is about 
an eighth of the actual pressure, namely 86 lbs. At this pressure 
we may suppBse, in order to simplify the calculation, that the steam 
is^instantaneously transformed fit constant total heat H = 619*2, 
into wet steam at saturation temperature (say T = 400° C.)p 
t = 126*25° C. If the steam had expanded reversibly in the wet 
state from 100 to 85 lbs., its total heat would have been Hg = 616*8, 
which is 2*4 less than the value 619*2. The condensation involves 
an increase of entropy 2*4/400, from 1*6082 to 1*6142, because the 
change from the unstable state of supersaturation to the equilibrium 
state of wet steam is an irreversible process. The expansion may 
then be Supposed to continue, following the adiabatic O = 1*6142 
for wet steam. The exact point at which the change is supposed 
to occur makes very little difference, because it affects only the 
jmall change of entropy. In point of fact the change would be 
x)ntinuous, since it involves an increase of 16 per cent, in^the 
volume, from 9*9fe2 (supersaturated) to 11*210 (wet). Some super- 
saturation would still \)ersist at lower pressures, because the con- 
densation cannot maintain exact equilibrium when the expansion 
is so Tfhpid. This would tend to raise the entropy still further, so 
that the wet adiabatic 1*0142, represents the limit of possible 
perlormanee. In consequence of the increase of entropy, the 
volume at any given pressvire will be slightly greater than it would 
have been if the steam had followed the wet adiabatic from the 
saturation point. The change of path may be more readily appre- 
ciated by reference to the diagram, in a later section. 

103. Example of Discharge of Supersaturated Steam. 

The following table illustrates the relation between 'ihc cross- 
section of a noizle and the pressure of the expanding fluid at any 
point, as calculated for various cases by the method explained in 
the previous section. f 

The values of X/Xf calculated from the usual type of equation* 
PV^ « Kf depend only on the ratio P/Pg , but those for actual steam'" 
depend to some extent on the absohjte value of Pq, It is therefore > 
impossible to give an exact table of ideal values tb suit all cases, 
but in practice it is sufficient to calculate the final area to suit the 
final pressure, and connect it to the throat by any smooth contour 
having a sufficiently small angle of divergence to secure stream line 
fiow as nearly as is practically possible. 
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Table 1. Ratio X/Xf in terins of P/Pq forVarious cases. 



For ^rfect gas with index 

For steam with p 100 lb. 

per 

cent. 

7 = 1*40 

7 = 1*30 

y = lli)4 

From 

tables 

Super- 

saturated 

With ‘ 
friction • 

90 

1*620 

1*686 

1*623 

1*630 

1*688 

1-665 

80 

1*221 

1*201 

1*165 

1*172 

1*202 

1*189 

70 

1*073 

1*061 

1*041 

1*042 

1*062 

1*063 

60 

1*012 

1*007 

1*001 

1*002 

1*007 

1*004 

60 

1*002 

1005 

1*016 

1*014 

1*006 

1*008 

40 

1*038 

1*061 

1*083 

1*080 

1*061 

1*062 

30 

1*134 

1*162 

1*228 

1 1*224 

1 1*320 

, 1*337 

20 

1*346 

1*403 

1*638 

1*633 I 

1*642 

1*684 

10 

1*931 

2*076 

2*420 

2*418 

2*676 

2*699 

6 

2*900 

3*214 

3*992 

4*009 

4*266 

4*664 

2 

6*169 

6*959 

8*062 

8*158 

8*660 

9*680 

1 

8*116 

9*680 

13*967 

14*338 

16*176 

17*210 

Xtin 

sq. in. for Jf = 1 lb. per sec. 

0*700 

* 0*668 

0*€79 


The values given in the column headed y =» 1*40 would represent 
the case of a nozzle for expanding compressed aii^ In the absence 
of friction or pre-heating, the temperature would fall below the 
liquefying point of air, when the pressure was reduced to 1 per cent 
of its initial value. The values in the colimm y = 1-80 similarly 
represent the case of steam when sufficiently superheated to prevent 
condensation. The value of the index y — 1*1304 represents very 
closely the case of steam initially dry and saturated at a pressure 
of 100 lbs. per square inch abs., on the assumption that the con- 
densation is able to keep pace exactly with the expansion, so that 
the temperature of the steam is always that of saturation corre- 
sponding with the pressure. The values calculated from the Tables 
for steam in this initial state are given in the next coJiAnn, M,nd show 
a very close agreement from 100 to 10 lb. pressure, because the 
value of the index 1*1804 was selected to fit tlus case. For lower 
pressures the actual expansion of the steam is rather larger than 
that given by the index 1*1804. 

The primary effect of supersaturation is to increase the dis- 
charge by aboi^ 5 per cent, for a given throat area as compared 
with that usually calculated for saturated steam. The secondary 
effect is to cause an increase of entropy and volume after passing 
the ttet>at when the steam becomes wet. The two effects taken 
together require, for a given throat area and ratio of initial to final 
pressure^ an increase of 6 to 8 per cent, in the final area of the 
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divergent cone, or^an increase of length of 8 to 4 per cent, for a 
•given angle of divergence. 

104. Method of Calculation, includinij; Friction. The 

following table shpws the mcth(9d of calculation, in F.P.C. units. 


Table II. 


Section calculated for supersaturated i 
steam 

Corrected for friction 

P 

1 

fccj 

V 

m 

Ho-H U 

V 

X/M 

90 

4*76 666 

4*826 

1-061 1 

4*74 664 

4*826 

1*063 

80 

, 9*96 947 

6-281 

•803 

9-85 942 

6*284 

*808 

70- 

r 16-67 1188 

6-861 

-709 

16-42 1179 

6-858 

*716 

60 

22-64 ,1410 

6-688 

*673 

21*66 1394 

6-604 

*682 

Throat 

25*90 1628 

7-088 

•668 

26*22 1608 

7*114 

*679 

50 

29-31 1626 

7-675 

•671 

28*44 1601 

7-613 

*685 

40 

37-77 1846 

8-991 

•702 

36-34 1810 

9-070 

•722 

3(f 

48*79 20§7 

12-84 

•882 

46-41 2046 

12-90 

. -908 

20 

64-47 2411 

18-37 

1-097 

60-32 2332 

18-63 

1*144* 

10 

89-65* 2843 i 

33-97 

1-721 

81-61 2712 

34-64 

1-834 

5 

112*97 3191 

63*01 

2-843 

100-2 3006 

64-71 

3-101 

2 

141*31 3670' 

143*4 

6-786 

121-4 3308 

149-6 

6-51 

1 

161*08 3810 

268*3 

10-141 

136-1 3490 

283-3 

11-69 


The value of the heat-drop Hq ~ II for supersaturated steam 
may be calculated directly from the adiabatic equation, IX (82), 
which is practically the same as that for a perfect gas. This methoA^ 
is equivalent to first finding T from the adiabatic = A*, and de- 

ducing H from the general expression IX (11 ), or Table IV, App. Ill, 
But it is less trouble in practice to find t by interpolation from the 
<)-table for supersaturate'd steam. Thus if Pq == 100, Hq = 661 *82, 
and Oq ~ 1*6082 (Table II), we find t = 99*60° at P = 50 in Table VI, 
The corresponding value of H from Table IV for supersaturated 
steam is founcl by interpolation to be 682*51, whence ZIq ~H = 29*81, 
the value required. The velocity U is found from the formula 
U = 800*2 (2d'3lfl^ = 1625. The volume V is found from H and P 
by the formula for dry steam giving V == 7*575, whence 
X/M= 144 F/C7 = 0*671, « 

For pressures below 85 lbs, (assuming instantaneous conversion) 
the tables for saturated steam are employed, with the corresponding 
formula for the heat-drop, substituting Oq = 1*6142 as already 
explained, and the corresponding values of = 126*25°, Hq =c?619*2, 
Gq ^ 25*48 (Hq = 619*2 is the v^lue for supersaturated steam at 
85 lbs., and the value of Oq for the wet steam at the same H and P 
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is given by {H + (r)/T - 1-6142). V is found frc^ H by the formula 
for wjet steam. U is given by the heat-drop reckoned from thd 
initial state Hq =| 661-82, and XjM follows as before 

The effect of friction must alw|iys be to increase the entropy and 
diminish the available heat-drop for any given limits of pressure. 
*This involves a diminution of velocity and an increase of volume (as 
compared with the values calculated for frictionless flow)^ both of 
which tend to diminish -M/X, i.e. to diminish the discharge for a 
given area or to increase the sectional area required for a given 
discharge. 

The effect of friction in the throat on the discharge for a given 
throat area, can be estimated by employing the nozzh as a simple 
throttle, and observing the loss of pressure and^ of available heat- 
drop for small pressure differences as the discharge approaches a 
maximum. For a convergent-divergent nozzle with a stream-line 
coi^our, ,it is passible to raise the back-pressure considerably 
above the throat pressure without appreciably .affecting the dis- 
charge or the velocity in the neighbourhood of the throat. The 
initial and final velocities being small, the actual heat-drop is small, 
and is readily estimated by observing the initial and fin^ con- 
ditions. The defect of heat-drop from that due to the pressure 
difference in frictionless flow, is an approximate measure of the 
throat friction, provided that due allowance is made for any heat 
losses. The best form of contour for the throat may be determined 
by experiments of this kind. There are few satisfactory observations 
available, but it appears that the order of magnitude of the throat 
friction may be approximately represented, for a short stream-line 
nozzle, by a fractional reductiqn of the heat-drop given by the 
formula where Pq is the initial pressure in lbs. per sq. in. 

and D is the throat diameter in inches. This amounts to 1 per cent, 
for 1 in. diam. at 100 lbs. abs., and appears to be of the right order 
of magnitude to account for the defect of the observed discharge 
from the theoretical formula for supersaturated steam. 

Friction beyond the throat will not appreciably affect the dis- 
charge, but tends to increase the sectional area required for a 
given final pressure. The amount of such friction in an expanding 
nozzle is at present .a somewhat uncertain quantity owing to lack 
of experimental data. Assuming that it varies as the square of the 
velociify, or directly as the heat-drop, the loss of heat-drop due to 
friction would be represented b/a percentage proportional to the 
tieat^jdrop itself. This is the simplest assumption that can be made, 
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and appears to ac^rd fairly with the scanty and imperfect data 
\kvailable. 

The valu^ given in the last column of the preceding table as 
including friction, are calculated pn this assumption in the following 
manner. The theotetical limiting values of the heat-drop for the 
case of supersaturation with Pq = 100 lbs, are first calculated^ 
according to the method already given. The corresponding values 
of V and U give MjX at each point, from which the ratios XjXf 
are obtained, as given in the column headed “Supersaturated.” 
To make an approximate allowance for friction in a typical case, 
the throat friction is taken as 2*5 per cent, of the heat-drop to the 
throat c^cnlated by equation (12), namely, 

Hq- //< = (•18(j 42 + -00045) (661-82 - 464-0) = 25-90 cals. C. 

According to the formula (Hq ~ H^)IPJ) for the throat friction as 
a fraction of the heal-drop, this is equivalent to taking the tl^roat 
diameter D as l.cm. or s4 inch. The percentage reduction due to 
friction in this case is one-tenth of the heat-drop. All the other 
values of the heat-drop are accordingly reduced by a percentage 
equal ,to one- tenth of the heat-drop in calories at each point. This 
gives a reduction of 9 per cent, in the heat-drop at 10 lbs, and 
16 per cent, at 1 lb. — ^values which are within the range of possi- 
bility for a nozzle of this size with so large a ratio of expansion^ 
The values of XJ and V are then calculated from the reduced values 
of the heat-drop, and the ratios XjXi found as before. 

The effect of friction in the expanding portion of the nozzle 
should evidently be roughlj’^ proportional to the length of the nozzle, 
other conditions being equal. The friction may therefore be reduced 
by diminishing the length or increasing the angle of divergence. 
Increase of length, on the other hand, with reduction of angle, 
gives a more effective stream-line flow, and also diminishes the 
loss due to supersaturatiou by allowing more time for the steam to 
condense. Experiments on these points are wanting, but it appears 
that the dimensions selected in practice represei;it an empirical 
compromise between these opposite effects. It should be observed, 
however, that the usual method of calculating tl\^ final sectional 
area for a given pressure neglects both friction and supersaturation, 
and may give results 20 per cent, too small. This would perhaps 
explain the. common observation that a nozzle generally •Vorks 
better when the final pressure i^ somewhat higher than that for 
which it was designed. The effects of friction and supersaturatiou 



x] FLOW THROUGH A NOZZLE 240 

are too large to neglect in the design, and further experiments on 
these points are desirable. 

105. Variation bf Dischar|:e with Initial Temperature. 

Additional evidence with regard to the law of the discharge, may 
4)e obtained by taking observations at the same pressures, but at 
different initial temperatures. As an illustration we may apply the 
theory of supersaturation to explain some results quoted by 
Prof. Mellanby (Proc. Inst. Mech. Eng., Feb. 1918, p. 295), in which 



f 

Fig. 22. Variation of Discharge with Temperatiiro, 

the discharge through a nozzle J inch diameter and J inch long, with 
a rounded entrance of J inch radius, at an inlet pressure of 74*2 lbs. 
and back-pressure 41*5 lbs. abs., was measured by means of a 
surface condenser, at various degrees of initial superheat. The 
observed value^of the discharge in lbs. per hour are plotted on a 
large scale’ against the initial temperature Fahrenheit in the ac- 
companying Fig. 22, the observations being represented by crosses. 
The rfeiiiult found with dry saturated steam at 806*8® F. is shown by 
the cross enclosed in a circle at 186*0 lbs. The value of the discharge 
at thi9 point calculated by the usual formula for wet steam is 188*4, 



346 PR0PERTU5S Og STEAM [cH. 

whereas the formula for supersaturated steam gives 199*0 lbs. This 
result would appear at first sight to justify the usual formula, 
except that the coefficient of discharge is surprisingly close to unity 
for so'ispiall a nozzle with so long a throat. Pron Mellanby found 
hoWeyer a coefficient of discharge greater than unity with a shorter 
nozzle of the same size, but suggested that the discrepancy might p 
be due to the wetness of the steam, or the errors of the steam tables, 
rather than to any defect in the theory. But his results at higher 
temperatures do not support this explanation. ' 

According to the usual theory of reversible condensation, the 
maximum discharge as calculated from the tables should remain 
nearly constant (in this case) and equal to 188*2 lbs. per hour until 
the initial temperature is raised to 877° F. (at which point the 
steam would be jui^ saturated on reaching the throat) as shown by 
the nearly horizontal line 2 for steam which is wet on reaching the 
throat. V/hen the superheat is increased beyond this point, the 
discharge should fall off as shown by the curve 1 for dry or super- 
saturated steam. The observations however do not follow a broken 
curve of this type, but &re very closely represented by line 8, which 
is obtained by simply reducing the curve 1 for supersaturated steam 
by 6 per cent. This reduction may reasonably be attributed to 
friction in so small a nozzle, and the /om of the curve may be 
regarded as conclusive evidence in favour of the theory of super- 
saturation, since there is no indication of any well marked break. 

io6. On the Supersaturation Limit. The existence of . 
the loss due to supersatur^tioii in the rapid expansion of steam, 
appears to have first been pointed out by Prof. Nicolson and the 
author in a paper “ On the Law of Condensation of Stea^ ” (Proc, 
Inst,.C. E,, 1898, pp. 22-80) as a necessary consequence of the 
finite rate of tondensation shown by their experiments. They 
estimated that a drop of 50° F. below saturation, correspoiiding 
to a missing quantity of 5 or 10 per cent., might be expected under 
ordinary conditions in a high-speed engine. By measuring the 
temperature of the steam during expansion with a compensated 
platinum thermometer (Fig. 7) of very fine wire, they found that 
the observed temperature was always lower than that deduced from 
the indicator. But they pointed out that any thermometer, however 
sensitive, could be expected to indicate a small fraction ohiy of 
the fall of steam-temperature, because the condensation on its 
surface would tend to keep it at the saturation point. By measuring 




Adialtatie AC for Steam at tiie SapersatuFation Limit SS on the if log P 
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the adiabatic indes^for dry steam with a thermometer of the same 
type, they inferred that the loss of work, if there were no con- 
densation, mi^ht amount to 20 per cent, for large ratios of ex- 
pansion. But this was regarded as an overestimate, because there 
w^ l|;nown to be ^ limits althofigh Wilson’s experiments, which 
first afforded a direct determination of the limit in the case of moist • 
air at ordinary temperatures, had not been published at the time 
when the paper was written. The difference is readily appreciated 
by reference to the curves shown on the diagram (Fig. 28). The 
curve AB represents the adiabatic for saturated steam, the curve 
AD that for dry steam, expanding from 165 lbs. to 1 lb. without 
condensation. This shows a defect of heat-drop amounting to 
20 per cent, at 1 lb. The curve SS shows the supersaturation limit, 
drawn on the hypothesis that condensation begins very rapidly 
when the pressure is eight times the normal saturation pressure 
corresponding to the temperature. If the temperature of the steam 
cannot fall below this limit, the adiabatic for supersaturated steam 
AC will begin to diverge from the dry adiabatic AD at the point 
where it crosses the ciirVe SS, and the later part of the supersatura- 
tion curve will approximate more closely to AB than to AD. Since 
AC represents the limit of possible loss on this hypothesis, the 
actual adiabatic will probably lie somewhat below AC, but can 
never be isentropic, since there must always be a continuous 
increase of entropy so long as any supersaturation persists. 

According to the usual theory of supersaturation, based on the 
James Thomson isothermal, the SS limit would be reached at the 
point H, Fig. 17, Chapter •VIII, when F is a maximum (Maxwell, 
Theory of Heal, 1880, p. 290). This would give a pressure F„ 
upwards of 100 times that of saturation Fg in the case of steam at 
50® C., but asuumes a homogeneous transformation, and takes no 
accpxmt of the* action of the coaggregated molecules as discrete 
centres of condensation according to equation (28). Wilson’s 
experiments show that the effective SS limit occurs at a much lower 
ratio, Fgg/Fg = 8, at low temperatures, but afford no evidence of the 
constancy of the limiting ratio. According to Maxwell’s view, the 
ratio Fgg/Fg would fall very rapidly with increase of pressure, 
reaching the value 8 for steam at about P, = 760 lbs., and di- 
minishing to unity at the critical point. It is theoretically possible 
that the Wilson ratio, corresponding to a reduction of the^mean 
molecular distance to half the satumtion value, might hold through- 
out the practical range of pressures, but it appears more likely that 
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there is a continuous diminution in the ratio lyith fall of surface 
tension F. H. M. Martin (“New Theory of the Steam Turbine,” 
reprinted from Engineerirtgt VoL 106, 1918), taking the effective 
radius of the coaggregation nucleus as remaining Constant and 
equal to 5 x 10“® cm., and allowing for the variation of witti 
temperature, finds values of the pressure-ratio from equation; (28) 
varying from 11 at 0° to 4*8 at 100° C. The curve thus obtained for 
the SS limit is practically coincident with that shown in Tig. 28 
from 50° to 80° C., and gives very similar results when applied to 
the calculation of the effects of supersaturation at low pressures, 
where they are most important. There is some indirect experimental 
evidence, detailed in Chapter XVI, tending to show that the 
practical SS limit in turbines may be as high as the |jint of constant 
wetness QQ in Fig. 28. If this were the case, it wnuld afford a very 
simple and practical method of calculation, but the actual position 
of the line remains uncertain at high pressures, though there is 
every reason to believe that it cannot be lower than the line SS 
representing the constant ratio 8, which Aiay be safely assumed as 
representing the maximum limit of loss daie to supersaturation. 
For this purpose we may accept the Wilson ratio provisionally, 
though it must be admitted that further experiments are desifeable, 

107 . Reduction of Efficiency by Supersaturation. 

In the case previously considered, it was assumed, in order to 
simplify the calculation, that the rapidly expanding steam, on 
f reaching the supersaturation limit, was instantaneously transformed 
into wet saturated steam in the equilibrhim state, and remained in 
this state for the remainder of the expansion. This method gives 
a lower limit for the loss due to initial supersaturation. It is obvious, 
however, that some degree of supersaturation must persist through- 
out the whole of the expansion, since the transformation cannot be 
instantaneous. It is, therefore, desirable to make an estimate of the 
corresponding upper limit of loss, obtained by assuming the super- 
saturation line SS. 

For this purpose the supersaturation limit may be defined as the 
limit of the state of dry supersaturated steam in rapid expansion 
which is reach^ when the pressure is eight times the normal 
saturation pressure corresponding to the actual temperature of the 
steanf^ With this definition it is easy to calculate the properties of 
steam at the supersaturation jimit from the equation for dry 
steam' employed in this work, as shown in the following Table HI, 
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In order to find the limiting form of the adiabatic in very rapid 
^expansion it is n^ssary to make some additional assumption. 
The simplest and most probable assumption appears to be that the 
vapow itselftfremains at the temperature confesponding to the 
super^turation limit, so that fDesh nuclei are continually being 
formed throughout the expansion; but that the liquid particles# 
rise very rapidly up to the normal saturation temperature, and are 
subsequently maintained in the neighbourhood of this temperature 
by evaporation as expansion continues. The state of the mixture 
thus defined is easy to calculate, and affords a probable limit to 
the effect of supersaturation. 

If denote the total heat and volume of the dry vapour 

at the siq)ei^aturation limit as shown in the table, and if Hq, Vq 
are those of the wet mixture at any stage at the same pressure, we 
have the simple relation 

O {H,, - Hq^liH,, - K) = (F,, - F,)/(F, - t;,), (24) 

where hg, Vg are the totaj heat and volume of the liquid at the 
normal saturation temperature corresponding to the pressure. 

If there is no frictic&i or external heat-loss, we have the simple 
condition dH ^ aVdP defining the adiabatic, but the entropy no 
longer remains constant, and cannot be calculated by simply adding 
the entropy of the liquid to that of the vapour, as in the case of 
wet saturated steam, because the liquid and vapour are at different 
temperatures and not in equilibrium. The simplest method of 
finding the adiabatic under these conditions is a step by step process 
of integration of the fundamental relation. If single and double 
dashes denote the initial a^id final states in each step, the drop of 
n is readily found with considerable accuracy from the formula 

(ff'- H")l{aPT'- aP’T”) 

" - (log P'- log P")/(log P'r- log P"F"). ...(25) 

By assuming an approximate value of H” fr6m the relation 
dH = aV dp, a suitable value of V” is obtained from the relation 
between Hq and Vq, The formula (25) then gives a very accurate 
value of R'- R", provided only that the pressure"" range in each 
step is reasonably small, say not exceeding a ratio 1 to 2. 

The values of R obtained in this way for a particular adiabatic, 
starting with dry saturated steam at 165 lbs., are shown in the 
table under the heading “Theor.” for comparison with the tjorre- 
spending values of R on the usu|) adiabatic for saturated steam 
shown in the next column, headed “Sat.” Down to a pressure of 
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56 lbs. the steam is dry, and the values of H are found from the 
formula for dry steam. The steam reaches the supersaturation 
limit at a pressure between 56 and 46 lbs., and the succeeding 
values are calculatid in» successive steps. The last colifmn give^i the 
differences between the two adiaHatics, and shows that tiie loss 
due to supersaturation may become considerable when the expan- 
sion is very rapid ; but it appears probable that the values given in 
the table afford a fair estimate of the limit of possible los5 in the 
absence of friction. Similar losses must necessarily occur in tur- 
. bines, but the losses from supersaturation will be reduced when the 
expansion is less rapid, in proportion as more time is allowed for 
) the approach to the equihbrium state. 


Table III. 

Properties of Steam at the Supersaturation Limit (F.P.C.). 


p 

■C 


4*88 


K 


Adiabatic from 166 lbs. (dry sat. ) 

200 

116-69 

616-87 

1-4299 

1-7271 

197-80 

0-0184 

£mp. 

Theor. 

Sat. 

Diff. 

160 

108-87 

618-73 

1-4663 

2-1823 

186-63 

0-0182 

666-10 

666-10 

666-09 

0-01 

120 

100-68, 

620-08 

1-4863 

2-9306 

173-53 

0-0179 

663-08 

663-08 

662-50 

0-18 

100 

96-66 

620-60 

1-6062 

3-623 

165-72 

0-0177 

645-26 

646-26 

644-72 

0-64 

80 

89-68 

620-68 

1-6278 

4-407 

156-62 

0-0175 

636-14 

636-14 

636-01 

1-13 

64 

< 83-84 

620-46 

1-6496 

6-497 

147-97 

0-0174 

627-47 

627-47 

626-66 

1-91 

o6 

80-49 

620-22 

1-6627 

6-271 

143-00 

0-0173 

622-48 

622-48 

620-00 

2-48 

48 

76-72 

619-80 

1-6772 

7-295 

137-43 

0-0172 

616-99 

616-91 

613-70 

3-21 

40 

72-38 

619-20 

1-6943 

8-718 

131-08 

0-0171 

610-61 

610-43 

606-46 

3-98 

32 

67-23 

618-28 

1-6148 

10-829 

123-63 

0-0170 

602-73 

602-64 

697-72 

4-92 

24 

60-83 

616-86 

1-6411 

14-302 

114-49 

0-0169 

692-93 

692-84 

686-86 

6-99 

16 

62-27 

614-64 

1-6771 

21-122 

102-43 

0-0167 

579-64 

679-46 

572-09 

7-37 

12 

46-49 

612-73 

1-7022 

27-822 

94-41 

0-0166 

670-36 

670-27 

662-06 

8-22 

8 

38-73 

6’D08 

1-7376 

40-98 

83-76 

0-0166 

667-78 

667-72 

648-37 

9-36 

6-6 

32-26 

607-65 

1-7683 

57-67 

74-96 

0-0164 

647-10 

647^07 

636-83 

10-24 

4 

26-41 

606-37 

1-7974 

79-31 

67-11 

0-0163 

637-34 

6»7-33 

626-37 

10-96 

2-4 

17-99 

601-87 

1-8410 

128-89 

66-94 

0-0162 

623-07 

523-09 

611-11 

11-98 

1-6 

11-69 

699-16 

1-8766 

189-65 

47-66 

0-0162 

612-22 

612-24 

499-66 

12-69 

10 

4-74 

696-79 

j 1-9168 

296-71 

38-64 

0-0161 

600-17 

600-17 

486-68 

13-49 

0-8 

1-69 

694-67 

1-9357 

366-61 

34-66 

0-0161 

494-56 

494-66 

480-80 

13-76 


It is comparatively easy to calculate any desired adiabatic for 
supersaturated %team by the aid of the above table, using the 
^tep by step method. * But since the theoretical values are somewhat 
uiii^rltiin, it is probably sufficient for practical purposes to estimate 
the loss below the supersaturatiqn limit by an empirical formula of 
the type, H -- B ^ with m *= 1/11, and B = 228, which fits 
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the adiabatic witl^Jn a tenth of a calorie as shown by the column 
headed “Emp.” in the above table. The dry part of the adiabatic 
follows the usual formula for dry steam, with m = 8/18, and 
B « A Very fair approximation to the loss of heat-drop in 
the lat^r stages njay be obtained by taking 7*77 per cent, of the 
heat-drop for saturated steam. The loss at the supersaturatiorf 
limit is about 5 per cent, of the heat-drop to that point, but tends 
to a nearly constant percentage (7*5 to 8) at low pressures. 

The following example illustrates the method of calculation, 
which is instructive, because it may be applied to calculate any 
curve of this type, if relations between H and F, and dU and FdP, 
are given. 

Example, Find the adiabatic heat-drop from 8 to 5*6 lbs., 
taking the initial value H*— 557-72, (1) for saturated steam at the 
normal saturation temperature, (2) for supersaturated steam if 
the temperature of the vapour is at the supersaturation limit, and 
that of the liquid at the normal saturation point. 

To find the initial volume V' in case (1) wc have the usual 
relation ' 

^ (H, - - h,) ^ (V, - VWs - 

which gives F'= 40-85. In case (2) we have the same relation with 
and V^g for Hg and Vg, and the value of V' comes out 86-85. 
A first approximation to the heat-drop H'- in either case, 
is obtained from the relation dH = aVdP by writing it in the form 
qp'F' {dp/p ) — since pV changes slowly — and substituting p' - p'* 
for dp, and (p' + p")l2 for p. This gives for H' - H" in case (1) 
11-86, and in case (2) 10-74, which are in the ratio of the volumes. 
The resulting values of H" are 545-86, and 547-02. The corresponding 
values of F" are (1) 56-16, and (2) 51-02. 

, To obtain fnore accurate values of //'— H” we may then apply 
the integrated formula (25). In case (1) we find H'- H" = 11-762 
^ a second approximation, which is slightly greater than the differ- 
ence 11-54, shown in the table for saturated steam between 8 and 
5-6 lbs., because the initial state is /f'= 557-72 in place of 548-87. 
In case (2) we find the following values : 

apT' «*80-82, log apT' = 1-481729, log p' 0-90809 
29-89, log ap"V” - 1-468200, logp"= 0-74819 
Diff. ”o¥ 8 0-018529 01549a> 

Whence H'- 0-98 x 0-1 5490/0? 018529 « 10-650, as in the table. 

It would appear at first sight as though this were a very inferior 
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method of approximation, because the result seems to depend 
on the small difference 0*98 between ap'V' and ap''V'\ suggesting 
an order of accuracy of 1 per cent. only. But in reality this small 
difference is concerned* only with a small correction^' Thus,^’f we 
had taken the rough values ap'V'^ 30*3, and ap"V''= 29*4f'giviiiig 
the difference 0-9, we should have found H'— //"= 10‘645. *It is 
essential however to take the correct values of the corresponding 
logarithms to five significant figures in the difference, sihee the 
required correction depends on the difference of a;/log^ (1 + from 
unity when x is small. If ap"V"= ap'V =« 80*32, the value of the 
integral is only changed to ap'V' logg(p'/p”) = 10*813, in place of 
10*650. 

If we apply the same method of calculation to. the expansion 
from 100 lbs. (dry sat.) to 1 lb., in the case of the nozzle previously 
illustrated in Table I, we find the adiabatic heat-drop at the super- 
saturation limit to be only 150*92, as compared with ^62*98 at 
the*?aturation limit, a reduction of 7*87 per cent., which, may 
be regarded as the limit of probable ios§ due to supersaturation. 
The other limit already calculated on th^ supposition that the 
steam was transformed into the saturation state as soon as con- 
densation started, gave 161*08 for the heat-drop, showing a^much 
smaller reduction, because it was assumed that there was no further 
loss when once condensation had started. The loss of heat-drop 
due to supersaturation after passing the throat, does not affect the 
mass-discharge, but may materially reduce the efficiency in turbines 
in which large expansion -ratios are employed for each nozzle. 

Since no distinction has hitherto been possible between the 
effects of friction and supersaturation, all estimates of friction 
’ pteviously^made will include any effects of supersaturation. When 
the expansion is so rapid as it is in a nozzle with a lay^e expansion- 
ratio, it is very likely that the state of the steam will remain very 
near the SS limit throughout the latter part of the expansion. Thus 
if we take 15 per cent, as the whole loss for a nozzle of this size, 
about half will be due to friction and the other half to supersatura- 
tion. The supersaturation loss would be independent of the size of 
the nozzle, but the friction loss would be less for larger sizes. The 
final velocity remains the same for the same heat-drop, and is 
unaffected by the hypothetical subdivision of the loss as between 
frictidh and supersaturation. But if we suppose the final state to 
be approximately at the SS limit in spite of friction, there will be 
an appreciable diminution in the final volume as previously cal- 



254 


mommsms steam [ch. 

ciliated. With th^ same heat-drop, namely 185*1, at the SS limit, 
the volume comes out 259*1 in place of 288*8 at the saturation limit, 
and the value of XjM is reduced from 11*69 to 10*69. Further, if 
half^e eff^t previously attributed to friction is really due to 
shp^aturation, the numerical Value of the coefficient previously 
suggested for friction should also be reduced to one half. But thJ 
experimental data are difficult to interpret, and do not justify any 
certain conclusion. 

zo8. Stodola’s Experiments on Nozzle Friction. Stodola 
{Steam Turbines^ p. 52) measured the pressure at various points 
in a conical^ nozzle, and deduced the probable effects of friction by 
comparing the results with a theoretical calculation of the pressures 
on the assumption that the steam was in the equilibrium state of 
saturation throughout the discharge. It may be of interest to 
recalcularte these observations on the assumption that 4:he fiteam 
was in reality supersaturated. The nozzle employed had a diverging 
cone about 16 cms. long, with an angle of 8° 49\ and a throat 
diameter of 1*25 cm. The pressures were measured by connecting 
gauges to four small holes through the sides of the cone, and also 
by a central exploring tube, 5 mm. in external diameter, adjustable 
in position by means of a screw. The curve marked in the annexed 
Fig. 24 shows the effective cross-section of the conical part of the 
nozzle, allowing for the exploring tube, in relation to distance x 
measured along the nozzle in cms. from the throat. The curve is 
continued in the figure beyond the end of the actual nozzle to 
lower pressures, assuming*the cone angle to remain the same. The 
curve marked P<, shows the pressures in kg./sq. cm. calculated for 
frictionless expansion at the SS limit. The observed pressures, 
indicated by <J;he dots, are necessarily higher than the calculated 
pressures owing to friction. It was difficult to obtain steady readings 
of pressure above 1 kg./cm.* owing to the excessively rapid drop 
of pressure and total heat in the first 5 cms. of the cone. The curve 
DHfl indicates the drop of total heat in the same^cone at the SS 
limit. In order to get uniform acceleration of the steam, which would 
probably pcTimit steady readings, it would be necessary that the 
curve of heat-drop DH should be a straight line, such as DH„ 
(dotted), when plotted against x. The curve marked X„ represents 
tlie required cross-section of the nozzle for uniform heat-drop per 
cm. : the curve P„ shows the corresponding pressures. In this case 
the section would no longer be a simple cone, but would be nearly 
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uniform for some distance beyond the throat, ^his form of nozzle 
might be suitable for experimental purposes, but would be difficult.^ 
to make as compjired with the simple cone, and would involve 
increasing the length of the nozzle for the same expjtiision frf«^m 16 
to over 20 cms., with an increased^angle of divergence at flbe.enfl. 
The increase of angle could be avoided by a little extra length, but 
for purely practical purposes the simple cone might be best. 

Value of the Discharge. The observed value of the discharge 
during the tests is given as ilf = 0*158 kg./sec., corresponding to 
an initial state, 10*48 kg./cm.^, =*198° C., from which we 

obtain the following values, = 676*0 cals. C., Oq = 1*5964, 



po ~ 76*1, Vq = 0*2000 cb. m./kg., required for cfalculating the 
isentropic heat-drop to any lower pressure. 

The effective cross-section of the throat, allowing for the ex- 
ploring tube, is 1*030 cm.®. The discharge calculated for the initial 
state of dry saturated steam at 10*48 kg./cm.®, with V, = 0*1912, 
« 181*0° C., by the usual formula, MjX^ = 0*0199 (P^fV^fl^ 
assuming the A:eam to be saturated in the throat, comes out 
M « 0*1516 kg./sec. Allowing for the fact that the initial steam 
was siiiperheated 17° C., but still supposing the steam to be saturated 
before reaching the throat, the calculation of the discharge is more 
troublesome, since it is necessary to find by trial the pressure at 
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which XJM is minimum. The result found in this Way is 
M » 0*1584 kg./sec., which shows a slight increase due to the super- 
heat, and agrees very closely with the observed discharge, namely 
0*15^g./sec| but leaves very little margin to allow for any re- 
(kicti^*due to friftion. ® 

If on the other hand we assume that the steam is still dry and 
supersaturated on reaching the throat, and calculate the discharge 
in botfi cases by the same formula with the coefficient 0*0209 in 
place of 0*0199, we find 

For steam initially saturated at 181° C., M = 0*1592 kg./sec. 

For steam initially superheated at 198° C., M = 0*1559 kg./sec. 
showing a d^minviion of the discharge with superheat, which agrees 
with the intei^r^ation of Mellanby’s experiments given in sec- 
tion 105. 

In this case it is necessary to suppose that the effect of throat 
friction *is to reduce the discharge from 0*1559 to 0*158 k«./sec. 
According to the formulji 1/Po^ (F.P.C.) suggested in section 104, 
for the fractional reduction due to throat friction, with Pq == 149 
Ibs./in.^ and B = 0*5*in., the reduction should be 1*3 per cent.; 
but |he presence of the exploring tube increases the frictional 
surface in the proportion of 7/5, giving a probable reduction of 
1*8 per cent., which happens to agree exactly with the reduction 
from 0*1559 to 0*158 kg./sec. 

Estimate of Frictional Loss, Stodola estimated the loss by 
drawing a curve similar to Pg in the previous figure, giving the 
pressure distribution along the nozzle for frictionless expansion 
at the saturation limit; and by adding two similar curves for a 
reduction of 10 per cent,, and 20 per cent., respectively, in the 
heat-drop at each pressure. For a given value of thp- discharge, 
such as M =*0*158, it is easy to calculate the values of X and x 
corresponding \o any assumed value of P with 0,^10 per cent., and 
20 per cent, loss, respectively, in the following manner. Find 
for the assumed P, deduct 10 per cent, and 20 per cent., and find 
the corresponding values of U and V, Deduce X feom the formula 
X = lOfiOOMVjU (K,M.C,), and find the value of x allowing for 
the exploring tube. 

For instance, at 

P = 0*844 kg. (12 lbs.), E, = 687*02, V, = 2*021 (K.M.C.). 
laentropic PP*= 103*89, V = 932*6, V = 1*779, X = 2*918, x = 5*01 om 
Loss 10% DH = 93*50, V = 884*8^* V = 1*818, X = 3*143, x « 5*46 „ 
Loe820%2>P » 83*11, 17 « 834*2, F = 1*857, Z » 3*405, 5*98 „ 
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By calculatihg a few points in this way, the required curves are 
readily drawn. The observed pressures for M « 0*158, plotted as, 
dots on the same scale, show the loss at each point of the nozzle 
by their position *in relation to the calculated cuw^es, S^qdola’s 
curves show a loss of about 10 p^r cent, at a pressure of^*8 kg., 
increasing to about 20 per cent, at 0*2 kg., and suggesting *even 
larger losses at lower pressmes. But these losses seemed rather 
large to attribute simply to friction, and he concluded frohi other 
experiments that the total loss for the nozzle investigated did not 
exceed 15 per cent. * 

The above method of estimating the loss is very simple and 
direct, but it gives a somewhat restricted scale at low pressures, 
where the loss is most important, and it does not pxiiibit the loss 
itself in the form of a curve on a uniform scAle. It also proves 
inconvenient for showing the effects of supersaturation in contrast 
with those obtained on the usual assumption* that the st^jam is in 
the ^uilibrium state of saturation throughout the expansion. For 
these reasons the same observations art reduced by a different 
method in the annexed figure, the actual Loss calculated for each 
point observed being plotted against the isentropic heat-drop at 
the same pressure. 

109. Curve representing Loss of Heat-Drop. The abscissa 
in the annexed Fig. 25 is the isentropic heat-drop DH^ in calories C. 
at any pressure, representing the limit of possible performance; the 
ordinate is the loss of heat-drop at the same pressure, plotted on a 
five times larger scale. The curve ACD represents the defect of 
heat-drop along the dry adiabatic starting with the initial state 
P = 10*48, t = 198° (K.M.C.). A represents the point at which the 
steam roaches the saturation limit, with DH^ = If , nearly. The 
point B corresponds with the throat of the nozzle. The supersatura- 
tion limit is reached at the point C, where DH = 56*4, and 
with a loss of 8 cals., or 5 per cent. The curve CSS is the adiabatic 
at the supersaturation limit, which is not isentropic, the entropy 
increasing from* 1*5964 before condensation starts, to 1*6048 at C 
after condensation starts, and to 1*6405 at a pressure of 1 lb. near 
the end of the durve CSS. The curve CS, which is nearly a straight 
line, represents the assumption that the steam remains at the 
satiirlttion limit, without further increase of entropy, after passing 
the point C. The value of the entropy at any point when the steam 
IS no^ in a state of equilibrium is estimated from the formula 

as. 17 
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® «* {E + G)/T, Ipr supposing it transfonned to the equilibrium 
state at constant pressure. The point at which the SS limit is 
reached in the absence of friction may be found from the table SS 
by tUking tli pressure (about 89 lbs, in this case) at which <[>„ 
iiS»equarto the in^ial value 1*5904. 

The small circles in the figure represent the observations of 
Stodola as reduced on the assumption that the steam is in the state 
of saturation. The whole loss in this case is attributable to friction 
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alone. The crosses not enclosed in circles represent the reduction 
of the same observations on the assumption that the steam is at 
the SS limit, represented by the curve CSS. The loss due to friction 
in this case is measured by the height of the crosses above the curve 
CSS, the remainder of the loss, below the curve, b6ing attributable 
to supersaturation. 

Taking first the circles, representing the usual h 3 rpothesis of 
saturation, it will be seen that tfrey lie roughly on a curve rising 
very steeply at low pressures, and reaching a maximum loss of 
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80 cals., olr 20 per cent* of the isentropic heat^rop at the end of 
the nozzle, where P « 0*20 kg./cm.*. 

Method of Calculation. The method of calculation for the separate 
observations is much^the same as that previously^^ven for the 
cu^es, but is performed in the re^rse order. Iq the prey^us^caJe, 
^P and DH are assumed and it is required to find X and x. In the 
case of the observations, P and x are given, and DH is required. 
As an example of the method we may take the first observation, 
P = 0*742, at the point x = 5*67 in the side of the nozzle. 

X = 5*67 gives X = 8*248, whence if = 0*158, we have 
UjV - 471*0. 

P = 0*742 gives 108*88, 635*59, st,^ 5i4i-d, 

F,= 2*280. . • 

Taking DH = 100 gives U = 915*1, H^ - H = 59*59, V = 2*080, 
r7/F« 450*7. 

lliking DH = 107 gives U = 946*6, H^- H = 66*59, V =* 2*002, 
U/V = 472*8. • 

By interpolation at UIV * 471*0, wc obtain DH « 106*4, 
whence the loss is 2*0. 

The pressure at the same point, x = 5*67, observed wifh the 
central exploring tube, was 0*797, giving DH^ = 106*2, DH = 96*6, 
loss = 9*6 cals. C., suggesting that there was a real difference of 
pressure between the centre and side of the jet at this point, owing 
to the too rapid increase of section of the cone. The mean loss for 
the whole section would probably be intermediate between the two, 
about 6 cals, at DH^ « 107. The four observations taken at the 
side of the nozzle are marked with crosses ( + ) enclosed in the 
circles. The remaining three of t&ese are seen to agree as closely as 
could be desired with the plain circles representing thf observations 
with the central exploring tube. 

It is evident that the curve of frictional loss deduced from these 
observations, on the assumption that the steam is saturated, is of 
a highly improbable character. The curve is much too steep, and 
tends to cut the axis, giving zero or negative loss at pressures above 
1 atmosphere; while it gives losses which are too large to attribute 
pu^y to friction at low pressures. These peculiarities cannot be 
attributed entirely to errors of observation, in spite of the great 
diificilSties of the experiments. They appear to be chiefly due to the 
error of the assumption that thensteam is in the equilibrium state 
of saturation; but there may also be some small systematic errors 

X7-2 
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in the pressure mfsasurements, which require consideration when 
t dealing with steam at such extremely high velocities. 

Correction of the Pressures, When steam or other fluid is flowing 
parail^ to a'^jurface with high velocity, the pressure near the 
surface w?ll be raisf d by the frictfonal retardation of the stream. The 
pressure in a small hole at right angles to the surface, being theP 
same as the pressure at the surface, will be higher than the pressure 
in the main body of the stream. Moreover, an exploring tube with 
its length parallel to the stream, and provided with a small opening 
at right angles to its surface, will have all its indications raised by 
friction in a similar manner, so that the effect in question cannot 
easily be detected or measured experimentally. There is no certain 
method of calculating the effect in the case of turbulent flow, but 
the rise of pressure at the surface will evidently be proportional to 
^ the velocity-head, which is U^l2gV in gravitational units, and is 
commonly measured with a Pitot tube. At ordinary velocities, 
such as are familiar in aeronautical tests, the velocity-head is 
insignificant as compared with the absolute pressure to be measured 
and the error is negligible; but in a steam-nozzle, where the velocity- 
head at low pressures may be four or five times the absolute pressure 
of the medium, the correction may evidently become very import- 
ant, even if it is only a small fraction of the velocity-head. 

Since DH is proportional to U\ and X is proportional to VjU, 
the velocity-head, and the required pressure-correction, may be 
taken as proportional to DHjV, or to U/X, Although the absolute 
magnitude of the correction is unknown, the relative values are 
fairly certain, and it is easy to try the effect of assuming different 
atbsolute values. Taking the correction as 0*018 at 0*20 kg./cm.®, 
^hear the end of the expansion, it would amount to 0*042 on the first 
:obse 3 wation at 0*742 kg. Repeating the calculation with the cor- 
rected pressures, the loss'at the lowest pressure is.reduced by more 
than a half, but the loss at P = 0*742 becomes negative, and the 
loss curve tends to cut the axis at a higher point near 110. This 
correction does not help to explain the observations satisfactorily 
on the assiunption that the steam is saturated. The assumption of 
the state represented by the curve CS makes little difference. We 
conclude that the state must be something nearly approaching the 
curve CSS, representing the supersaturation limit. 

110. Effect of SupersatiKration. If the supersaturation 
limit is assumed to represent the probable state of the stenmi the^ 
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method of calculation ia exactly the same as for saturated steam^ 
except that the expansion curve follows the dry adiabatic as far^ 
as the point C, and that the relation employed in deducing V from 
H is that appropnate to the SS limit. If the observed values Of the 
pressure are employed without cc^ection, the pbservatip^fs, when 
•plotted, give a curve which does not show any tendency to cut the 
axis, as in the previous case, but gives rather high values at low 
pressures', 'reaching 89*5 cals, or 25 per cent, at 0-20 kg,, &f which 
about 7 per cent, would be attributable to supersaturation and * 
18 per cent, to friction. The pressures were accordingly corrected 
by deducting 2 per cent, of the velocity-head at each point. The 
results thus obtained are shown by the plain crosses, ( x ) for the 
observations with the central exploring tube, and ( ‘M- ) for those 
taken through the side of the nozzle. The loss at 0*20 kg. is then 
about 17 per cent, of which 10 per cent, is debited to friction. If 
the circles representing the reduction of the observations on the 
saturation hypothesis are disregarded, it will be seen that the 
observations fit fairly with the dotted curve FF, in drawing which 
the frictional loss is represented by the empirical term 0*006 
added to the curve ACSS representing the supersaturation loss. 
This is the simplest type of formula by which the observatiOiis can 
be represented with any degree of probability, but the observations 
are not sufficiently consistent, and do not extend far enough to 
exclude a variety of other assumptions. It is quite possible that 
the pressure-correction should be increased to 8 per cent, of the 
velocity-head, in which case the loss attributable to friction would 
be further reduced to about 6 per cent, at 0*2 kg., but the curve 
would still be of a probable type. The hypothesis of supersatura- 
tion evidently affords a possible explanation of the observations, 
besides being intrinsically probable on other grounds. It is also 
required to explain the great improvement effected by a moderate 
degree of superheat, which follows naturally if the supersaturation 
loss is a large fraction of the whole, but cannot be explained satis- 
factorily on thTOretical grounds if the steam is saturated. 

ZZZ. Effect of Superheat. In order to make an estimate 
of the probablS effect of superheat in improving the efficiency of a 
nozzle, we may consider the reduction of supersaturation separately 
from^hat of friction, to the reduction of which alone the improve- , 
ment has generally been attributed. Since the motion is turbulent^ 
the of superheat on the friction cannot be predicted with 
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any degree of certainty, but it is possible to calculate the reduction 
pf the supersaturation loss by assuming the expansion to proceed 
at the SS limit in the absence of friction, and the result so 
obtaiked will ^{pply with close approximation m the presence of 
frietion UQ the welJ[-known principle of the independence of small 
corrections. 

To facilitate the calculation we require in the first place a simple 
rule for' deducing the adiabatic heat-drop in expansion at the 
SS limit. It has already been shown that, for a large range of 
expansion, when the initial state is dry saturated, the loss due to 
supersaturation at the SS limit approximates very closely at low 
pressures to a constant percentage, 7*78 per cent., of the adiabatic 
heat-drop for saturated steam under the same conditions. When 
the initial state is ohe of superheat, the two expansion curves coin- 
cide so long as the steam is superheated, but the percentage re- 
duction remains very nearly the same for that part of the expansion 
which is below the saturation limit. The rule for finding the adiabatic 
heat-drop for supersaturated steam at the SS limit in the case of 
initial superheat is consequently as follows: 

Rule. Find the adiabatic heat-drop DII^ for saturated steam 
under* the same conditions, and deduct 7/90, or 7*78 per cent., of 
that part of which is below the saturation limit. 

As an example of this rule we may take the case of the nozzle 
last considered, in which the initial state was p = 10-48, i ~ 198° 
(K,M.C.), giving 0-1-5964, 676-0, = 181-0° C., superheat 

17° C. 

The adiabatic heat-drop for saturated steam from this initial 
state to a final pressure 2-'4lbs., or 0-16874 kg., is found by the 
usual rule to be DH^ — 155-86 cals. C. With O — 1-5964, = 668-55 

IProm Table H App. Ill, the steam reaches the saturation limit 
after a drop of l«2-45 cals.', leaving 148-41 as the pajt of DH^ below 
the saturation limit. To find the loss of heat drop due to super- 
saturation we take 7/90 of 148-41, giving 11-14 cals. Subtracting 
this from DJI^f we obtain Dff^ = 144-62 as the adiabatic heat-drop 
at the SS limit. This result is the same to the last figure as that 
obtained by the somewhat laborious process of integrating aFdP 
with the aid of Table SS. 

The method of calculation, and the reduction of the SS loss 
by superheat, may be illustrated graphically by supposing the Itiurve 
ACSS in the last figure shifted to the right as the superheat is 
increased. In the present case the required correction may be read 
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directly from the curve, which is drawn for 17® superheat, 1 
the ordinate at 155*86, namely 11*2 cals. 

To find the effect of a moderate degree of superheat in reducing 
the SS loss for this particular nozzle, it will be sufficie^ to calculate 
and for two cases, (l)4nitial state dry saturated', and 
(2) with initial superheat such that the steam is just sat(irate& on 
reaching the throat. The initial states for the same pressure, 
P = 10*48 (K.M.C.), are 


(1) / 181*01° C., 0 = 1*5770, = 666*41, Fc- 0*1910, 

G = 49*74 (K.M.C.). • 

(2) t = 220*58® C., O = 1*6244, H = 688*80, V = 0*2121, 
G = 118*03 (K.M.C.). 

* 

In finding (2), to make the steam just satnrat^d on reaching 
the throat, the value of is taken as 0*5457 Pq , = 5*72, giving 
0,= 1*6244, ^5 = 156*18° C. in the throat. The values of 
Ffl, 111 Go, are found by interpolation with* this value of O in 
Tables VI, IV, V, and VII. • 

An approximate solution may be obtained by taking the same 
final pressure, 2*4 lbs., or 0*16874 kg., in each case, which gives 
the results 


(1) 152-7, 

DH„ = 140-8, 

U = 1086, 

V = 6-921, 

Vir = 156-9 (K.M.C.). 




(2) DHi =■ 159-5, 

BH„ = 149-4, 

17 = 1118, 

r = 7-124, 


UjV = 157*0 (K.M.C.), 


showing an apparent improvement in DH„ amounting to 8*6 cals. C. 
But since the values of U/V do not fit with those of M/X for the 
final section of the nozzle, it is i^cessary to repeat the calculation 
at a second, pressure in order to allow for the effect of superheat in 
altering the discharge M and the final pressure which the nozzle 
is capable of utilising efficiently. 

Repeating the calculation for P = 2*2 lbs. or 0*1547 kg., we 
obtain 

(1) 155*2, DH„ = 148*1, U = 1095, V = 7*494, 
VjV ^ 146*1 (K.M.C.). 

(2) I>If4.*=162*l, Dff„ = 151*8, 17=1127, F = 7*712, 

UjV = 146*1 (K.M.O.). 

will be seen that superheat does not appreciably affect the 
values of {7/F, which are nearly 4^he same in (1) and (2) at the same 
final pressure. But it reduces the discharge, and alters the pressure 
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at the iinal section of the nozzle^ X « 10*47 cm.*. Taking the throat 
section as 1*08 cra.^, we have (l)ilf « 0*1594 kg./sec., (2) M:»0*1518, 
BM> that the final values of VjV in either case must be (1) « 152*2, 

(2) UjV « 14^J*5 (K.M.C.). By interpolation with these values of 
UJV Wu obtain the final values(i (1) P « 0*1627 kg., DH ,, « 141*8, 
(2) F - 0*1545 kg.', DHgg ~ 152*2 (K.M.C.) showing an improvement* 
in heat-drop of 10*4 cals, for 89*5° C. superheat, or 1 per cent, for 
each 5*4°'C. of superheat, which agrees fairly with observation. 

If we make a similar calculation on the hypothesis that the 
steam is in the state of saturation, with the corresponding values 
of M and 17/F, namely, (1)M = 0*1518, UjV = 145*0, (2)ilf- 0*1518, 
UjV = 144*5 (K.M.C.), we obtain by interpolation the final values 
of P and for saturation, (1) P = 0*1584 kg., DH^ = 154*5, 
(2) P s= 0*1600 kg.^, DH^ = 161*1 (K.M.C.), showing an improve- 
ment of heat-drop of only 6*6 cals., or 1 per cent, for each 9*8° C. 
of superjjeat, which js a much slower rate of improvement than 
is commonly obtained in practice. It will be seen that there is no 
improvement in the final' pressure with superheat, but rather the 
reverse, if the calculation is made on the saturation hypothesis, and 
that part of the improvement of beat-drop in the case of super- 
saturation is due to the reduction of the final pressure. It is neces- 
sary to take account of this in making the comparison, because the 
change in the appropriate final pressure will inevitably produce 
some effect on the performance even if the vacuum is not varied. 

The calculation of the effect has been made in the absence of 
friction, but the presence of friction will tend if anything to increase 
the advantage gained by the elimination of supersaturation loss. 
There may be some reduction of friction with superheat, but the 
amount of frictional loss and its mode of variation are too uncertain 
to be a profitable subject for calculation. 

r. 

XI2. Discharge through a Series of Throttles. The case 
of a series of similar throttles traversed by the same flow M, 
is of interest in relation to the theory of “labyrinth” glands and 
packings in which leakage is reduced by repeated throttling through 
small apertures. If there are N throttles, and if the sectional area 
X of each is the same, a simple solution is readily obtained on th^ 
following assumptions; (1) that the steam is dry, and that H remains 
constant, (2) that the drop of pressure at each throttle is ^mall, 
and (8) that the pressure at the throat of each throttle is equfd 
to the corresponding back-pressure. If the initial steam is dryi 
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assumption (1) requires that the product PV ^hall remain verj 
nearly consljpnt (neglecting 6) and equal to the initial value 
The flow is define^ by the simple relations 

UiM/X - VjV, whCTe V = PoFo/P, and U = 8oC\aVd^k 
Substituting for U and V we obtain immediatdy 
2 (lUM/mOXf (PoVola) - 2PdP 

= d (P*) = Po^- P,2 = (Po*- P^2)/jv, .?.(26) 
where P^ is the back-pressure after passing the last throttle. 

Transposing and reducing, we find ioTMjX in lbs. per sec. per 
sq. in., 

MjX = 0-473 V{Pg^-Pj^^)jNPoVo (F.P.C. or F.). .(27) 

The value of the constant for (K.M.C.) units is 0*0313. A formula 
of a similar type, but deduced by a somewhat different method, 
was given by Martin, Engineering, Jan. 1908, p^ 35, Steam Turhinea, 
pp. I3d-171. 

In many cases which occur in practice the number of throttles 
N is insufficient in comparison with the pressure range to permit 
of condition (2) being satisfied to a satisfactory degree of approxi- 
mation. The discharge in this case will generally be limitod by 
reaching the maximum value when the pressure-ratio for the last 
throttle exceeds the critical value 0*5457. In this case, the pressure 
Pjy" in the throat of the last throttle may considerably exceed the 
final back-pressure, so that the previous solution no longer applies. 
The discharge through the last throttle is then given by the usual 
formula 

MjX = 0*8155 (P7F')i/2 (h\P.C. or F.), 

= 0*0209 (P'lVj/^ (K.M.C.), 

where P', are the pressure and volume before the last throttle. 
Substituting P^ = 0*5457P', and P*V' ~ PqVq, in a/jcordance with 
( 1 ), 

M/X = 0*578 (P^/Po) (Po/Fo)'/" (F.P.C. or F.). ...(28) 

The value of thg constant for (K.M.C.) units is 0*0888. 

The pressure ratios for the other ti^ottles can be calculated in' 
succession by the formula of de St Venant and Wantzel. By com- 
pounding these ratios, the required value of Pj^IPq can be tabulated 
ftny number of throttles, as in the following table extending 
to 50 throttles. It is then easy to calculate the theoretical value 
of M/X for any case in which th«i ratio of the back-pressure to the 
initial pressure is less than that tabulated for the corresponding 
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number of throttl^, so that the critical value of the pressure ratio 
will be reached for the last throttle, and the discharge will be 
independent of the back-pressure for any value jower than Pk- 


TaWe IV, 

Critical ratio of final to initial pressure for N similar throttles* 


ir 

PnIP, 

! N 

V. 

N 

V.. 

N 

V. 

N 

pj,ip. 

1 

6467 

' 11 

2280 

21 

1702 

31 

1418 

41 

1242 

2 

4432 

1 12 

2194 

22 

1666 

32 

1397 

42 

1228 

3 

3854 

i 13 

2117 

23 

1632 

33 

1377 

43 

1214 

4 

3463 

14 

2048 

24 

1600 

34 

1368 

44 

1201 

5 

3174 

i 

1985 

26 

1570 

36 

1339 

46 

1188 

6 

2949 

; 16 

1928 

26 

1641 

36 

1321 

46 

1176 

7 

2767 

i 1:7 

1876 

27 

1614 

37 

1304 

47 

1163 

8 

2616 

; 18 

1828 

28 

1488 

38 

1288 

48 

1162 

9 

2487 

i 1^ 

1783 

29 

1464 

39 

1272 

1 49 

1140 

le 

2376 

i 20 « 

1741 

30 

1440 

40 

1267 

60 ■ 



Note. The decimal point is omitted before the first figure in each ratio. 


If the ratio of the final to the initial pressure is greater than the 
critical value tabulated for the given number of throttles, the table 
can Still be employed for finding theoretical values of MJX by 
interpolation. Thus if the ratio of the back-pressure to the initial 
pressiue is 1 to 2, we have to find two values of P^^/Po in this ratio 
in the table separated by the given number of throttles. Thus the 
ratio 0-1140 for N = 49, is just half the ratio 0-2280 for N = 11, 
or 68 throttles would suffice to give a reduction of pressure in the 
ratio 1/2 when the value of MjX is that obtained by putting 0-1140 
for Pjf/Po in the theoretical formula (28), If there were only 20 
throttles, the range N — 5to25 gives a ratio 1570/8174 = 1/2-022, 
and the rangp jV = 6 to 26 gives 1541/2949 = 1/1-9141 By inter- 
polation we find 0-1564 as the appropriate value of Pj^/Pq for 
20 throttles with a pressure-ratio 1/2. It would evidently be quite 
near enough for the purpose to take the nearest value 0-1570, in 
the table, without troubling to do the interpolation. The maximum 
discharge for 20 throttles is reached with any bacVpressure ratio 
less than 0-1741, corresponding to iV « 20 in the table. But an 
increase of the back-pressure ratio to 0-1702/0-5457 *• 0*812, 
corresponding to the next step of 20 in the table, from JV” » 1 to 
21, reduces the discharge in the ratio 0-1702/0-1741, only, Sb that 
no great accuracy of interpolationis ever required. It is less trouble 
to use the table than to work out the approximate formula, with 
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the advantage that the results are theoretically more accurate^^ 
especially if }he number of throttles is small. Martin’s formula is 
more accurate in ejjreme cases than the approximate formtJria (27), 
but it is also more trouble to work. The ^approxir^iale* formula 
necessarily agrees in the limit withHhe table wh^n tli^j nj^by df 
tlurottles is large and the pressure ratio small, but the ‘errqrs are 
surprisingly small for so simple a formula even when the number of 
throttles is small and the pressure ratio large, as is seen* in the 
following example. 


Table V. 

Initial pressure 165 lbs. (dry sat.), back-pressure 20*6 lbs. 


Number of throttles 

4 

9 

16 

26 * 

36 

49 

Discharge MjX table 

1-640 

1-107 

0-868 

0-698 

0-688 

0-607 

„ by approx, formula 

by Maxtin’s formula 

-i 

1-806 

1-203 

0-903, 

0-722 i 

0-602> 

0-616 

1-464 

1-084 

0-849 

0-694 

0-686 

0-606 


I 


Martin’s formula gives results which are always a little too small, 
but the error is insignificant. The theory apjSears to be reliable for 
comparative values, but assumption (8) is somewhat uncei;t;aiD, 
since the throat-pressure may be less than the back-pressure. It is 
most important in practice to make the clearance X as fine as 
possible, and to take care to avoid any possibility of a direct blow- 
through or carry-over of velocity from one throttle to the next. 





CHAPTEB XI 


FLOW THROUGH A TURBINE 

1 13. Impulse and Reaction. It would be outside the scope 
of the present work to describe mechanical details of construction 
and operation of turbines, for which the reader must be referred 
to oth^r wtirks. It will be necessary, however, to explain the 
general principles *of the flow through a turbine in a few ideal cases, 
in order to elucidate the application of the thermodynamical 
formulas. 

If a jet of fluid strikes a moving blade with relative velocity 
U/ the quotient U//g may be regarded as expressing in gravi- 
tational measure the “impulse” of the jet on the blade, per unit 
mass of fluid, aeting in the direction of U/. If the same jet leaves 
the ‘blade with relative veloeity the quotient U/'/g may 
similarly be regarded as the “reaction” of the jet on the blade, 
and acts in the direction opposite to U/', The resultant of the 
impulse and reaction, taken with due regard to sign, will represent 
correctly in all cases the whole action of the fluid on the blade, 
but the forces of impulse and reaction can seldom be regarded as 
possessing a separate physical existence otherwise than as mathe- 
matical components of the resultant. 

If the blade is moving with a velocity m in a direction making an 
angle p' with the impulse, and an angle P” with the reaction, the 
work W done* by the jet on the blade per xmit mass of fluid is 
obtained by adding the resolved parts of the impulse and reaction 
in the direction of motion, and multiplying the sum by the velocity u. 

W^(U/ cos p'i- U/' cos P") ujg. ^ (1) 

This simple formula includes all cases, but its application 
depends on the possibility of specifying the directions and velocities, 
which cannot be done exactly except in a few ideal cases. The 
following sections illustrate two such limiting cases repr&enting 
types of flow which can be approximately realised in practice, 
and which are most commonly aimed at in the construd;ion of 



■psi now machines, ¥hey are called Impulse and Reaction I^pes 
jfespectively^ but the essential difference betw&n them depends 
on the mode of expansioh of the steam, rather than on the exclusive 
utilisation of either impulse or reaction. 


1 14. The Impulse Turbine. The simple impulse wheel 


carries a rim of semi-cylindrical 
in the annexed Fig. 26, in 
which the blade rim is seen 
developed in section. Steam 
issuing from a nozzle at the 
side (not shown in the figure) 
with velocity U', represented 
by OA, inclined at a small 
angle jS to the plane of the 
wheel^^^ a normal com- 
ponent od = Z7 = U' sin at 
right angles to the wheel, and 
a tangential component 

CA« 


blades, shaped somewhat as shown 


01 

0 

U| 

A 

^ c 
c 


u 

t 

/u 

1” 

Fig. 26. 

U' cos P 



in the direction of rotation. If the blades are revolving* with 
mean velocity u, represented by BA, the tangential component 
of the relative velocity is evidently U' cos p - u, and is repre- 
sented by CB. In the ideal case, neglecting friction and compression, 
the blades are shaped so that the cross-section of the channel 
between them, estimated at right angles to the fiow, is uniform, 
in which case the steam will flow thi-ough without change of 
pressure or velocity. If the blades fl-re symmetrical, the angle 
of exit, F6G, will be equal to the angle of entrance, OBC. The 
tangential component of the reaction due to DF, i* the same as 
that of the impijlse due to OB, and the expression •for the work is 
evidently 


W ^2(U'cosp-u)u/g^2{z- 1) u^/g (2) 

where the symlJol z is employed as a convenient abbreviation for 
the ratio of the tangential component U' cos p of the steam- 
velocity to^the1t)lade-velocity. The absolute velocity of exit, 17", 
represented by EF, has a tangential component, EG = U* cos p - 2u. 
The ft^al component U of U” is the same as that of U\ In the 
absence of friction, the drop of^^ kinetic energy (17'*- 17"*)/2g, is 
equd to W I but exceeds W by the work wasted when friction is 
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present, in ^hich case IT/' will be less than IJf. The general 
expression for l^in terms of the relative velocities still holds, so 
that the drop of relative velocity can be estimated if the friction 
is known, on conversely the frictional loss can' be estimated from 
the droio of D. 


115. The Reaction Turbine. The most characteristic 
feature of the reaction turbine, as distinguished from the impulse 
turbine, is that the moving blades, or vanes, are exactly similar 
to the fixed blades, 01 ^ guides, but are oppositely directed. The 
effect of this is that drop of pressure and increase of velocity occur 
equally in both fixed and moving blades; whereas there is no drop 
of pressure ^or increase of velocity in the moving blades of the 
impulse turbine in the ideal case. 

In an axial flow turbine of the Parsons’ type, the axial velocity 


U of th^ steam, represented by the line OC in the annexec^ig. 27, 
is determined at any stage 0 


by the relation U » kMVjX, 
where X is the crosi^-section 
of the annular space between 
the drum or rotor carrying the 
vanes and the cylinder or 
casing to which the guides are 
fixed. The steam is deflected 
by the guides, and its velocity 
is increased to IJ\ represented 
by the line OA in the figure, 
making an angle a with' the 



F 

Kg. 27. 


axis or with the tangent, so 

that 17' ~ 17 fiec a, or (7 = I/' sin If the vanes are moving with 


vdocity w, represented by the line BA, the relative velocity 17" 
with which the steam meets the vanes is represented by the line 


OB, the tangential component of which is 


CB = 17' cos - w = V tan a - m* 


In a continuous series of similar pairs of vanes and guides, the flow 
will be symmetrical, and the axial component U o^the velocity will 
remain constant if provision is made for the gradual expansion of 
the steam by increasing X The relative velocity 17' with whfcb the 
steam leaves the vanes, will be t^e same as that with which it left 
the guides, and the absolute velocity 17" on leaving the vanes, will 
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be the same as that with which it met the previous guides? The 
tangential component of the relative velocity* of exit, represented^ 
by the line*DG, is evidently U' cos p, or Ut&na.. Adding the 
resolved parts of the impulse and reaction, and multiplying by «, 
we obtain 

. W - (2U' cos j8 - u) ulg =5 {2z - 1) feVg, 

where z represents, as in the previous case, the velocity-ratio 
U' cos PJu, or U tan aju. In the case of a reaction turbine* and in 
the later stages of an impulse turbine when the nozzles form a 
complete ring, it is often preferable to express z in terms of XJ and 
a, in place of Z7' and 

ii6. Mass-Flow, Pressure, and Speed. ,The. power 
developed is the product MW of the work IF^per unit mass by 
the mass-flow M per unit time. The mass-flow depends chiefly on 
the areas of the nozzles, and on the initial cqpditions of nressure, 
etc., anS nearly independent of the speed and the final pressure. 
This is obvious in the case of an impulse tilrbine when the pressure- 
ratio for the first set of nozzles exceeds the^ critical value, 0-5457, 
so that the discharge is independent of the back-pressure. The mass- 
flow is then proportional to the throat-area of the nozzles, a:^d to 
as shown in the previous chapter, and is quite unaffected 
by any variation of speed. It is by no means obvious a priori that 
the same result would follow in the case of a reaction turbine when 
the pressure ratio per stage is very small. But it is found to be 
almost equally true in practice for any number of stages when the 
whole pressure range is large, as is usually the case. 

If the mass-flow is varied by throttling the initial steam, the 
initial value of the total heat wifl remain nearly constant (apart 
from external loss of heat), and the initial velocity of the steam 
will be practically unaltered, so that the value of in the initial 
stages will remain nearly the same if the speed is constant. If the 
final pressure is reduced in the same ratio as the initial pressure, 
the velocity ratio z may remain nearly the same throughout the 
turbine, in whicfi case the values of W will be little altered, and the 
gross-power exerted will be nearly proportional to M, But as a 
rule the reduction of the final pressure, being limited by the con- 
denser, is much less than that of the initial pressure, so that the 
veloci^-ratio in the later stages is modified. The resulting variations 
of the power can be calculated even if the speed is altered, provided 
that sufficient data are available for the dimensions and the efii* 
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ciendes of tli^e several stages. Methods of doing this will be discussed 
later* For the pifibsent purpose it is sufficient to observe that the 
mass-ilow is nearly independent of the speed, and depends primarily 
on ifhe state of the steam and the distribution df pressure. If these 
^emainmearly constant, it follc^s that the variation of power with 
spe^d whl depend almost entirely on the variation of W, 

1 17. The Speed-Power Parabola. If the work W as 
ordinate is plotted against the speed u as abscissa, for any constant 
values of U and a or P^the curve obtained, in either of the ideal 
cases above considered, is obviously a simple parabola with its axis 
vertical, starting from the origin, reaching a maximum at the 
vertex,* and^jutting the axis again at an equal distance beyond the 
vertex. In practice it is usually more convenient to plot the curves 
with l/z as abscissa, since 1 /z is proportional to w, and the expressions 
for W njay be put iq the form (see Fig. 29) 

Ideal Impulse Turbine, W = tan® a (2/a; - 2/a;®)/g, ...(4) 

Ideal Reaction Turbine, IF = t/® tan® a (2jz - l/2;®)/g. ...(5) 

, c 

The two curves are precisely similar, but the maximum in the case 
of the impulse turbine occurs at 1/2 = 1/2, and in the case of the 
reaction turbine at 1/a; = 1. The maximum itself is twice as great 
for the reaction turbine as for the impulse turbine with the same 
value of the tangential component U tan a of the steam-velocity. 
But the blade- velocity u at which the maximum is reached is also 
twice as great. 

For any construction,, a safe limit of velocity u is imposed by 
considerations of mechanical stress. Comparing the two types at 
the same blade-velocity, the appropriate value of the tangential 
component of the steam-velocity is twice as great in thfe case of the' 
impulse turbiqe when a; *= 2, as in the case of the reaction turbine 
when z-l. The work done per stage is also twite as great, being* 
2tt*/g per unit mass of fluid, in place of w®/g. Moreover the wheel 
of an impulse turbine can be constructed to run safely up to 
rim-speed about ^2 times as great as the drub of a reaction 
turbine, which therefore requires in the limit about four times 'ak 
many stages, or rows of moving blades, as thetimpulse turbine 
for the same drop of pressure. This bight appear at first sight BS 
be an overwhelming disadvantage of the reaction type, ll^^t the 
deduction of steam-velocity teqds to improve the efficiency! in 
some respects, and the drum construction so greatly facilitates th^. 
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multiplication of stages that there is really vepr little to choose 
in practice between the two types. 

In considering how far the ideal formula for W can apply in 
practical cases, it is evident that W must vanish in afiy case when 
w - 0. 

* In the case of the impulse turbine, where the cohstruction 
ensures equality of pressure on the two sides of the blade-rim, it is 
also evident that there can be no impulse on the moving^ blades 
when the tangential component of the steam-speed is equal to the 
blade-speed. It is found in practice that* the maximum of W is 
nearly midway between these two extremes at z = 2, except in the 
case of small machines where the actual flow differs greatly from 
the ideal conditions assumed. The first half of the cupvs frofli m = 0 
to the vertex, is the most important in practice, strice it is preferable 
to keep u on the low side of the maximum. This half of the curve 
is foun^to be parabolic within the limits of- experimental error. 
The other half is more difficult to investigate satisfactorily, but 
nothing is gained by pushing u beyond t*he maximum. Reducing 
u below the maximum, say from 1/2 to 1/3 .of U' cos jS, reduces 
the mechanical stress in the ratio of 9 to 4, but it only reduces 
W in the ratio of 9 to 8. For this reason the normal blade-sj^eed 
is frequently in the neighbourhood of U'/S or even less for small 
machines. 

In the case of the reaction turbine, it is often stated that the 
maximunr efficiency is reached when 2u, to 2*5w^ as in the 
case of the impulse turbine. This may be true for marine turbines 
with direct driven propellers if the propeller efficiency is included. 
But it cannot be true for the turbine by itself, if the expansion is 
equally divided between the fixed and moving blades. In fact 
values of u much greater than U'l2 are commonly, ( niployed in 
reaction- turbines for driving electric generators, but it is seldom 
'worth while to reduce the value of z below 1*5, because little ad- 
vantage could be gained thereby, and considerations of mechanical 
stress arQ,ev^qjQre important in the drum type than in the wheel 
type. If thii‘ expansion is unequally divided, between fixed and 
moving blades, with z'u and z"u for the tangential components, 
|)ie expression for W is 

, 6 , ( 6 ) 

gi^ng a maximum per stage whjn the mean of z' and a" is equal 
to unity. 

as. 
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118. Efficiency and Leaving-Loss. The kinetic efficiency 
of any stage of*’ a turbine may be defined as the ratio WjK 
of 'the gross work done to the kinetic energy supplied/ For a single 
imjJulse-wheeL in the ideal case above considered, we have 
K » U'-^l2g, and the expressioi(»‘ for the efficiency is 

'*■ WjK = (17'»- = 4(z- l)/a»sec» j3 .(7) 

the maKimum value of which is cos* when 2 = 2. This expression, ’ 
or its equivalent, is often quoted as “the efficiency” of an impulse 
wheel, but it takes account only of the leaving-loss t/''*/2g, repre- 
senting the kinetic energy rejected. In practice, losses due to 
friction, etc., are generally more important than the leaving-loss, so 
that the above expression should be regarded rather as representing 
a limit of efficicFcy theoretically attainable in the absence of 
friction and other losses. 

A similar, but not identical, expression applies to a single 
reaction pair, but is without practical significance, because reaction 
pairs are never used singly. In the case of a series of similar impulse 
wheels or reaction pairs, when the angles and areas are adjusted 
so that the initial arid" final velocities C/' and 17" repeat themselves 
for Qach wheel, there is no loss in the absence of friction except at 
the end of the series. The relative importance of the leaving-loss . 
is reduced in proportion to the number of wheels, whereas the 
percentage loss due to friction for each wheel is nearly independent 
of the number of wheels. For this reason the leaving-lpss is best 
treated separately. 

Of the other losses, those which vary as the square of the steam- 
velocity are usually the most important. The percentage loss due 
to such causes will be independent of the absolute speed for any 
given value of z under similar conditions, because W aiso varies as 
the square of^ the speed when z is constant. But if z varies, it appears 
that the kinetic efficiency/' must vary with z in the same way as Wy 
so far as losses of this type are concerned. It is most important to 
take account of this in considering the effects of variation in the 
conditions on the performance of a machine, since small variations 
of pressure or other conditions may produce large variations of 2 in 
some of the stages. A simple method of applyingt^this relation be- 
tween /' and z will be explained in a later section. 

1 19. The Power-Consumption Line. If the mass-flow, or 
total consumption of steam, in lbs. per sec., or other convenient 
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units, is plotted as ordinate against the brake horse-power, or 
shaft horse-jpower, as abscissa, the curve obt&ined is nearly a 
straight line provided that the speed is maintained constant, and 
that the regulation is effected by throttling. A curye of this kind 
was first given by Willans (Proc, 4'nM* C. E,, 1898) for a special 
!ype of reciprocating engine, but a similar relation has been found 
to apply to other types of engines, and especially to turbines, within 
' the limits of accuracy of most experimental tests. In the ctise of a 
reciprocating engine, the line is appreciably curved if the regulation 
is effected by varying the cut-off, which tends to improve the 
efficiency at intermediate loads. Similar small variations occur in 
the case of turbines according to the type and method of regulation, 
but the relation is sufficiently close to be ofconsiderabje practical use. 

The steam consumption Mq at no load includes leakage, and 
represents the power required to keep the rotor revolving against 
the ste§m-friction, and the friction of bearings, glands etc. If 
the power-consumption line is straight, the mass-flow M required 
at any other load is given by the relation* 

M - Mo + m (B.H.P.), (8) 

where m is a constant coefficient representing the slope of the, line. 
If M is in lbs. per hour, the coefficient m is in lbs. per H.P. hour. 

A turbine cannot be “indicated” like a reciprocating engine, 
but if we assume that the steam required to overcome friction, etc. is 
the same at all loads, provided that the speed is constant, the 
quotient M/m may be regarded as representing the gross power 
exerted by the steam. The coefficient m is often treated as being 
analogous to the consumption per indicated horse-power-hour, but 
this method unduly favours the turbine as compared with the 
reciprocatLig engine. The true measure of the indicated power in 
both cases is the drop of total energy (multiplied by 51/ and by the 
appropriate numerical factor), which takes proper account of 
steam-friction as explained in the next section. See Fig. 28. 

120. Thermodynamical Equation of Steady Flow. 

The general equation of steady flow through a turbine, obtained 
by the application of the law of conservation of energy, is that 
already given in Chapter II, section 10, namely, 

H'- H"- + A (17"* - i7'*)/2g, (9) 

in which ff'- fl" is the actual drop of total heat from the initial 
to the final state, the external loss of heat by the fluid, and 

18-2 
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the equivalent of the external loss of energy of the fluid in the fon 
of work done by the tuibine. The last term, depending on l]‘ 
rep^ents the excess of the kinetic energy rejected over tSjat supplied 
The whole equation may also be interpreted as expressing the fac 
tSiat the drop of t^tdl energy H p|- AlPl2g in calories is equal to th 
sum of the external heat-loss Qg, and the thermal equivalent of th( 
work done per unit mass of fluid. 

The'^effect of internal friction is included in which represents 
the actual total heat in the final state. But if the total energy 
rejected with the exhauct steam is measured by observing the rise 
of temperature of the circulating water in the condenser, the 
measurement will include in addition to H'\ and a correc- 

tion fof I7''^2nust be made in deducing H”, The initial value H' 
may be obtained frbmP and T if the initial state is one of superheat, 
as is often the case. If not, the wetness may be estimated with a 
throttling calorimeter. In either case a correction should be applied 
for U' if the initial velocity is appreciable, since the quantity given 
in the tables is not the total energy but the total heat H, The 
corrections for U' aj^ U" are generally small, and may often be 
neglected. The external loss of heat may also be regarded as a 
smafl correction, especially in the case of large machines. 

Assuming that the small corrections for U and are applied, 
as above indicated, whenever necessary in experimental work, the 
equation of flow may be employed for theoretical purposes in the 
simplified form 

DH = ir- AW"= F H'%= F x ...(10) 

In the absence of friction, or external heat loss, or waste of 
kinetic energy, the maximum work obtainable for given limits of 

5 ressure is the equivalent of the adiabatic heat-drop 
'hus, if the relative efficiency F is defined as in Chapter IX, we can 
estimate F and H" from AW'', or vice versa, F and AW" from H", 
or AW" and H" from F, according to the available data, as illus- 
trated in the following examples. 

izi. Example of Marine Turbine. The turbines of the 
Mauretania are said to have developed 84,000 sllaft horse-power 
each, at 190 revs./min. with a consumption of 12*8 lbs, per horse- 
power-hour, excluding auxiliaries, 

Neglecting all corrections, DH - AW - 115*0 cals. C. 

Taking the initial pressure as 165 lbs. abs,, and the final pressure 



ta] FLOW THR9UGK A fURBINE 277 

Fas 1 lb. abs., and the initial state as dry saturated, the adiabatic 
^eat-drop is^l80*9 cals. C., giving relative efficiency F =* 0*686. 

It is not clearly^stated how the shaft horse-power was measured, 
and it is imcertain how much of the bearing friction was included. 
Allowing 8 per cent, for bearing, ^land, and dummy friction of 
ihe turbine, the nett work done by the steam per lb. thermal 
units would be = 118*5 cals. C., giving F = 0*655 for the 
indicated relative efficiency. * 

The drop of total energy of the steam being 118*5 cals. C., the 
actual drop of total heat in the final state»is obtained by adding a 
correction AU''^l2g for the kinetic energy rejected. To estimate the 
final velocity we have + (z — 1)® where 

U = lUMVjX ft./sec. 

From the dimensions of the turbine, X = 11200 in.^ for the last 
expansi-?n,^ u = 184 at 190 revs., and M ==»116 Ibs./sec. Taking 
1*8 lbs. abs. for the exit pressure allowing for condenser-drop, 
and DH == 120, the final value of JT" is 5^7*6, which gives the final 
volume 229*6, whence U — 343 ft./sec. Taking z ~ 2, the 
small correction for u gives C7"= 368 ft./sec., whence the kinetic 
energy rejected is equivalent to 1*5 cals. C., giving the actual 
heat-drop DH — 120*0. The correction in this instance is small on 
account of the low speed, but it may exceed 5 per cent, at high 
speeds. It does not affect the indicated efficiency, but only the 
final state and volume. The correction makes a difference of 1 or 
2 per cent, at most in the value of F", so that, unless very accurate 
values of F are required, it is usually best to calculate DH directly 
from z or AW"y without applying any correction for U", especially 
when U" is nearly the same at the end of each expansion, so that 
it does not affect the values of DH, but only comes»in as a small 
constant correction in the absolute value of H'\ 

Similar considerations apply to the external heat-loss Qg . , which 
is usually small, but always very uncertain. The absolute values 
of H" and F" ,as deduced from H* and AW'\ require a small 
correction for Similarly if the total energy AU”^l2g is 
measured, a correction for Qgj should be applied if possible in 
deducing AJV”^ But any effect of heat-loss on the efficiency is 
autoip^itically included in the values of F and AW*' as ordinarily 
measured. If, therefore, the object of the investigation is to calr 
culate the effect of different conditions on the efficiency, starting 
with some value of F experimentally determined under normal 
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conditions of running, it is often best to ignore on the prin- 
ciple of the indej^ndencebof small corrections, and to work with 
vipes of BH deduced from AW'\ since this ctmnot introduce any 
material error^in the values of the efficiency if M is constant. 

** i;n the case pf marine tulbines, there is often considerable 
uncertainV in the estimation of F and AW” owing to the difficulty 
of measuring the steam-feed and the power. Some of the steam is 
used for driving auxiliaries, the exhaust from^which may be partly 
employed for heating the feed, the residue being taken through the 
low pressure turbine. Another source of uncertainty is leakage 
past the dummy or balancing pistons. The amount of such leakage 
is seldom known with any approach to accuracy. The mass-flow 
M, instead of rbeing uniform throughout the turbine, is different 
in different parts, especially if the auxiliary exhaust is unequally 
distributed between two turbines in order to balance the pro- 
pellers on either side*of the ship. 

Such variations of M in different parts of a turbine can often 
be estimated, without actual measurement of the leakage or auxiliary 
exhaust, by a method, explained in a later chapter, provided that 
full details of the dimensions of the turbine are known, and that 
the pressure distribution is carefully observed under the actual 
conditions of running. Unfortunately the required data are seldom 
available in published tests. 

As a rough illustration of the order of magnitude of the correc- 
tions involved, we may suppose that auxiliary steam amounting 
to 1*5 lbs, per horse-power-hom was taken through part of the 
" low pressure turbine of the Mauretania in the trials quoted, and 
that the heat-drop of this part of the steam was half the total drop 
DH, The flow through the L.P. turbine being increased in the ratio 
18‘8/12-8, neglecting all other corrections, the value of BH must 
be reduced in^the ratio 12 8/18-05, or from 115 to 108-4 cals. C., 
assuming that the effect of the auxiliary exhaust was included in 
the 84,000 H.P. This would reduce F from 0-686 to 0-60. It is 
evident that such corrections may be of material importance, but 
as previously remarked, they cannot be satisfactorily applied unless 
full data of the dimensions and pressure distribution are available. 
It would appear from the fuller details given in Chiapter XVI, that 
the auxiliary exhaust was not in fact utilised in this way^jn the 
I#.P. turbine of the Mauretania, though this was common practice 
in battleships of the Dreadnoughl'class, the turbines of which were 
specially designed for the purpose. 
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I22. Example of De Laval Turbine. an example of a 

different kind we may take the single impulse wReel of a De Laval 
turbine witfi a set of expanding nozzles of the type discussed in 
the last chapter. Assuming that the expansion in the nozzl6 is 
from 150 lbs. (dry sat.) to 2 lbs. a^s., the adiabatic heat-drop fqr 
iaturated steam would be 158*2 cals. C. Taking the less in* the 
nozzles at 15 per cent., of which about half would be due to siiper- 
saturation, there would remain a heat-drop of 134*5 cals. C/^ giving 
a velocity C7'= 8481 ft./sec. 

In the ideal case, assuming no loss in J;he wheel, if the nozzles 
make an angle j8 = 20° with the plane of the wheel, the maximum 
wheel-efficiency attainable would be cos^ p ^ 0*883, and the 
leaving-loss 11*7 per cent, of 134*5 cals., or 15*7 cals. Biit this would 
require a rim velocity u = U* cos = 1635 ft./sec., which would 
be dangerously high. 

Supposing the rim velocity reduced to u — 1160 ft./sec., 

the mechanical stress would be reduced to one half, the v61ocity 
ratio or U* cos would be increased* from 2 to 2*820, and the 
limiting value of the kinetic efficiency in the absence of all fric- 
tional losses would be reduced to 

W/K = 4>{z-l) cos2 - 0*808 (11) 

The leaving loss would be increased to 19*2 per cent, of AT, or 
25*8 cals. C. This might appear at first sight a serious reduction 
of efficiency, but, in point of fact, the other losses in the wheel 
reduce the leaving loss to less than half this value. The losses in 
the wheel, and the actual leaving velocity, can be estimated if the 
consiunption is given. 

Supposing that the observed ^ consumption is 16 lbs. per brake 
horse-powjr hour, equivalent to an effective heat-drop of 88*4 
cals. C., if we add a correction of 2 per cent, for gear and bearing 
friction, we obtain 90*2 cals, for the equivalent of the nett work 
done on the wheel per lb. of steam, giving 90*2/184*5 = 0*671 for 
the wheel-efficiency, and 

• F - 0*85 X 0*671 = 0*570, (12) 

for the indicated relative efficiency of the wheel and nozzle com- 
bined. • 

In addition to the loss due to gear and bearing friction, there is 
a more serious loss due to steam-friction, which must be allowed for 
in estimating the gross work W^done on the wheel by the steam in 
the formula for the kinetic efficiency W/K, The nozzles occupy a 
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small part only of the circumference of the wheel, the greater part 
of which is runniCig idle the partial vacuum, and acts like a 
centrifugal fan, wasting power by setting the steam W' circulation. 
Thd^power wasted in this way varies as the cube* of the revolutions, 
afid as the denlity of the mediujp. In the case of a single wheel the 
leakage is^egligible, and the loss due to fan-action can be estimated' 
with some degree of precision by observing the total consumption Mq 
required to run the wheel at no load with normal speed and vacuum. 
If Ml is the consumption at normal load corresponding to the ob- 
served the po^er required at no load is MqI(Mi - Mq) 

of the B.H.P., or MJmt according to the linear law, § 119. 

In the present case, if the power required at no load is found 
to be lOcper cent, of the B.H.P. at full load, the gross work done by 
the steam on the wkecl may be estimated as equivalent to 
88-4 X 1*10 = 97-2 cals. C. 

which gi^ies for the actual kinetic efficiency of the wheel, considered 
separately, 

WjK = 97'2/184-5 = 0-728 (18) 

But the power wasted^ii ^an-action does not appear, either at the 
shaft^ or in the heat-drop, and cannot fairly be included in the 
“indicated” efficiency, as is frequently assumed. 

In order to estimate the relative velocity U/' with which the 
steam leaves the wheel, we have to substitute AW ^ 97*2 in the 
general formula (1) for IF in terms of the relative velocities. Since 
Uf cos p'= U' cos j8 - w = 8271 - 1160 = 2111 ft./sec., the work 
done by the impulse is equivalent to 

2111 X 1160/8£a9 X 1400 = 54-3 cals, C. 

The work done by the reaction is equivalent to 
97-2 - 54*3 = 42-9 cals. C. 

Whence U” co§ ]3“ - 42*9/54*8 of 2111 - 1668 ft^sec. The tan- 
gential component of the absolute leaving velocity V" is evidently 
1668 — 1160 = 508 ft./sec. The axial component of U" is 

U” sin 1668/2111 of U' sin = 941 f!./sec., 
whence 17" * 1069 ft./sec. The thermal equivalent of the actual 
leaving-loss is (1069/800)* *= 12*7 cals. C, * 

The drop of kinetic energy in passing through the wheel, 
represented by ^7"*)/2g, is equivalent to 121*8 cals. C.^ and 

is equal to the sum of the work dene, 97*2, and the energy wasted, 
24*6 cals. C., in the wheel. 
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We are now in a position to make a tabular summary of the 
various losses incurred, which work out^as foUo^^s: 


Sumnfary of losses in De Laval turbine. 


Loss in nozzles 

23^ 

cals. C. = 

16 

Loss in blade-rim 

24% 

„ = 

lfi -6 

Leaving loss 

12-7 


8-0 

Loss due to fan-aotion ... 

70 

„ = 

4.4 

Grear and bearing friction 

1-8 

» = 

1-2 

Equivalent of B.H.P. ... 

88*4 


66-9 

Adiabatic heat-drop ... 

168-2 


1000 


The actual distribution of the losses will vary in different cases, 
and under different conditions of running, but the ^>>ove Analysis 
seems to afford a fair representation of the conditions assumed in 
the work. The relatively large losses in the nozzles and blade-rim 
result chiefly from taking the full pressure-drop on a single wheel 
of small size. They can be reduced in large machines by dividing 
the pressure-drop between several wheels and nozzles in series, 
but there is not much to be gained by the jadditional complication 
for low powers. 

The losses in the blade-rim may be attributed partly to* the 
breaking up of the steam jet by the inlet edges of the blades, which 
cannot be infinitely sharp, and require periodical renewal on 
account of wear at such high steam velocities. They are also partly 
due to the spreading of the jet occasioned by the driving pressure 
on the blades, which in this case would be of the same order of 
magnitude as the absolute pressure of the surrounding vacuum, 
and would necessarily cause reduction bf velocity and distortion 
of the flow.^ Such details must be kept in view by the inventor and 
designer, it is seldom desirable to take account of all these 
separate causes of loss in the thermodynamical theory. In the 
case of an impulse turbine, it is possible to take the nozzle losses 
separately, but it is generally sufficient to include them with the 
wheel losses by joking a mean effective value of the velocity-ratio z 
for calculating the kinetic efficiency, or the gross work, corre- 
sponding to the speed-power parabola. Additional losses due to 
leakage, flan-actfbn, etc., are included in the brake-efficiency. 

'^123^^ Example of Turbo-Electric Generator. A turbine 
dijying an electric generator affoids special facilities for test under 
variable load at constant speed. The curves shown in the annexed 
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Fig, 28 illustrate the relation between mass-flow M in lbs. per sec. 
taken as ordinat^, and t|tal power in kilowatts KW taken as 
abscissa, corrected for the Known efficiency of the electric generator, 
so as to give the equivalent of the shaft horse-power of the turbine 
at each load. Tne scale at the bf'se indicates thousands of kilowatts 
approximately, but the actual observations have been slightly 
reduced to afford a more convenient comparison between two 
different types of machine. The horizontal crosses ( + ) represent 
observations with a reaction turbine of the Parsons type, the 
diagonal crosses ( x ) represent similar observations with an 
impulse turbine of the Curtis-Rateau type. 

In the case of the reaction turbine the regulation for constant 



speed was effected by throttling, and the points lie nearly on a 
straight line drawn through the highest and lowest observations. 
The steam-feed was measured at no load with the generator excited, 
and the abscissa of the lowest point represents the power required 
to drive the generator under this condition s£ normal speed, 
estimated from the known losses in the generator. The steipi re- 
quired to run the turbine by itself under no load at normal speed 
can be estimated in this case Tfith some degree of precision by 
producing the straight line to cut the axis, and is seen to be about 
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8 per cent, of the steam required at maximum load. This includes 
bearing fricjion, and shows that the st -am friction must be very ^ 

small at the low pi^uw. ' t ^ 

In the case of the*^ impulse turbine the load was varied by 
cutting out nozzles, which is anal-fgous to varying the cut-off in 
the case of a reciprocating engine. The steam at no load was not 
recorded, and could not have been measured without throttling, 
but was probably much the same as for the reaction turbfhe. The 
power-consumption line is seen to be distinctly curved with this 
method of regulation, as in the analogous case of the reciprocating 
engine when the cut-off is varied. 

The small deviations of the individual observations from the 
smooth curves appear to depend on accidental Viyr’ationS in the 
conditions of superheat, pressure, and vacuum, and could no doubt 
be .corrected if sufficient data were available. The systematic 
difference between the two machines in respect of conrumption 
per kilowatt hour, or mass-flow per kilowatt, appears to be due 
chiefly to the fact that the impulse turbine was tested with a super- 
heat more than 100° F. higher than the r^a^Jion turbine. This not 
only improves the consumption by reducing the density, but also 
improves the relative efficiency by eliminating loss due to shper- 
saturation, as explained in the next chapter. The improvement ‘ 
does not appear to be due to any great inherent superiority of one 
type of machine, or one method of regulation, over the other, but 
it has the advantage for the present purpose of separating the 
curves sufficiently to avoid confusion. 

In addition to the effect of superheat, the total efficiency, in 
terms of consumption per kilowatt-hour, or the absolute thermal 
efficiency, jp terms of the ratio of the work done to the heat supplied, 
depends very greatly on the ability of the machine* to utilise the 
highest available vacuum without excessive leaving-loss. Improving 
the vacuum always improves the performance, but the full theoreti- 
cal advantage cannot be obtained unless sufficient area is provided 
for the increase^ volume. The record for axial flow machines is at 
present held by a reaction turbine with a double flow for the later 
stages of the low pressure cylinder, but the radial flow turbine 
3f Ljungstrbm is credited with a still better performance, due in 
part natural ability to utilise a very high vacuum. 

For the same reason, improving the vacuum beyond that for 
vhich the machine is designed^ invariably reduces the relative 
ifficieney F, whereas reducing the vacuum improves F to some 
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extent. It is obvious that F could not remain constant unless the 
dimensions were Altered iw suit the vacuum. The actual effect of 
anjj^ change in the vacuum can be calculated ^in any case if the 
dimensions of^the machine are known. An example of a possible 
method of doing this will be gi^^n in Chapter XV. 

124. Compound Impulse Wheels (often called Curtis,” 
or “Velocity-compounded,” or “Velocity” wheels). When a low 
ratio of blade- to steam-velocity is a primarj'' consideration, wheels 
with two or more rings ctf blades are employed. The steam rejected 
from the first ring with tangential velocity (z - 2) m, is received by 
a fixed ring of guide-blades suitably shaped to reverse the tan- 
gential compe.'ient and direct the steam back on to the second ring 
of moving blades, which effect a further reduction of the tangential 
component to (z- 4)w. The addition of a third ring would leave 
the tangential component at (a: — 6)u, and so on. The leaving-loss 
need not exceed the theoretical minimum sin® even if z is large. 
But owing to the length of path, and to the cumulative effects of 
imperfect flow, the efliwi^ey of a double or triple wheel can never 
be so good as that of a simple wheel with a suitable velocity-ratio. 
It appears from experimental tests that the maximum efficiencies 
of wheels with one, two, and three rows of blades, under similar 
conditions, are approximately in the ratio of the numbers, 6, 5, 
and 4, and are attained with values of z equal to 2, 4, and 7 nearly*. 
According to these figures, a double wheel would replace four 
simple wheels at the same blade-velocity, but would give little 
more than three times the work of one. A triple wheel would 
replace about 12 simple wheels, but would only give the same work 
as eight. If efficiency were the only consideration, « compound 
wheels would iiot be employed; but they possess great advantages 
when economy' of space or cost is essential, especially if fuel is 
cheap, and a low blade-speed is required, as in marine work. They 
are also frequently employed in the first stage of expansion with 
high-pressure or superheated steam, in order tOr obtain a large 
drop of pressure and temperature in the first nozzle, so as to reduce 
the strain and distortion of the casing. The tljermodynamical 
theory is practically the same for a compound wheel as for a simple 
wheel, but the appropriate values of the heat-drop and efficiency 

will be different, as already indicated. 

c 

* Deduced from figures given by K. Baumann (Jaum. Inst, EkcL Eng,, Vol. 46, 
p. 828, 1912). 
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125. The Multistage Impulse Turbine. In order to avoid 

excessive steam-velocities ^ it is necessa^;^ to di^de the available 
pressure range between a series of nozzl^j and wheels. Each wheel 
nms in a separate chamber throughout which the pressure is 
nearly uniform. The nozzles are fix^ in the partitions between the 
chambers, and are represented by a complete ring of gukie-bfades 
in the later stages. The pressure at the exit from one nozzle is the 
initial pressure for the next nozzle, and the areas of successive 
nozzles are adjusted to suit the volume by the condition 
XjM = kVjU. The velocity generated jn any given nozzle is 
determined primarily by the pressure-drop between adjacent 
chambers, but it is desirable to allow for friction in estimating the 
final values of H and V in each stage, which serve as the initial 
values for the next nozzle. In addition to reducing the steam- 
velocity to a reasonable figure, the multistage arrangement pos- 
sesses the advantage that work spent in fluid friction in the early 
stages of ihe expansion is not completely wasted, but is partly 
utilised by reconversion in the later sta'^es. The velocity of the 
steam rejected by one wheel may also be partly utilised by “ carry- 
over” in the next nozzle, or guide-ring, so tl^at the loss in the later 
stages is reduced. 

The number of stages into which a given heat-drop must be 
divided to suit a given blade velocity u, is readily estimated from 
the consideration that V' should not exceed for a simple impulse 
wheel. Thus if the pressure range is 165 to 1 lb., and u 400 ft./sec., 
U' may be 1200, corresponding to a heat-drop of 16 cals. The avail- 
able heat-drop is 181 cals, so that 10 or 11 simple wheels would 
suffice, allowing a margin for loss of ^team velocity. Similarly 
if w == 200^ the same number of stages each with a compound 
wheel of two rings would be sufficient; but 40 &|jmpie wheels 
would, be required. As a rule the given data are, the pressure 
range, the revolutions, and the power; and the required con- 
ditions may be satisfied in many different ways with almost equal 
efficiency. The design adopted is frequently determined by cost 
of fuel or construction, or by mechanical considerations which 
are beyond the scope of the present work. The properties of 
steam are required chiefly in determining the choice of suitable 
ftrofts ^or ^he nozzles corresponding to the subdivision of the 
heat-drop, and in the estimation of the efficiencies of different 
arrangements, which afford good illustrations of the methods of 
using the tables. 
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X26. Flow through an ‘^Expansion” in a Reaction 
Turbine. The nfimber ck separate stages, or pairs of fixed and 
moying blades, in a reacti<[^ turbine is rarely less than ^ and often 
exceeds 200. These are grouped in “expansions,” each consisting 
of several stages with the same^lade-height x and annular area X, 
Back expansion may conveniently be treated as a single unit id 
calculating the flow when the dimensions are given. In some cases 
the blade-angle a is varied throughout the expansion so as to keep 
either the exit velocity U\ or the tangential component XJ tan a, 
constant. But more oft^n the blade-angle is the same throughout, 
and the exit velocity Z7' increases with the volume. It is sufficient 
in either case to take a mean value of tan a, or a mean value of 
the vel<5city ij^itio 2 , so that the solution of the problem depends on 
selecting an appropiiate method of finding the mean effective value 
of z in any case for the whole expansion. 

In passing from one expansion to the next, the annular area X 
is increased, so as to allow for the increase of F, and to bring the 
velocity back as nearly as‘possible to the same value at the beginning 
of each expansion. The increase of kinetic energy during the ex- 
pansion being thus rejeSeS and reconverted into heat, the equation 
of steady flow for the complete expansion reduces to the form 

H"- AW' (14) 

if the external heat-loss is neglected as previously explained. 
The actual heat-drop from the beginning of one expansion to the 
beginning of the next is the equivalent of the nett work W" done 
on the rotor between the same limits, making allowance for all 
internal losses, such as leakage, or steam-friction, or fan-action, 
but not including losses external to the expansion, such as bearing 
friction, or dummy leakage. 

The expression previously given for the gross work AW' in 
terms of 2 , may be held to include nozzle and blade losses, which 
vary as the square of the steam-speed and reduce the effective 
value of 2 . It may be applied to an expansion of JV pairs, or stages, 
by writing it in the form 

AW'^{1tz^-l)Nu^lJg, (16) 

where z^ is the arithmetic mean of the values of 2 Tor the separate 
stages. This expression for AW' gives the gross work per unit mass 
done by that portion of the steam which pursues the ide^'path 
through the blades. It does not apply to the fraction that misses 
the blades owing to lateral spreading, or that leaks over the blades 
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tips without adding anything to the work or the heat-drop, and it 
takes no account of work wasted in fan|action Ufetween the steam 
and the rot 5 r* For these reasons the n^j^t work per unit mass 
of the totul of steam passing through the expansion is 

necessarily less than the gross work W caleulated from z. . 

• The ratio W"/W' will be called the “Reaction Efflci«sicy,’'’and 
will be denoted by /". It may be regarded as representing the 
proportion of the theoretical reaction W' due to the veloeity whieh 
is actually realised as work on the shaft. The expression for the 
heat-drop per expansion in terms of z and/" is 

l)Nuyjg ( 16 ) 

The reaction efficiency /" will evidently be the same for the 
separate stages of an expansion in so far as the dimensions’ remain 
constant, but will vary systematically from one expansion to 
another when the dimensions are varied. It is convenient to 
separate the losses included in/" from those iftcluded in the kinetic 
efficiency/', because they depend on different conditions, and vary 
in a different manner. The systematic variation of the reaction 
efficiency /", as depending on leakage,. may most simply be 
represented by a formula of the type //'- where w i§ the 
blade-height and I" a constant depending on the effective leakage- 
clearance. The term/i" includes other effects of distortion of flow, 
and will have different values for different types of wheel, and for 
the case of partial as against complete peripheral admission. The 
kinetic efficiency on the other hand, depends chiefly on the velocity- 
ratio a, as previously indicated, and is, in the main, independent 
of the absolute velocity and of the linear dimensions. It is necessary 
to have some fairly simple expressions for the systematic variations 
of these coefficients in order to be able to compare thwry with 
experiment and to deduce the probable effects of ‘different con- 
ditions on the performance. " 

127. Kinetic Efficiency and Available Energy. In a 

reaction turbino, the kinetic efficiency for a single stage is related 
to the available energy aVdP by the equation 

f’aVdP { 2 z - 1) = U* tan* a (2/2 - l/2*)/Jg. ...(17) 

yVhen the^pressure-drop dP per stage is small, it is sufficient to 
uie mean value of F in the expression aVdP without integra- 
tion. The axial velocity U wiU vary direcUy as V from one stage 
to another in the same expansion in virtue of the relation 
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U - IcMV IX, If the blade-angles are gauged so that U tan a and 
z are constant, Wfe may assume that/' will also be constant, and 
th|t dP will vary inversely as V. If on the other han^, the blade- 
angle a is constant, as is usually the case, the velocity-ratio z will 
tary directly F, and /' wil^vary from one stage to another in 
a systemtttic manner. * 

It is necessary in any case to have a simple rule for defining the 
mean Effective value of z, since the exact value of the discharge 
angle a cannot be predicted with any certainty from the form of 
the blades. For this purpose we shall assume (1) that the nozzle 
and blade-losses vary directly as the square of the tangential 
component of the steam-velocity for any given value of a, that is 
to say," in tlv?, same manner as W' when z is constant, in which 
case/' will be con^rtant, and (2) that/' varies in the same way as 
IF' when U tan a is constant. These assumptions give the simplest 
relation® consistent with the main experimental facts, though they 
do not appear to be capable of formal proof for every type of blade 
and variety of condition.* 

Adopting these a ssump tions as a working hypothesis, we have 
the following simple relations for finding/' and z in any case 

/=/i' (22 and f.'faVdP ^ Nz^^yjg, ...(18) 

where /' is the maximum value of/' when 3 = 1, and is a constant 
to be determined by experiment for each particular type of blade 
or wheel. The first relation gives the variation of /' in terms of z, 
and the second relation defines the mean effective value of z. When 
z and/' are variable, the mean value off' for any expansion may be 
taken as that correspondirfg to the mean effective value of z. 

In the case of an impulse turbine, by similar reasoning, a 
similar relatipn will apply for defining the mean effective value 
of z for each wheel including both nozzle and blade-losses, so far 
as these vary as the square of the steam-speed. But owing to the 
difference between the expressions for W' in the case of impulse 
and reaction turbines respectively, the maximum value of /' 
denoted in this case by /a', occurs at 3 = 2. Thus we have 

/'//a'-4(3-l)/3*, and /a'JaFdP = 3V/2Jg, .,.(19) 

where zu represents the effective tangential component the 
steam-speed. Since the two types of turbine are essentiaUy>%inilar 
as regards variation of kinetic efficiency with velo^y-ratio, 
especially in the later stages when the peripheral a(^ission is 
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complete, results deduced for one will ap{^y equally to the other 
so far as they depend on these*relations^r 

In the c#se of the- reaction turbine, ^l^simple and useful expjes- 
sion for the pressure-drdp per stage, or per expansion, is obtained 
by substituting for V in aVdP from the relatioii V — UX/kM 
f\rith U = uzjtan a, thus, ' ^ 

Pressure-drop per stage*, dP = Muz ta.n affigX, i...(20) 

Pressure-drop per expansion*, P"= NMuz^^ tan a/figX, (21) 
where represents the mean effective value of z, as in the corre- 
sponding formula for the heat-drop, wlien the blade-angle is 
constant. In the case when z is constant and a is varied, the same 
formula applies with the arithmetic mean value of tan a. The two 
cases are equivalent, to the order of approximation here attempted, 
and give the same values both for the heat-drop and the pressure- 
drop, provided that .the mean value of z or tan a in either case is 
equal to tlje constant value in the other. These appear to be the 
simplest formulae capable of taking account of all the primary 
factors of the problem in a consistent manner, and are readily 
applied to the solution of any special ' caiSe when sufficient data 
are available. It might seem at first sight as though the expression 
defining the mean effective value of z were too simple to be true, 
but it evidently fits the fundamental fact that the mass-flow is 
practically independent of the speed. If M is constant, zu cannot 
vary without corresponding variations in aVdP. These and other 
points of correspondence with experiment serve as indirect means 
of verifying the working hypothesis. Th^ observed variation of /' 
with speed also affords qualitative verification. 

128. Variation of the Complete Stage-]Si!idency /• 

The variation of / with velocity-ratio z will be similar to that of 
the kinetic efficiency/', but the absolute value of / being equal to 
the product/'/", will generally increase in the later stages owing to 
the systematic variation of/". The general nature of the variation 
is illustrated in tke annexed Fig. 29. 

In plotting the relation between the kinetic efficiency/' and the 
velocity-ratio z, it is best to take the reciprocal 1/z as the abscissa, 
because th^ cirrve then becomes a simple parabola, namely 
— ( 1 / 2 )®), with its axis vertical, and with its vertex 

* These expiessions assume that X is treasured iu sq. in. on the F.P.O. or F.P.F. 
Bystems, and in aq, om. on the K.M.O. system. 
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at Ijz *» 0*5, in the case the impulse turbine. In the case of the 
reaction turbine^ the sanie cur\"e applies, but the values of 1/^ 
ar^ all doubled, so that tlfe maximum occurs at l/z =* 1. The value 
of the constant /j' for the curve marked/' in the figure is taken as 
€•85. The coiistant term /i" m the expression for /" is taken as 
0*95. Thfe^variable term V'jx is taken as 0-0084 for a typical low- 
pressure blade, and as 0*126 for a high-pressure blade, assuming 
the respective blade-heights to be in the ratio 15/1. The two lower 
curves represent the resulting variation of/ for the two cases con- 
sidered. The low-press^ire wheel has a maximum efficiency of 
80 per cent, (which is probably about the highest attainable) at 



Kg. 2^.^ Variation of Efficiency (and Power) with Speed-ratio. 

z « 2, or l/z =* 0*5, but the wheel would be run at'a lower speed in 
usual practice, owing to the great saving in mechanical stress, with 
little loss of efficiency. This curve happens to a^ee exactly with 
one given by Baumann (Journ, Elect, Eng,, 48, p. 782, 1911), 
except that his curve is plotted against the ratio, ujc, or cos jS/z, 
of the blade-velocity to the fuU steam-velocity, and therefore shows 
a maximum at ujc « (cos )?)/2 instead of at 1/2. Baumann’s curve 
is stated to represent “a fair average of test results actualfy being 
obtained in the low-pressure pnrt of modem Rateau turbines.” 
It appears to afford a good general confirmation of the theory here 
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proposed, but no details of the tests are given, so that it is difficult 
to say how far the correspondence real. T^i^e lower curve in 
Fig. 29, represen^g the high-pressul^ wheel, has a maxiniMim 
of 70 per cent,, but is otherwise exactly similar to the other curves. 

The verification here attempt|d appears Jto show that, thfe 
variation of efficiency with speed can be represented *'^thin the 
limits of experimental error by a parabolic curve having its 
maximum at the theoretical value of z. This cannot be^ exactly 
true if the loss due to a fan-action varies as the cube of the speed, 
unless there is some other compensating effect, tending to raise 
the point at which the maximum occurs. The effect on the reaction 
efficiency of a loss varying as the cube of the speed is indicated in 
the last figure on an exaggerated scale by the brok':n curve. This 
is obtained from the lowest curve in the figure Tby deducting a loss 
equal to 10 per cent, at Ijz — 0*5, and varying as the cube of the 
speed at other values of \jz. The effect in this case is to iower the 
position of the maximum to \jz^ 0*42, but the form of the curve 
is still so nearly parabolic that it would \)e difficult to distinguish 
it experimentally from a true parabola. T{ie lowering of the maxi- 
mum is very marked in small machines, such as the 5 or 10 H.P. 
De Laval, which give the maximum B.H.P, at rim- velocities well 
below the theoretical, but it would be difficult to detect in large 
multistage machines, say of 5000 H.P., where it would be impractic- 
able to analyse the losses very accurately for the separate wheels, 
or to vary the speed over a wide range without upsetting the 
pressure distribution. It is also possible that the blades may be 
shaped so as to increase the reaction, which would have the effect 
of raising the apparent position of the maximum, and is sometimes 
said to imjyove the efficiency. 

In many cases the effect of fan-action is comparatively un- 
important, and may b6 neglected unless the effect ’of variation of 
speed is in question. But it is of interest to consider the cases in 
which it may become important. It is generally agreed that the 
effect varies for ^ given wheel as the cube of the speed and as the 
density of the medium, but there is much conflict of opinion, and 
even of experimental evidence, on minor points. Some of the 
formulae proposed are obviously inadmissible, while others are 
more qpmpKcated than is justified by the nature of the evidence, 

X 29 , Expression for the Eoss due to Fan-Action. Fan- 
action, or wheel-friction as it is often called, appears to be more 

19-2 
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important in the case of t^e impulse wheel at high pressures than 
> ein the case of the reaction drum, where tip-leakage is a more serious 
souszee of trouble. The effe|t depends on so maijy conditions, such 
as the fineness^of the clearances and the shrouding of the blades, 
that, it is impossil^fe to give a^omplete formula applicable to all 
cases. The following expression is intended merely to give a general 
idea of the order of magnitude of the loss in the case of a wheel 
when tfie clearances are reasonably fine. It is founded on the 
assumption that the loss is proportional to the density of the 
medium, to the area of*the effective surface and to the cube of 
the velocity of each part relative to the casing. 

Wheel-fric^on = (8r^ + 30rw) (u/1000)yF, Horse-power, ...(22) 

where r is the mean radius of the blade-rim, and cc the nozzle- 
height in inches, u the mean blade-velocity in ft./sec., and F the 
volume ift cb. ft./lb. The term fir® represents the effect of the surface 
of the disc, the term SOr/r that of the blade-rim. If the lateral 
surface of the blade-rim were smooth like the disc, the numerical 
coefficient of nv would, 4pjhe limit for short blades, be five times 
that^of r® on the assumptions made. The surface of the blade-rim 
being discontinuous, this coefficient cannot be less than five times 
the first, but may be as great as 20 times or more, especially for 
compound wheels. The term representing the effect of the disc is 
the larger of the two at high pressures w^hen the blades are short, 
but becomes relatively negligible at low pressures on account of the 
diminution of density, and increase of blade-height. 

The relative importance of either is readily expressed in terms 
of the theoretical maximum power, 2Mw®/g ft. Ibs./sec. at z = 2, 
for a single impulse wheel. The ratio comes out O-OOfiO f^an alrj, for 
'the' blade-rim friction, and 0*000fir tan for the disc-friction 
(by substituting M = 1/JC/I44F, U == 2w/t'an a, and X = rfiitrx), 
where rj is the arc of admission expressed as a fraction of the whole 
circumference when the admission is partial, and is equal to unity 
when the admission is complete. 

According to the expression O-OOfiO tan a/rj for the effect of the 
blade-rim friction on the efficiency, the reduction of efficiency would 
be of the order of 1 per cent, only for the low pressure wheels at 
maximmn power, and would be much the same for all, so )png as 
the admission was complete, and the angle a was not varied. The 
importance of this term would Increase in the case of the high 
pressure wheels with partial admission, especially if tan a were 
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increased, as is often the case. The effe<jt of the disc-friction would 
be of the same order of magnitude as that oi^the blade-rim for 
intermediate wheels when r *= \0x, andlwould increase in a similar 
manner for the higli pressure wheels, except that it could be reduced 
by reduction of r. It is generally agreed to be an advantage, so far 
*as wheel-friction is concerned, to reduce the dfamcter^ the* high 
pressure wheels. This was often done in the earlier types, but has 
the disadvantage of increasing the number of wheels required, and 
has been abandoned in most of the later types in favour of a nearly 
uniform diameter, which is mechanicallj^ preferable. 

It would appear to be unnecessary to take account of wheel- 
friction in the low pressure stages, as the resulting distortion of 
the efficiency curve would be too small to detect. But it would be 
best for the sake of consistency to represent it throughout the 
turbine by a systematic variation of the type (1 4- rjlOx) tan ajri 
per cent, inf", provided that the speed were uniform and^constant; 
and to allow for variation of speed, if the effect of speed were the 
object of enquiry. • 

In the case of the reaction turbine, since the admission is always 
complete, the effect could probably Be included with sufficient 
accuracy in an expression of the type /i"— V'jx, as previbusly 
suggested. But the effect of tip-leakage is here the most important, 
and the constant /i" would approximate closely to unity at low 
speeds, owing to the absence of disc-friction. 

There does not seem to be any satisfactory evidence that the 
effect of wheel-friction is proportionately greater in small machines 
than in large, or that it varies as the cube of the angular velocity 
as opposed to the linear velocity. ^ SmaM machines of the axial flow 
type undoubtedly suffer from the excessive curvature of the blade- 
path, which leads to distortion of flow at high ang^ilar velocities, 
but this cannot fairly be debited to wheel-frictiorv 

Although it is not possible in a formula of this kind to give 
exact values of the coefficients to suit all cases, it is most desirable 
that the dimensions should be correct and consistent for the separate 
terms in the expression. A formula for wheel -friction attributed 
to O, Lasche is* often quoted, which may be expressed in our units 
as follows, for h simple wheel with blade-height x. 

Whe^frifetion = 0-49 (R.P.M./1000)» rx/F, H.P. (O. Lasche.) (28) 

This formula seems to give results of the right order of magnitude 
if we take r=»20'' and x^l'\ but requires about 870 H.P* , 
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or the wheel of a 10 H.P^ De Laval turbine at 20,000 revs./min. 
a steam at atmoSj)heric pressurte, which is about a hundred times 
oo^reat; and does not distinguish disc- and nm-friclion. 

dtodola’s original formula made the disc-friction proportional 
Q anU the rim-fricti(m proportional to which 

ppears tc involve the anomaly^hat the rim-friction is independent* 
f the radius for given values of u and F. Jude (Theory of the Steam 
'urbine; 1910) proposes the formula (mYl^jV lot the rim-friction, 
ased on a reduction of the same experiments, in which the disc- 
iction is assumed proportional to rV/F, and the rim-friction 
deduced by difference. This method of treating the experiments 
cannot be avoided, but is so uncertain that it appears preferable 
to make the 4jmensions rational and consistent by assuming the 
expression rxu^jV as given in (22). So far as rim-friction is con- 
cerned, the effective blade-height would be rather less than the 
actual blf de-height, because the ends of the blades are screened 
by the rim and the shrouding. For this reason x is preferably taken 
as the nozzle-height, which^fits better with the experiments and the 
expression for the power, and avoids the necessity for the fractional 
index. 

When r and z are the same for the different wheels of a turbine, 
the disc-friction is simply proportional to 1/F, and cannot be 
altered by varying the arc of admission or the blade-height, 
A compound wheel has the advantage of reducing the disc-friction, 
but it increases the rim-friction and the loss due to lateral dissipa- 
tion of the jet, which is more important and varies roughly as 1/a?. 
In practice the bJade-height is varied in conjunction with the arc 
and angle of admission, to Inake the sum of the two losses a mini- 
mum, with the condition >ya?/F tan a = constant. 

To obtain can equivalent formula for the rim-friction of a 
compound whecd, the numerical coefficient 80 of /x in (22) must 
be multiplied by the ratio of the sum of the blade-heights of the 
successive rings to the height of the first ring. Thus for a triple 
wheel, if the successive blade-heights are in the ratio 1, 2, 8, the 
appropriate coefficient of rx would be 6 x 80. This appears to give 
a result of the right order of magnitude, but the conditions of flow 
and variations of design are so complex that little reliance can 
be placed on a single formula. 
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THE REACTION TURBINE 

130. Continuous Expansion. In the case of an impulse 
turbine, the expansion may be regarded oecurring in a limited 
number of discontinuous steps, with almost adiabatic drop of 
pressure in the nozzles, separated by intervals during which the 
steam changes its state at eonstant pressure while passing through 
the blades. The number of separate steps is often as low as five, and 
seldom exceeds 20 or 30. The final states in each stage will gener- 
ally lie 6n a smooth curve, which may be regfi^ded as the charac- 
teristic” of the type of machine, and may be employed for 
estimating the variation of efficiency. Blit it is often more satis- 
factory to calculate each stage separately, and there is no great 
difficulty in doing this when the number of stages is small. 

In a reaction turbine, on the other hand, each ring of bliides, 
whether fixed or moving, constitutes a separate step in the ex- 
pansion. There are seldom less than a hundred such steps, and 
sometimes 300 or more. For all praetieal purposes the expansion 
is continuous, and different methods of treatment are appropriate. 
In particular, since the drop of H or P in each step is very small, it 
may usually in practice be treated as infinitesimal. The calculation 
for a number of stages of similar dimensions, forming a group known 
as an “exp|insion,” can generally be worked out by the rules of the 
calculus with a considerable saving of time and troi\]ble. The state 
of the steam from beginning to the end of each expansion can 
be represented *by a continuous curve on the diagram. In some 
cases these separate curves for the several expansions may form 
parts of a single^continuous “ characteristic ” for the whole turbine. 
In other cases there may be differences depending on details of 
construction. But in any case it is usually sufficient to calculate 
the final state dhly in each expansion. 

Ini^hevpresent chapter we will take the simple case in which the 
characteristic for the whole turbine is supposed to be continuous^ 
and discuss relations between the efficiency and the pressure dis- 
tribution which are in the main independent of dimensional det^s« 
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At a later stage, the analjjpis will be pushed further, to include the 
effect of speed, ^ind dimensions and details of construction, in 
m^fying the curve for e|ch expansion, ^ ' 

, 13 1. The Stage Efficiency. The expression for the first 

law of tl^e^modyiramics as apjfiied to any elementary stage of th^ 
flow, corresponding to a small drop of pressure dP, may be written 
in the form dH^ d(l + aVdP (1) 

According to the usual mathematical convention of signs, dH and 
dP represent increment iti H and P, and dQ represents heat added. 
But it is often more convenient in practice to reverse the signs and 
to call dH drop of H, and dP drop of P, in which case dQ represents 
heat-loss; and heat generated by friction, or work wasted, is 
negative. The term aVdP represents the thermal equivalent of 
the work done by the drop of pressure in generating kinetic energy 
in unit mass occupying a volume V as it flows from a higher to a 
lower pressure. If dQ - 0^ dH ^ aVdP^ or the droj) of H is equi- 
valent to the kinetic energy generated; but if heat is supplied by 
friction or otherwise, the ^rop of H will be less than aVdP, Since 
friction can only generate heat, the drop of H cannot exceed the 
kinetic energy generated unless heat is lost externally. If no heat 
is supplied or lost externally, dQ represents heat generated by 
internal friction, or work wasted; and dH represents the useful 
work obtained. Since external heat-loss may often be neglected 
in considering any small stage of the expansion, we shall take dH 
as representing the work utilised, on the understanding that it is 
to be corrected for extcfrnal heat-loss, whenever necessary in 
experimental tests, by deducting the external heat-loss from the 
heat-drop. . 

Neglecting^ external heat-loss on the above understanding, the 
general expression for the stage efficiency / at any point of the 
expansion curve, is the ratio of the work utilised to the work avail- 
able in a snlall drop of pressure dP, 

/= dHjaVdP (2) 

If the work done is. proportional to the percentage drop of 
pressure, as appears to be approximately the case ir some turbines, 
PdHjdP is constant, and / must vary inversely as PV, The expan- 
sion curve in this case is given by the equation 
Ho-H-^log(Po/P), 
and is a straight line on the H log P diagram. 
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In the more general case representeil by the empirical fonnula 

afPVt = PJHIdP = mkP”^% m(H - B”) 


whence/ = m(H — B")laPV, This shows that/ canj^.ot be constanj: 
finless H — jB" is proportional to P\%, which is v^ry nearly the<!ase 
for dry steam provided that B = 464 (^\P.C.), in which case 
/ ==: 13m/8. In the case of wet steam / will also be nearly constant 
if B" is chosen so that the ratio of PV to H - B*' is the same for 
the initial and final states. 

If on the other hand an expansion curve oi the type PV = kP”^ 
is assumed, the value of m is fixed by the initial and final conditions, 
and the value of / at every point of the curve becomes thereby 
determinate, since there is no other constant to choose. The ex- 
pression for /is mdHjd (aPV), which is necessarily nearly constant 
for dry steam, but cannot in general be constant for wet steam. 
As a rule the variation of/ is so considerable along a curve of this 
type, that no reliance can be placed on ‘this formula for the cal- 
culation of the constant mean value of / for any given The 
formula is obviously inadequate for representing the results of 
experimental tests with regard to the variation of stage efficiency, 
because the assumption of a curve of this type is equivalent to 
question at issue. 

The exact solution of the problem of the limit curve when 
J is constant, is purely a mathematical question if the relation 
between V and H is given. The result is of theoretical interest as 
a standard of comparison for other enq)irical curves representing 
different modes of variation of the efficiency. The problem may 
also be regarded as a useful mathematical exercise on the tables 
and equatfbns, and on thermodynamical theory. 

132. The Limit Curve of Constant / for Dry Steam. 

The approximate forms of the equations, obtained by neglecting 6, 


namely, 

= and H - B ^ k (4) 

are sufficiently accurate for nearly all practical purposes. 


The exact forms, including 6, are easily obtained by substituting 
for or dHIdP in the equation dHjdP «= ofF, from the general 
relation between H and V for dpr, steam, namely 

aPV == 8 (H - B)IW + 10a6P/18, 
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which gives differential jequations of a common linear type, 
namely, • 

PdF/dP«-K(l-8//18)r+106/18, " 

and PdH/dP - Sf(H - R)/18 + lOab/P/lS (5) 

ftie solutions oV wjiich are f 3 

P (V 1' J') == jfc'pvAa, and R - P = jfc'T^As + ab'T, ...(6) 

where 6^- 105/(18 - 8/),5''-/5'= 105//(18 - 8/),and A;"= 18aA;78. 

The values of the constants k' and k"' are found in each case 
as required by substiti^ting the given initial or final values of 
H, P, and V in the equations. For instance, the drop of H along 
the curve from P' to P" is given by 

H - R''= B ~ ab'T') (i - (P'7P')3//i3) + ab"(P'-~ P"), (7) 

which reduces exactly to the usual expression for the adiabatic 
drop, as ^t should, when/ == 1, in which case b"= 5. 

In the case of supersaturated steam, the same equations apply 
so long as the steam is dry ; but when it reaches the supersaturation 
limit, the relation between H and V changes, and the equation 
cannot be integrated. It fs easy, however, to find the heat-drop 
at the supersaturation limit by a step by step process of integrating 
the relation dH = faVdP^ by using Table III given in Chapter X, 
as in the case of the adiabatic at the supersaturation limit. 

Thus if the steam reaches the SS limit at 24 lbs., we have for 
the next step to 16 lbs., aPT'= 85-80, DH = faPV x 8/20 = 8*47, 
if / == 0*60. This gives 20-87, and aP"V"- 84-85, whence 
PR- 8-468 as a second approximation; but it is very seldom worth 
while to go beyond the first. With the value 84-85 for aPV at 
16 lbs., the next step to 12 lbs, gives DH — 5-89, and so on. The 
process is verg easy, since no interpolation is required, except for 
finding the poii|^t at which the SS limit is reached. 

133. The Limit Curve of Constant / for Saturated 
Steam. To find the equation of the curve for saturated steam, we 
have merely to substitute (R - st)jT {dpjdT) for aV in the general 
expression for/, which gives the differential equation 


T{dHldT)^f{H--st) (8) 

the solution of which, when / is constant, is 

+ (9) 


where KTq^^Hq-- stQ-^sTJ{l - /), is given by the initial state. 
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JThe corresponding expression for 0/jKs immediately obtained 
by the simple substitution, Hf — TO, — 6r, which ^ves 

• <D, = KTf-^ - 5/(1 -/) 4- 5 ^og, T/2r8, (10)^^ 

with the same value of the constant of integration K. Both ex- 
pressions take exact account of the variation of specific heat and* 
volume of the liquid according to tilb equation for h employed in 
the present work. 

The results given by the above theoretical formula for *11 f are 
compared in the following table, (1) with those given by a formula 
of the type H — if = and (2) with tl]pse given by a formula 
of the type PV = /cP”*, with P = 0-60, for the range 165 lbs. (dry 
sat.) to 1 lb., divided into ten equal intervals with a conunon 
pressure-ratio. The constants in the empirical formulae are ‘deter- 
mined from the initial and final states as already explained. 

Table I. 

Comparison of formulae for the limit curve of constant/(satiirated). 


Theor. 

664-49 

642-00 

630-06 

1 

618-61 

607-66 

(1) 

664-66 

642-09 

630-13 

618-66 

607-66 

Diff. 

+ 0-06 

+ 0-09 

+ 0-08 

+ 0-05 

+ 0-00 

A 

0-663 

0-664 

0-666 

0-656 

0-667 

(2) 

666-26 

646-19 

634-32 

623-62 

613-02 

Diff. 

+ 1-77 

+ 3-19 

+ 4-27 

+ 6-01 

+ 6-37 

A 

0-480 

0-492 

0-605 

0-619 

0-637 


Theor. 

697-13 

687-03 

677-32 

667-98 

669-02 

(1) 

697- 10 

686-98 

677-27 

667-96 

669-02 

Diff. 

-0-03 

-0-06 

-P06 

-003 

0-00 

h 

0-666 

0-666 

b-664 

0-663 

0-661 

®(2) 

602-43 

691-78 

S8102 

670-12 

669-02 

Diff. 

+ 6-30 

+ 4-76 

+ 3-70 

+ 2-14 

O-OO 

A 

0-669 

0-686 

0-616 

0-648 

0-^88 


Initial values, P= 166, 667-66, =0-661, /2=0-468. 

There is a slight systematic difference between (1) and the 
theoretical formula, but the values of H agree at the middle of the 
range as well as at both ends. The values of are very nearly 
constant, and the mean agrees very closely with the theoretical, 
which is 0‘5551, for F = 0-60 over this range. We may conclude 
that (1) is Efficiently accurate for all practical purposes. It is also 
ndUch easier to work than the theoretical formula. In the case of 
formula (2) the differences are fifty times larger, and the value of 
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/i shows a wide yariatioii{ The method of calculation for formula (i; 
. is given in detail in Example 8, below, section 188, 

^ The Reheat Factor, The ratio of F to /, when* the latter is 
cohstant, is often called the “Reheat Factor;, as it represents the 
•increase of Fdue to the partial reconversion in the later stages of 
wo^k w^-ed in friction in thfe early stages. Many attempts ha^e 
been made to find a general expression for this factor in the case of 
saturated steam. The majority of these are rough approximations 
which do not call for special mention. Morrow (Steam Turbine 
Design, 1911), under tjie heading “Approximate Equation of the 
Expansion Curve,” has given an exact expression for the entropy on 
the assumption that the specific heat of water is constant and equal 
to 1. 'His expression agrees very closely with (10) above, but he 
does not appear to give the corresponding expression for Ilf, or 
for Fjf. Martin (Steam Turbines, 1913, p. 150) has given a similar 
expression for the iperease of entropy due to friction during the 
expansion, from which the reheat factor is deduced by integration. 
His results are in practicSil agreement with the author’s except that 
he has employed a less simple expression for the entropy of the 
liquid, which makes a small systematic difference. He takes the 
range T^ = 820® F. (dry sat.) to T = 560° F., and calculates F for 
the following values of /. 


Table II. Comparison of Theoretical values of Fjf, 


/= 

1 

0*9 

0-8 

0-7 

0-6 

0-6 

F (Martin) 

1 

0-916 ^ 

0-8286 

0-7378 

0-6432 

0-646S 

F (Author) 

1 

0-9156 

0-8279 

0-7370 

0-6428 

0-6451 

^’.(1134) 

1 

0-9163 ' 

0-8276 

0-7367 

0-6426 

0-5462 


The values for the same range according to the author’s equation 
are seen to agr^ee as closely as could be desired. They are obtained 
from the expression 

F = (11) 

in which Hf is the value of II given by the theoretical formula (9) 
for the assumed final state and value of /, and II ^ is the final value 
of H given by the adiabatic. 

The values of Fg. shown in the last line are obtained from a much 
simpler formula as explained in the next section. o 

134. Empirical Formulap for the Reheat Factor in 
the case of Saturated Steam. The calculation of the value 



xn] 


tm INACTION TURBINE 


801 


of F from the theoretical eqiiation (9) whifc/is given, is direct and 
fairly simple^ but the value of Hf is obtained^ the difference 
between two relatively large quantities requiring cfitreful evaluation. 
The work is even more exacting when F is given, and it is requited 
to find /. It is easy, however, to find a simple rational formula, 
which serve either purpose with ^ degree of adcuracy^f^ceeding 
an3rthing required in practice. 

The ratio of F to/is that of the integral of VdP along the, actual 
expansion curve, to the same integral taken along the adiabatic. 
The ratio of corresponding elements of th^e integrals is obviously 
the ratio of the volumes at corresponding pressures. But 
in the case of wet steam we have the simple relation 

V^IV^ + = 1 + (1 - - r 


.( 12 ) 


where DH^ is the whole adiabatic drop to the point considered, 
and FDH^ is the actual heat-drop by the definition of F, The 
differential, d of the actual heal-drop is afVpdP by the 

definition of /, The differential, dH^^ of the adiabatic heat-drop is 
aV^dP, We thus obtain the exact relation 

d(FDH^)=f(V^/V^)dH^ ( 18 ) 

By substituting for integrating, and dividing by fDU^, we 

obtain 

F/f^ 1 + (1 - F)DH^I2(H^^ ^0 = 1 + (1 ~ ...( 14 ) 

where x is used as a convenient abbreviation for the factor 
DHj2(H^—st), This expression^ for tke reheat factor would be 
exact if th<^ ratio of (1 — F) to st) were constant along the 

curve, as assumed in the integration. This condition is so nearly 
satisfied in all the cases which occur in practice, th^t the approxi- 
mation given by the above formula is almost incredibly close, 
considering its extreme simplicity. The small fraction a?, depending 
only on DH^ an^ is known from the pressure range and initial 
conditions. is the final value of H on the adiabatic, obtained 
by subtracting DH^ from the initial value of H, The final tempera- 
ture t is known from the final pressure. 

Tl^ ractio F/f is readily expressed in terms of either F or/, thus 

F/fr=.l + (l^F)x^^l + {l-f)xl(l+fx), ( 15 ) 

which can be used for calculating either F or /if the other is given. 
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The formula may be yerified by comparison with the examples 
already given. Hor the case taken in example 1, 

F - 0-60, = 180-89, 448*06; 

whence 

X ^ 0-2019, (1 ^ ^ “ 0-08076, / - 0-5551 ; 

which happens to agree exactly with the theoretical value, and 
was in fact employed in estimating the value of/ to be used in the 
calculation, in order to make F come out 0-60. Similarly if we 
calculate F from / for the example taken by Martin, we obtain the 
values of F^ shown in the last line of the previous table, which are 
seen to agree extremely well with the theoretical values over the 
whole range. The agreement is almost equally good for any other 
practical range of pressure, and the values obtained are little 
affected by initial wetness of the steam, as shown in the following 
examples. 

* Table in'. Empirical Formula for Fff (sat.}. 


Pressure range 

200 lbs. 

(dry) to 1 lb. 



200 lbs. 

(dry) to 14-7 lb. 

Do. initial 

10 % wet 

f (assumed) 

0-5 

0-76 

0-6 

0-75 

0-6 

0-76 

F (theoretical) 

0-6479 

0-7848 

0-6274 

0-7704 

0-6273 

0-7702 

Fg (empirical) 

0-6478 

0-7843 

0-6271 

0-7698 

0-6269 

0-7696 

F (assumed) 

0-6 

0-76 

0-6 

0-76 

0-6 i 

0-76 

/ (theoretical) 

0-4620 

0-7119 

0-4728 

0-7286 

0-4730 

0-7288 

(calculated) 

0-4621 

0-7123 

0-4730 

0-7291 

0-4733 

0-7293 

Jm ♦» 

0-4677 

0-7162 

0-4747 

0-7303 

0-4749 

0-7304 


One of the best empirical formulae hitherto proposed for the 
reheat factor is that employed by Martin in constructing his table 
of Fjf, He assumes equations of the type K, foij both adia- 
batic and expansion curves, and calculates the appropriate values 
of the indices y' and y'* in either case from the piressure-ratio and 
the expansion-ratios, here denoted by p, and by p', p" respectively. 
This method has the advantage of eliminating most of the 
systematic error of the PV type of formula, and gives the symmetri- 
cal result 

= ( 16 ) 

Values given by this formula are indicated by the headin^^/„j in 
the last line of the preceding table for comparison with the values 
of/, calculated by the previous , formula for the same values of 
F assumed. Martin’s formula is inconvenient for calculating F 
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{romf„ because the final volumes are reluired. The comparison is 
accordingly made by calculating /„ from I?. The values of f„ 
obtained deifiate from the theoretical in the same direction as those 
of/.i but to a muAi gfteater extent; ariii the calculation of^'is 
much more laborious than that of^, since it involves finding yi 
dnd y" from log p/log />', and iogp/lc^p", in addition to fieding*the 
volumes from H, whereas the volumes and expansion ratios are 
not required for^^. ^ 

^35* Reheat Factor for Dry Ste^m. As might naturally 
be expected, the value of the factor for dry steam is quite different 
to that for wet steam. The difference F- f is about three times as 
great for dry steam as it is for saturated steam for the same/ and 
pressure-ratio. This is of special interest in relation to the effect of 
superheating. If 6 is neglected in the equation for dry steam, we 
obtain as the relation between F and /, 

F = DHrlDH^ = (1 - (P,/Po)"^/“)/(l - lPf/F,)<‘n<‘) 

= (1 - (r,/r„K)/(i - T,iT,), ...(17) 

where P/, Tf, are the final pressure and temperature on the adia- 
batic for dry steam. The exact equation for the expansion curve 
at constant/is given in a previous section, 132; but the neglect of 
b makes very little difference in the present case, and is justifiable 
as a sunplification, because it makes the result depend only on the 
pressure-ratio P,/P„, which is denoted by r in the following table. 

It IS most convenient to tabulate the difference P - /in place of 
the ratio Fjf, because the difference is relatively small, and the 
value of F when /is given, or vice^ nme, is more readily obtained 
by simple ^dition or subtraction, than by multiplication or division 
by a factor.’ The difference is given in the following tqbie for values 
of /from 0*9 to 0*45, as shown at the head of eaoh column. The 
logarithm (base 10) of the pressure-ratio is taken as the argument 
m the first column, because this gives very regular differences, 
and greatly facilitates interpolation. The decimal point is omitted 
*** always positive and less than 1. 

vfh&ifia given, the procedure for finding P is obvious. When 
IS given, the value of/ at the head of each column must be added 
to the tabulated difference P -/, to find values of P between which 
to interpolate. Thus to find / when P - 0-60, and r = 1/165, or 
^ ~ have when>^ 0-45, P = 0-6988 for log r=-2-2, 

and P «. 0-6068 for log r » - 2-4, whence P = 0-5944 for r =- 1/166. 
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Similarly when / « 0-60, |we have F « 0*6482 for r «« 1/165. 
interpolation when F » 0*60, we find / = 0*4557 for the giver 
pressure-ratio. ' 


TJable IV. Values of F -f for dry steam. 


•fpf/p. 

log„r 

1Mi= 

0-9 

0-8 

-Y— 

0*75 

Values of/. 

0-7 0-65 0*6 

0-66 

0*5 

0*45 

- 0*2 

' 10081 

0047 

0084 

0099 

0112 

0122 

0128 

0131 j 

0134 

0133 

- 0*4 

19146 

0092 

0166 

0196 

0220 

0238 

0253 

0261 

0265 

0263 

- 0-6 

27297 

0137 

0247 

0290 

0326 

0357 

0378 

0392 

0398 

039fi 

- 0-8 

34627 

0179 

&a24 

0384 

0432 

0472 

0502 

0521 

0529 

0627 

- 1*0 

41217 

0220 

0400 

0473 

0535 

0585 

0622 

0647 

0660 

0668 

- 1-2 

47143 

0260 

0474 

0561 

0636 

0697 

0742 

0774 

0790 

0790 

- 1-4 

62472^ 

0300 

0548 

0648 

0736 

0807 

0862 

0899 

0920 

0922 

- 1*6 

57263 

0338 

0617 

0732 

0832 

0914 

0977 

1022 

1047 

1050 

- 1-8 

61572 

0372 

0684 

0814 

0926 

1018 

1090 

1 1142 

1173 

1179 

- 2*0 

65446 

0408 

0750 

0894 

1018 

1122 

1204 

1263 

1298 

1307 

- 2*2 

*68932 

0442 

0813 

0971 

1107 

1223 

1315 

1381 

1421 

1433 

- 2*4 

72065 

0474 

0874 

1045 

1193 

1321 

1423 

1496 

1542 

1558 

- 2-6 

74881 

0504 

0933 

1117 

1277 

1416 

1528 

1609 

1661 

1681 

- 2-8 

77413 

0533 

0989 

1186 

1359 

1508 

1629 

1719 

1778 

1803 

~ 30 

79688 

0560 

1043 

c: 

1253 

1438 

1597 

1727 

1826 

1894 

1924 


The expression for F, on which the table is founded, assumes 
that the dry adiabatic is taken as the standard of comparison. When 
the steam is initially superheated, it may remain dry throughout 
the whole range of the actual expansion curve, but, for extreme 
ratios of expansion, the final state on the adiabatic will in general 
be saturated. To find the value of / from F for the dry part of the 
actual expansion curve, the value of F or must be taken from 
the dry adiabatic. If the final value of 7/ , namely is given on 
the actual expansion curve, and the steam is dry, the calculation 
‘ of/ for the acfual curve can be made without any assumption with 
regard to the adiabatic taken for calculating F, ^But if Hf is not 
given, and if the given value of F refers to the wet adiabatic, as is 
usual, the value of on the wet adiabatic must be employed for 
deducing Hf. In either case the required value of / is given in terms 
of Hf by the formula 


{PflPoffl^^^(Hf^B)l(Ho-B), 

or (18) 

For instance, if the value of DHf is given as 140 cals. ^5., and 
that of Hq as 756, the value off fpr continuous expansion over the 
pressure range r — 1/165, is found to be 0*5541, quite independently 
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of any assumption with regard to the IMue of F, The value off 
is worked out in a similar way in section 148, for 4his example with 
ten separate stages^ and foimd to be 0‘5686. For given initial and 
final states the value of/ is a minimum tvhen the number of stAges 
is infinite. The value of F referred to the wet adiabatic is 0*648, th@ 
Adiabatic heat-drop being 217*72 cais. C. But the heat-dyop along 
the dry adiabatic to 1 lb. is only 202*20 cals. C., and the value of 
F referred to the dry adiabatic is 0*6924. The difference F — / in 
the latter case is 0*1885, as found from the above table. The neglect 
of b makes a difference of 2 in the last figure. But if the value of 
F is taken from the wet adiabatic, the difference F —f is reduced 
to 0*089. The difference F —f for steam initially dry and saturated 
with the same value of / over the same pressure-range, is only 
0*0449. Thus, if we suppose / to remain the sani>e, superheating will 
produce a considerable improvement in the relative efficiency. 

• i- 

136 , Effect of Superheating. In estimating the percentage 
improvement of F for the same/, it is of* course necessary to take 
the same adiabatic (either wet or dry) as the standard of comparison 
for F in both cases; When the steam is dry for part of the expansion 
only, this introduces inevitable complications, which reduce 4he 
utility of the reheat factor as a method of calculation in such cases. 
Further complications may be produced by supersaturation, and 
by the variation of / in different stages of the expansion. Thus 
although values of F, calculated from tables of reheat factors on 
the assumption that / is constant, may afford a fair general idea 
of the nature of the effects to be expected, it is usually safer, and 
often less troublesome, to calculc^^e the actual heat-drop for the 
given conditions. 

One of ^the most useful applications of the preceding table in 
practice is for the calculation of approximate values of the adia- 
batic heat-drop DH^ for dry steam, and of the actual heat-drop DHf 
when /is given, by means of the formulae in which b is neglected, 
namely, 

- (Ho- B) (1 - r»/«), and DH, ^F{Ho- B) (1 - 

For this purpose the second column in the table is added giving 
values (decimal point omitted) of the factor I — by which 
must be multiplied to find The table also gives the 
values of F required for finding PHf when /is given. 

Thus to find the values when Hq^ 756, log r - - 2*2, and 

as. 20 
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0-65, we have D£rJ= 0^72065 x 292 = 210-46, F = 0-6881, 
144-82. f 

^ The calculation is more troublesome when a dbuble inter- 
polation is required for'&dd values of r and^/, but the method 
generally saver time as compared with the use of a table of log- 
arithms. , is m($st useful fop plotting curves, for which purpose 
even values of log r and/ can be selected. 

When part of the expansion curve is dry and part wet, the 
calculation must be made separately for each part. Thus for the 
dry part of the curve in Example 6, Chapter XIII, with an initial 
superheat of 65® C., we have given the data, Hq- B = 289*84, 
DHf= 66*04, logr = — 1*10874, and we may suppose that it is 
required to find F and/ from the table for continuous expansion. 
By interpolatfon in<column 2 of the table we find 

1 - 0*44439, 106*58, whence F = 0*6195 (dry). 

c 

From the table, when / = 0*55, F = 0*6147 at log r - 1*0, and 
F = 0*6274 at logr = - 1^; whence F = 0*6222 at log r = ~ 1*10874. 
Similarly when/ = 0*50, F — 0*5731 for the same value of r. Hence 
for F — 0*6195, the requirefi^ value of /is 0*5478, to give DHf * 66*04 
in continuous expansion. For five separate stages the required 
value is 0*567, as found in § 143 below. 

If the value of/ is to be the same for the saturated part of the 
expansion curve, starting at Hq = 687*80, p = 12*845, and expanding 
to lib, we have 89*18. Taking the formula given in 

§184 for Fjf in the case of saturated steam, we find x == 0*0874, 
F =/+ 0*0250 = 0*5728.. . 

The total heat-drop far the whole expansion at / = 0*5478, is 
thus found to be 66*04 + 51*00 = 117*04. The adiabatic heat-drop 
- " (feial state saturated) is 194*05. The overall value of F is 0*6080. 
For steam initially saturated at 165 lbs. the value of F would be 
0*5922 by the formula of § 184. 

When the equation for saturated steam is assumed, the im- 
provement of F is seen to be relatively small for a moderate degree 
of superheat (65®), as compared with the previous example (165®), 
in which the improvement was 4| times as great. 

For extreme degrees of superheat, it is evident that the im- 
provement of F would reach a limit (as referred to the stpdard 
, adiabatic in which the final state is assumed to be that of sa&rated 
steam) when the final state on She adiabatic ceased to be below 
the saturation limit. Because, when the whole of the adiabatic, 
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as well as tKe ratpansion curve itself, is iilthe dry region, the relation 
between F and /depends only on the pressure. ratio r, and is prac- 
tically indej)endent of the temperature. 

For the case* previously considered with r = 1/165, *and 
/* 0*5541, the limiting value of F would be 0*6924, as found above, 
^or the case in which the adiabatic is dry. The entropy of dry 
saturated steam at a pressure of 1 lb. being 1*9724, the superheat 
required in the initial state at 165 lbs. would be far aljove the 
limits of Table VI, Appendix III, but is easily calculated from the 
adiabatic equation = K, which gives T = 1018° C. corre- 

sponding to a superheat of 555° C. 

It would appear from these examples, in which the usual 
equation for saturated steam is assumed, that the improvcjqfient in 
F due to superheat would proceed very slowly at Hrst, then more 
rapidly, and finally more slowly, reaching a limit at a very high 
degree of superheat, if / remains constant. The results of^practical 
tests appear, however, to show that the improvement of F by 
superheating is most rapid at first, and* is comparatively slow at 
the practical limit of 200° C. of superheat. This would indicate 
that the improvement in the early stages of superheat is largely 
due to the elimination of losses caused by siipersaturation and 
irreversible condensation, which are not taken into account in 
the usual theory. 

137. Effect of Supersaturation. It is possible, by using 
the reheat factor, to form an estimate of the effect of supersatura- 
tion, since it depends chiefly on the properties of the working fluid 
and little on the mechanism of the engine. For the case of con- 
tinuous expansion, we may suppose that the expansion proceeds 
down to'fhe supersaturation limit in the dry state^ and that the 
recovery from supersaturation, which begins at tjjis limit, is also 
continuous, though both may depend on the rapidity of expansion. 
Since the point at which condensation begins, as well as the degree 
of recovery, may vary with the rate of expansion, and since there 
are no experiments directly bearing on these points, the best that 
can be done is to calculate a limit for the possible effect of super- 
saturation on the variation of F with superheat. The simplest 
available method appears to be that already adopted in a previous 
section, 107, m calculating the limiting form of the adiabatic foi: 
supersaturated steam. In place the adiabatic relation dH « aVdP^ 
we have merely to substitute the corresponding relation dE = faVdf 

20—2 
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for the limit curve in cohtinuouili expansion when / is constant, 
employing the relation between H and V at the supersaturation 
liipit as defined in the section referred to, in place bf the usual 
relation for saturated steaSi. The following examples will sufficiently 
illustrate the method of calculation required. 

kxampU 1 . Assuming/ = 6*55, and starting with dry saturated 
steam at 165 lbs. we find from Table IV by the method given for 
the dry* adiabatic: when logr = - 10, 51-58, 615-98, 

P« 16-5 lbs., 614*70; when logr = ~ 1-2, 60-22, 

607-84, P - 10*41 Jbs., //„== 611*68. By interpolation, the 
supersaturation limit will be reached on the expansion curve when 
logr == ~ 1*0455, 53*90, 618-66, P - 14*86 lbs. The 

value of V foi; dry steam at this point is 22*61 cb. ft. With this 
value of Vy the heaf-drop at/= 0*55 for the next step from 14*86 
to 12 lbs. is easily calculated by the formula 

DH ^ 0*55aP'P(P'~ P")2/(P'+ P") = 4*04, 609*62. 

The corresponding value of F" is 27*66 at the supersaturation 
limit. The heat-drop for the next step in the table from 12 to 8 lbs. 
is calculated in the same wey with this value of F', and found to 
be 7;51. 

Proceeding in this way, we find the whole heat-drop from 
165 to lib. at the supersaturation limit to be only 98*0, for 
/ = 0*55, in place of 107*6 as calculated by the usual formula for 
saturated steam. In other words the value of P, referred to the 
standard adiabatic giving DU^— 180*9, is reduced from 0*595 to 
0*542, which shows that a reduction of 9 per cent, in the relative 
efficiency is theoretically possible as the result of supersaturation 
for steam initially dry and saturated over this range. A reduction 
of at least 5 or 6 per cent, may reasonably be expected m practice, 
for moderate tates of expansion under working conditions. 

The value / = 0*55, giving F = 0*60 to 0*69 according to the 
degree of superheat, is lower than is often attained in many modern 
machines. If we make a similar calculation with / «= 0*70, giving 
F « 0*787 to 0*82, we find nearly the same loss of heat-drop over 
the same range of expansion, representing a somewhat smaller 
percentage of the whole heat-drop. The mean peflfcentage loss of 
heat-drop for different values of /, over the range usual in pi^^ctice, 
appears to be nearly 7*8 per cent., which is the same as in the case 
of the adiabatic drop considered^ in the previous chapter. Since 
there is necessarily some uncertainty about the exact form of the 
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curve representing the supersaturation limit, it will probably 
suffice in jyactice to take always the same |fercentage loss to 
represent the effect of,supersaturation. We therefore propose the 
following rule, * 

^ Rule. Find the heat-drop DHf for the given value of/ assuming 
the latter part of the expansion to proceed at the ordinary satura- 
tion limit, and deduct 7-8 per cent, of that part of BHf which is 
below the saturation limit in order to represent the effect of super- 
saturation. 

The only difficulty in applying this rule is to find the point at 
which the expansion curve crosses the saturation line. This can 
be done with the aid of the preceding table for dry steam by cal- 
culating two values of BHf and interpolating for the saturation 
point, for which the nearest even value in SteaiVi Table II, Appendix 
III, may be taken. Starting from this point we require BH^ for 
saturated steam in order to find the fraction x for deducing the 
required value of F from /a,, and to find the loss, which is taken as 
7-8 per cent, of F x BH^. In the example previously cited, § 186, 
the heat-drop for the saturated part pf the curve is found to be 
51-0 cals. C. The loss due to supersaturation, taken at 7*8 per cent., 
is very nearly 4 cals. C., reducing the whole heat-drop to 118*06 cals. 
at/= 0*547, and giving the overall value, F = 0*5826, with 65® C, 
initial superheat. By the same rule, with steam initially saturated 
at 165 lbs., deducting 7*8 per cent, of the corresponding value of F, 
namely 0*5922 for saturated steam, we obtain F = 0*546 at the 
SS limit, showing an improvement of 6*7 per cent, in F for 65® C. 
superheat, on the hypothesis of supefsaturation, in place of 1*8 per 
cent, only on the usual theory. 

Example 2. If the initial superheat is such that the supersatura- 
tion limit is not passed, and the steam remains dry, we should 
naturally expect a considerable reduction in the loss observed. In 
order to test this point, we may calculate the heat-drop for the 
case in which the steam just reaches the supersaturation limit, 
595*8, at % pressure of 1 lb., in which case the initial state Hq 
is given by the condition, 595*8. But from Table IV, 

for log r = 2 * 2175 , with/- 0*55, F - 0*689, we find 

BHf^(Ho-B)xO-4>77. 

Whence Hq - 715*9, and BHf - 120*1. This gives Iq - 272*5 or 
an initial superheat of 87® C., ^th % - 1*6657. With the usual 
equations for saturated steam the adiabatic heat-drop is 199*1, 
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and the actual drop for / » 0*65 is 121*9. The corresponding values 
of ^ are, 0*612 fbr saturated, and 0*608 for dry supiersaturated 
ste^, showing a great red||iction in the loss duetto supersaturation 
for a moderate degree of superheat. 

By calculat£ig a few more values in this way for various degreei^ 
of superhtai, with = 0*55, thAurves shown in the annexed Fig. 80 
are obtained. The curve marked S shows the variation of F with 
superheat when / is constant, in very slow e:?icpansion, when the 
steam has time to follow the ordinary saturation state. The curve 
marked SS shows the s^me variation for the case in which the 
expansion is so rapid that no condensation occurs until the super- 
saturation limit is reached, and the steam remains at the super- 



saturation limit for the rest of the expansion. In the present 
example, the two ciu*ves meet at a superheat of 165° C., sufficient 
to keep the steam superheated throughout the whole expansion 
curve, so that supersaturation is no longer possible^ But the limit 
of the theoretical improvement of F due to superheat is not reached 
until F =» 0*689 at a superheat of 555° C. 

The curve marked B is that given by Baumann (Joum, Inst. 
Elect. Eng.f No. 218, vol. 48, p. 828, 1912), as the result of a nl^ber 
of tests on impulse turbines. It shows a rate of improvement 
intermediate between S and SS, fof moderate degrees of superheat. 
It might naturally be supposed that the rate of expansion in an 
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actual turbine was not sufficiently rapid to keep the steam at the 
SS limit. The loss due to supersaturation wouldtthen be less than 
the limit alJove cajpulated, and the improvement due to superheat 
also less, though greater than could be accounted for on the usual 
theory of saturation. There is also the objection to the reheat 
method that the reheat factor is appreciably lesi for discontinuous 
expansion in an impulse turbine than for continuous expansion as 
here assumed, and that the stage-efficiency/ cannot be ponstant 
throughout the expansion in any given machine. These objections 
to the use of the reheat factor in calculating the improvement due 
to superheat are not without weight, and appear at first sight to 
explain the discrepancy between the curves B and SS to a certain 
extent, in a qualitative manner; but when examined quantitatively 
they are found to be quite inadequate, especially in the region of 
high superheat, where the effect of supersaturation is practically 
non-existent. ^ ^ 

There is, however, a much more important difference between 
the conditions assumed in calculating* the curve SS and those 
applying to the experimental curve B, which is capable of ex- 
plaining the whole discrepancy and tends to show that the steam 
must remain very near the SS limit at the actual rate of expansion 
corresponding to curve B. In calculating the curve SS, it was 
tacitly assumed that the stage-efficiency/ remained constant when 
the conditions were changed. This could not happen in practice 
unless the dimensions or the speed of the machine were altered to 
suit the change of conditions, which would usually be impracticable. 
The curve B illustrates the actual change of F for a given machine, 
designed for 150° F. superheat, when the superheat is varied with- 
out making any modifications in the design or the speed. It is 
evident that if a machine designed for 150° superheat is run at 
800° F. superheat, it will not give the best resists obtainable at 
the higher superheat. An exact calculation of the effect for a 
given machine requires a knowledge of the dimensions and pressure 
distribution, as explained in a later chapter; but the calculation 
here made with the aid of the reheat factor, assuming/ constant; 
affords a very fair qualitative estimate of the effect of supersatura- 
tion and the •advantage to be gained by superheating, if the 
dimf^sions are suitably modified. 

The dotted curve marked M in the upper part of the figure 
represents the improvement of#P ca^uLaXed for a particular turbine^ 
of given dimensions, when the superheat is varied from 0° to 200° C. 
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without change of speed/ or pressure-range, or dimensiunSi This 
curve is calculated by a metW explained in a later section, in 
; which allowance is made for the variation of the sta|e-efiiciency 
wfth superheat. The averse value off for this case is somewhere 
in the neighbcgu*hood of 0*60 in place of 0*55, but/ necessarily 
diminishes with superheat wl^ftn the dimensions remain constant* 
It will be seen that curve M corresponds very closely with Bau- 
mann’s experimental results in the region pf high superheat, but 
shows a somewhat smaller improvement for moderate degrees of 
superheat. If the calculation were made for the same machine on 
the assumption that the dimensions were modified to suit the 
superheat in such a way as to keep f constant (though not neces- 
sarily constant throughout the turbine at any given superheat), it 
would show a nluch greater improvement with superheat, approxi- 
mating more nearly with that shown by the curve SS. The great 
difference which exists between the two cases, M and SS, or B and 
SS, illustrates the importance of designing a turbine to suit the 
degree of superheat at which it is intended to work, if it is desired 
to obtain the full theoretical advantage of the superheat. It should 
also be remarked that if dlowance had not been made for the 
effects of supersaturation in calculating the curve M, the result 
would have shown an appreciable diminiUion of F with superheat, 
which is quite contrary to experience. The fact that curve M shows 
a slightly smaller improvement than curve B for moderate degrees 
of superheat may be due to reduction of friction, which would affect 
curve B, but of which no account has been taken in the calculation 
of curve M. It appears that v^heel friction is greater in wet than 
in dry steam under similar conditions (Stodola, The Steam Turbine, 
p. 187), and diminishes with the density. But the diminution of 
friction does not seem to be sufficient to account for the whole of 
the improvement observed. 

138. The Condition of Equal Work per Expansion. 

A condition commonly assumed in design is that of equal division 
of work between the stages or expansions. Such a condition is 
mechanically appropriate, and has the advantage of simplifying 
the calculation, if a formula of the type H - B - kP^ is employed, 
because the successive values of H — B can be written dowji by 
equal differences, and afford the simplest possible method of 
ccdculatingp and F. If /is assumed, to be constant, the calculation 
is very simple, but the formula may also readily be applied to 
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^present any desired range of variation of/in a continuous manner, 
[n the majority of cases the formula affords a much more expeditious 
md accurate solutyn than can be obtained from any diagram, 
►ecause, except in special cases, the expansion curve is difficult 
o draw on the diagram, and the required measm^ments on thee 
urve when drawn do not admit of '5yhe same degree of accuracy 
s the calculation. 

The method of applying the formula under these conditions to 
he case of a reaction turbine is illustrated by the following examples. 

Example 8, In the case of a reactior. turbine with ten ex- 
pansions, iff is constant, and F = 0*60, find the pressures required 
it the nine intermediate points to give equal division of work 
letween the ten expansions, and calculate the corresponding values 

the volume, taking the range 165 lbs. (dry sat.) to 1 lb. 

The order of the calculation is as follows: 

(1) Find 180-89, and - 448-06, from the 

fables. • 

(2) Find / from F// = l + (i - E) x. Here x = 0-2019, and 

0-5551. 

(8) Find H'- 108-58, and H"* 559-02, from F - om. 

(4) Find F'= 2-7801 from the Tables, and deduce 802-08 
rom H". 

The above operations cannot be avoided in any method of 
alciilation. The application of the empirical formula for inter- 
lediate points is as follows: 

(6) Find H"- Z?''= p"V"{H'- p"V") = 209-81. 

817-84. , 

(6) Add 10-858 nine times in succession to H"- B", giving 
e values of H — B" at the nine intermediate points required, 
hese are shown in the first line of the following table under the 
orresponding point numbers. The initial and final values already 
iven are omitted to save space. Similarly for any desired number 
t Expansions N,^the common difference is (ff'- H")jN. 

(7) Take the logs of ff — B" as shown in the next line. The 
Jharacteristic of the logarithm, and the decimal point, are omitted 
o eac case, sined the characteristic is always 2, and is not required 
n the q^lculhtion. 

(8) SuWact log (ff"— ff"), = 2-82080, from each, giving the 

'alues m the next line. . » » 

(9) Find log (p'lp") = 2-2175, and reduce aU thejogs in the 
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ratio 1/w, where m = 0-18141/2-2175 « 6*08180, being the ratio of 
log(£r'~ R"), already found, to log(p'/p'P* This gives 

the logs of the p ratios in the next line. Siyce the ratio 1/m is 
constant, the operation of reduction is very easily performed, 
«preferably with a Fuller slide-nile, which gives ample accuracy 
for th6 purpose. ® 

(10) Add logp" (in this case 0) to each of the values of 

log Take the antilogs giving the required values of p shown 

in the next line. 

(11) Approximate values of F, sufficiently accurate for almost 
any purpose, are most easily found from those of p and H - R" 
by the simple formula 

V=^m(H-B")lafp, ( 20 ) 

since m/a/, = 0*08180 x 1400/144 x 0-5551 = 1-4880, is a constant 
factor in the present instance. The values so obtained are given 
in the next line, hedded V (approx.), and are more accurate than 
any which could be found from a diagram, in addition to being 
more easily obtained. By way of verification the correct values of 
V for each H and p have keen calculated from the tables by the 
exgct formula, and are shown in the next line headed V (correct). 
But the exact method for V is far more troublesome than the 
approximate formula (20), owing to the necessity of interpolation 
for and F, and t at each point, and should be employed only if 
F is required for small differences, which is very seldom the case, 
unless it is necessary to calculate H from F, as in employing a 

formula of the type PV = kP”*. 

* € 

Table V. Results for Example 3. /.= 0-555 (constant), 850. 


: PqintNo. 

1 

ft 

2 

3 

4 

5 

6 

7t 

8 

9 

{H-B") 

30609 

296-13 

285-28 

274-43 

263-58 

262-72 

241-87 

23l02 

220'll 

log(Jy~R'0 

48712 

47149 

46527 

42843 

42090 

40264 

38358 

36364 

m 


16632 

15069 

13447 

11763 

10010 

08184 

06378 

04284 

02111 

log (p/p") 

2-0332 

1-8422 

1-6440 

1-4380 

1-2237 

1-0004 

0-7674 

0-6238 

0-2611 

©Tbs. 

107-94 

69-535 

44-056 

27-416 

16-738 

10-001' 

5-8533 

3-3404 

1-8M 

Ffapprox.) 

4-076 

6-102 

9-278 

14-34 

22-67 

36-22 

59-21 

99-10 

ml 

F(conreot) 

4-094 

6-113 

9-278 

14-32 

22-52 

36-11 

69-06 

99-10 

17(H 


The point of the foregoing method is that all the arit|^etical 
operations are very simple and easily performed, and that the 
results possess nearly as high fin order of accuracy as could be 
obtained by the most exact theoretical equations, involvinff a 
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prohibitive amount of labour. A similar solution is obtained with 
almost equal^ease for any desired range of variation of /, a problem 
which would be otjierwise insoluble except by a very laboripus 
method of trial and error. The simplest method when/ is variable 
i^ illustrated in the following example. 

Example 4. With the same initial and final data as in' the pre- 
ceding example, find the pressures and volumes at nine inter- 
mediate points, required for equal work in each of ten expansions, 
and calculate the values of the stage efficiency at the intermediate ' 
points, if the ratio /'//"' of the initial and filial values of /is 5/6. 

The work is the same as in the previous example with the. 
exception of the determination of JT"— and the intermediate 
iralues of / and F. W'- B" is found from the r^ondition 5/6 
combined with the general expression for /which gives 

/'= m (//'- B")lap'r, /"- m (f/"- B'')lap'T'\. 

vhence 

H"- B"^ H")l(5p'r- dV'F") - 408-99, 

H'- J5"= 5ir 52. 

The required values of H — 5" are given in the first line of J;he 
following table. Those of p are obtained, exactly as in the previous 
case, by logarithmic interpolation. The values of pF given in the 
next line are obtained in the same way by reducing the logs of 
[H - B'')I(H"- B") in the ratio of log (p'V'lp'T") to 
log (B'- B")I(H''- B"). 

These are required for finding the intermediate values of / and F, 
md are sufficiently accurate for this purpose, though not so accurate 
IS the values of p. The correct values of F deduced from H are 
fiven in the last line for comparison. * 

Table VI. Results for ^ixample 4. /'= 0-506,/"== 0-607, R"= 150-0, 


5int No. 

1 

2 

3 

4 

5 

0 

7 

8 

9 

-B") 

606-67 

4W81 

484-96 

474-11 

463-26 

462-40 

441-66 

430-70 

419-84 

bs. 

104-24 

66-17 

40-34 

24-67 

14-93 

8-921 

6-270 

3-071 

1-766 


441-9 

426-1 

408-7 

392-7 

376-9 

301-3 

346-1 

331-1 

316-4 


0-614 

0-623 

0-632 

0-641 

0-661 

0-661 

0-672 

0-683 

0-596 

lapproxj 

4-938 

6-623 

10-13 

16-92 

26-24 

40-49 

66-67 

107-8 

179-3 

(correotf 

4-933 

6-607 

10-10 

16-84 

26-10 

40-29 

66-33 

107-4 

178-9 


The maximum error of F Iby the approximate method of 
calculation is only 1/2 of 1 per cent. The change in the assumption 
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for/ makes a difference of 12 per cent, in the values of p and F at 
stage 5, for the sime value of H in both cases. 

• As further examples of the equal division o^ work in continuous 
expansion, we may take two simple cases in which the character- 
istic curves ars> readily drawn on the diagram, so that the solutiop 
may also ke obtained graphically. 

Example 5. The simplest case is that represented by the equation 
H — logp, in which equal pressure-ratios give equal division 

of work, corresponding to a straight line joining the initial and 
final states on the R log P diagram. The constant P" is the value 
of H when p = 1, and the constant k = (W- P")/log The 

efficiency at any point in continuous expansion is/= 0*4848Aj/qpF. 
The following <;able shows the values of p, V, and /, at nine inter- 
mediate points of t^e expansion from 165 lbs. to 1 lb. The values 
of p and V are the same £is in Example 2 of the next chapter, but 
those of f differ slightly from those given in the example cited, in 
the case of saturated st^am, because they are the values at each 
point in place of being the mean values over the preceding stage. 
The values of V (approx.), calculated as a geometrical progression, 
agree sufficiently closely for practical purposes with those of 
V (correct) calculated from H, 


Table VII. 

H-B"^k\ogp, H"- 559*02, /'= 0*450, /"= 0*684, 
k = 48*94. 


Point No. 

1 

2 


4 

6 

6 

7 

8 

9 

H 

^ (correct) 
V (approx.) 

656*71 

99*02 

4*447 

4*443 

0*470 

645*85 

59*43 

7*111 

7*100 

0*490 

635-bo 

35*66 

11*37 

11*35 

0*510 

624*14 

21*40 

18*17 

18*13 

0*532 

613*29 

12*84 

29*02 

28*98 

0*556 

1 

602*43 

7*710 

46*36 

46*31 

0*579 

591*68 

4*626 

74*02^ 

74*01 

.0*603 

680*73 

2*777 

118*4 

118*3 

0*629 

669*87 

1*666 

189*2 

189*0 

0*666 


Example 6. The characteristic curve obtained when F is assumed 
constant, is also easily drawn on the diagram ^by reducing the 
ordinates of the adiabatic in the constant ratio P/1. This is repre- 
sented for the case P = 0*60 by the curve AFC joining the points 
AC on the diagram. Fig. 82, The pressures corresponding to equal 
division of work are foimd by drawing horizontal lines to m^et the 
curve AFC at equal differences of H. The voliunes can then be read 
from the diagram, and the values of / deduced from the slope of 
the curve at each point. But it is just as easy to perform the same 
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operation by calculation in the following manner, with the aid of 
the empirical formula H - B'= for the adiabatic IX (29), 
and a simillr forn|^la H — for the expansion cur\re. 

Since F is to be constant, we must havfe m *= 1/9, and k"lk'^ F. 
The logarithm of the ratio of the initial and final vajjfies of J? - 5' ^ 
is (1/9) log {p'lp")» Taking F == 0*6(^ for the rfijnge 165 to lib., 
we find (H'- W) = 1-76355, or 

H"- 108-58/0-76855 = 142-14. 

The values of H - B” for equal division ^of work at nine inter- 
mediate points are obtained by successive addition of 10-858 to 
H”— B”, The required values of the pressure are then obtained by 
logarithmic interpolation as previously explained. The values of 
V may be deduced from those of H and t ^ great accuracy is 
required, but for most purposes it suffiees to find the intermediate 
values of pV by logarithmic interpolation ^rom the initial and 
final values as previously explained. The values of/ are obtained 
from the formula /= m (// - B'^yapV -T-080 {H - B^')lpV. The 
values of / and V deduced from the a^roximate values of pV will 
be in error by about 1 per cent, at point 5 in the present case, but 
since the effect of supersaturation may amount to 5 per cent.* or 
more, an error of 1 per cent, in V would not be serious in practice 
in comparison with the uncertainty of supersaturation, and with 
the large differences in both p and V occasioned by making different 
assumptions for the variation of /. 


Table VIII. F = 0-60 (const.), H'*- = 142-14, m - 1/9, 

/'= 0-590,/"- 0-508. 


Point No, 

.a 

1 

2 

3 

4 

6 

6 

7* 

8 

9 

B-B" 

239-82 

•228-96 

218-11 

207-26 

196-40 

186-66 

174-70 

163-86 

162-99 

P 

110-8 

73-02 

47-17 

29-80 

18-36 

11-01 

6-400 

3-693 

1-939 

pF (approx.) 

444-0 

429-1 

414-0 

398-8 

383-3 

367-6 

361-6 

336-4 

318-9 

V(approx.) 

4-008 

6-870 

8-776 

13-38 

20-88 

33-39 

54-93 

93-34 

164-£ 


0-683 

•0-676 

0-669 

0-661 

0-664 

0-645 

0-637 

1 

0-628 

0-5U 


Comparing Examples 5 and 6, we observe that the value of the 
pressure at point 5, namely 18-86 on the assumption F constant 
in Example 6, exceeds that found at the same point in Example 5, 
namely 12-84, by 48 per cent, Th^se two cases represent two of the 
assumptions most commonly made for the expansion curve, and 



illustrate the practical importance of a more complete experim^tal 
investigation oi^the question than has yet been attempted. 

c 

^ 139. Graphic Cofnparison of Characteristic Curves. 

The characteristic curve of a turbine represented by the differentic^^ 
equation = cfV dP, ma^ be defined as the relation between* 
H and P (or preferably between H and log P) resulting from the 
variation of the stage effieieney throughout the expansion. It is 
evident from the form of this relation that the H log P* diagram 
is the most appropriate for the exhibition of such curves over an 
extended range of pressure. Examples of such curves drawn on the 
diagram are exhibited in Fig. 32. When the form of the curve re- 
pres^ting the performance of any particular type of machine is 
known, the rJquir^, calculations are greatly facilitated, especially 



/ is continuous, it appears from the foregoing examples that the 
curve may most conveniently be represented by an^empirical formula 
of the type H — B = kP^^ which covers a wide range of possible 
varieties, and is very convenient for computation. 

The annexed Fig. 81 is intended to give slbme idea of the 
differences between different cases for saturated steam, and to show 
how closely they can be represented by the empirical fonhula. The 
range of expansion is from 165 lbs. (dry sat.) to 1 lb., and Jhe case 
in which / is constant is taken as the standard of comparison, 
represented by the horizontal bage line. The ordinates of the curves 
represent differences from this standard in ceils. C. The scale of 
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preraure along the base line is logafohmic. The initial and final 
states are the same on each curve, and correspc^d to F * 0*60, 
,or a total h#at-drop of 108*58 cals. C. The curve coinciding most 
closely with the base-line is the empirical formula (1) of Table i, 
'^showing deviations of less than 0*05 cal. on the av^age from the^ 
theoretical curve. The curve marked 8 represints the formula 
PV * kP^, which shows deviations of 5 per cent, fromf the curve 
of constant /, and gives a range of variation of / in the ratio 
f If” ^ 5/7 nearly. This curve appears to represent with a fair degree 
of approximation the actual performance of some reaction turbines, 
and coincides very closely with the curve "Marked 2, representing 
the empirical formula H — B = k\ogP oi Example 5, which gives 
a straight line on the HlogP diagram. The latter formula is a 
special case of the general type H — B = ^yhich^’reduces to the 
logarithmic form when m = 0. The curves represented by the 
general formula, when drawn on the H log P diagram, h|.ve the 
same kind oi curvature as the adiabatic for positive values of w, 
but the opposite curvature when m is negative. It is probable that 
curves with negative values of m may represent the case of small 
turbines in which the efficiency is ver/low in the early stages. The 
curve 4 represents the intermediate case of Example 4 in which 4he 
range of variation of / is represented by the ratio / 7 /"= 5/6. The 
lowest curve in the figure is the curve of constant relative efficiency 
P, which is of interest because it is often assumed on account of its 
simplicity, being represented by a straight line on the Mollier 
diagram. It lies below the theoretical curve of constant/, as shown 
in the figure, and would make/ dimim^^^coiatinuously throughout the 
expansion (giving a range of variation represented approximately 
by the ratio /'//"= 7/6) which is highly improbable. The dotted 
curve representing the formula H-B” = kp^l^y of Example 6, is seen 
to agree very closely with the theoretical curve of constant P. 

The curve marked PV shows the result obtained by calculating 
the heat-drop at intermediate points from the expression 

ofmip'V' - p”V")lm 

for the integral of af^Vdp along the curve pV = /cp’", in which the 
value oif^ is taken as constant, and is deduced from P by the 
formula for th^rSieat-factor given by Martin, This is fairly accurate 
in the ^arly stages, but has the disadvantage of leading to a dis- 
crepancy of 1*6 per cent, in the final state. The method applies 
only to the case / constant, and fs more troublesome than that of 
Examine 8, jn addition to being less accurate. 
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The above examples refer to the case of saturated steam^ aad 
show that an empirical formula of the type — kp^ possesses 

tjie required degree of flexibility and accura^ for practical pur- 
poses. It is equally apf>ropriate in the case of superheated or 
I supersaturated steam, because it fits more naturally with the^ 
thdoret^c^ equations than ^n the case of saturated steam, dn 
the other hand a formula of the type PV =-- kP”*, though so 
commonly employed for the same purpose, possesses no flexibility, 
and can only represent one particular type of expansioh curve, 
which may or may not correspond with experiment. 

If the characteristic curve is known for a particular type of 
machine, the diagram is useful for estimating the volume and 
heat-drop at intermediate points of the expansion by observing 
the corresponding ^pressures. Changes in the state of the steam, 
or accidental defects of efficiency, may thus be detected. Un- 
fortunately the published data for intermediate pressures are so 
scarce and unreliable that it is difficult to find' satisfactory 
examples of actual casek. But if the dimensions are known, and 
accurate observations of j^ressure are obtainable, better results 
may be deduced by calculation, as illustrated in Chapter XVI, 
beCiause the form of the characteristic curve may vary with 
changes of state of the steam and other conditions, and can 
seldom be predicted in minor details. 



CHAPTER XIII 

THE IMPULSE 'J'URBINE 

140. Subdivision of the Heat-Drop for a Multistage 
Impulse Turbine. The method usually adopted in theoretical 
works in conjunction with the entropy diagram, is to divide the 
Eidiabatic heat-drop, or the area on the TO diagram, or the PV 
diagram, representing the whole available energy, into a nifmber 
of equal parts, assuming that the efficiency is •constant throughout 
the expansion. A method more commonly adopted in practical 
design is to assume equal pressure- or expansion-ratios /or the 
different stages, which simplifies the calculation. In either case it 
is important to maintain a suitable ratio between steam- and 
blade-velocity, and the subdivision of the heat-drop must be 
modified if there is any considerable difference between the stages, 
such as would be occasioned by the use of compound wheels, •or 
of simple wheels of different diameters. 

The most uncertain element in the calculation is the final state 
of the steam in each stage, or the residual supersaturation, which 
depends on the rapidity of expansion, and on the leakage and 
frictional losses occurring in each stage. There is little direct 
experimental evidence on the variation o? the efficiency from stage 
to stage, though it is generally admitted that the efficiency must 
be lower in the early than in the later stages, for reasons already 
discussed. Tfliis difficulty is evaded in most of the follow^g examples, 
by assuming a particular type of expansion curve apd finding the 
resulting efficiencies, or by assuming the efficiencies themselves, 
in which case the result would be definite apart from the phenomena 
of supersaturation. 

In dealing with the effects of supersaturation, it is always 
possible to calculate upper and lower limits for the effect. For this 
reason many otttie calculations are made for steam in the equi- 
libriumi^^te of saturation, giving the upper limit, as well as for 
supersaturated steam at the lower limit, and for certain combina- 
tions of these assumptions which appear to be possible or instruc- 
tive, Fu^her light on this important question can be obtained only 

am 21 
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by comparison of ccdculations oi luIs nature with the results of 
experimental tests. There are few satisfactory data available at 
present, but these seem to show that steam^ in rapid expansion 
keSps very close to the shpersaturation limit. 

Since the ^variation of relative efficiency from stage to stage 
reihaki^ a subject for exf^riment, and is probably different for 
different types of machine, it is impossible to give definite rules 
applicable to all cases for the subdivision of the pressure-range or 
heat-drop. The following examples are intended merely to illustrate 
the methods of using the tables in calculating the required quan- 
tities, and to show the effect of different assumptions for the varia- 
tion of the efficiency. To facilitate comparison, the same pressure- 
rang6, namely 165 to 1 lb., starting with dry saturated steam, is 
assumed in the firct* series of examples, and the range is divided 
into ten parts in each case, so as to give an approximately equal 
divisios?. of work between the stages. In order to simplify the cal- 
culation it will be assumed in the first instance, -(I) that the 
expansion in each nozzle is adiabatic and frictionless, (2) that after 
passing through the blades, and before expanding through the 
next nozzle, the steam is reduced to the equilibrium state of satura- 
tion corresponding to the actual heat-drop deduced from the 
€WSumption made with regard to the efficiency in each case. The 
velocities and nozzle areas calculated on these assumptions may 
require correction for friction in the nozzles and will be affected 
materially by supersaturation lag. But the above method of cal- 
culation represents a definite limit corresponding closely with the 
conditions generally assumed. 

The notation adopted for the different stages is as follows. 
The suffix 0 is used to denote the initial condition of the steam at 
Pfflo before^ expansion through the first nozzle, assufning C7 « 0. 
Suffixes 1, 2, g, etc. refer to the consecutive stages of the expansion 
at pressures Pj, Pj, etc. in the wheel chambers. <rhe initial state 
in each chamber on leaving the nozzle is indicated by a single dash, 
the final state before entering the next nozzle, by a double dash. 
Thus Uq— Hi represents the adiabatic heat-drop in the first 
nozzle, that in the fourth nozzle. The adiabatic heat-drop 

in any nozzle may also be represented by ths convenient ab- 
breviation Similarly, DHi' represents the actual hf^at-drop 
in the first stage, and that in the fourth stage. The symbol 

is employed to denote the vdue of H on the adiabatic through ' 
the initial state at a point corresponding to the pressure in each 
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ch^ber. The drop of temperature, piressure, or potential per stage 
may similarly be represented by the abbreviatidii^, Dty Dp, DG, 

Example 1* Fii^l the temperatures along the adiabatic for 
saturated steam, corresponding to the subdivision of the adiabatic 
hfat-drop from 165 lbs. (dry saturated) to 1 lb. into t<n equal parts. 
If the relative efficiency F is constant fiid equal td 0*60 throughout 
the expansion, find the actual efficiency / of each stage, and deduce 
the velocities and nozzle-areas. 

The whole adiabatic heat-drop in this case is 180*88 as previously 
calculated, and the values of corresponding to the temperatures 
in each stage are obtained by successive subtraction of 18-088 
(a tenth of the total heat-drop) from the initial value, namely, 
Hq = 667-56., These values are given in the second line of the table 
below, under the numbers of the corresponding stages. The re- 
quired temperatures are most easily found from the adiabatic 
equation, TOq = + 6?, since and Oq are given, and G is a 

function of iT only, tabulated for each 1^ C. Thus for the first 
stage, substituting the initial values of D and O, we obtain as the 
equation for t, 140-82 + G/1-5691^ which is easily solved by 
interpolation. Thus taking t ~ 168®, G = 43-63, we find t = 168-48®, 
and taking t = 169®, G = 48-81, we find < - 168-74°. By inter- 
polation, t — 168-62° is the solution. Proceeding in this way we 
obtain the values of t given in line 8, from which the corresponding 
values of p, Hg, and Vg, are readily found by interpolation in the 
Steam Tables II or III, App. III. The values of the constant in 
the equation for t in successive stages are obtained by successive 
subtraction of 18-088/1-5691 = ll-528»fr6m 140-82. The required 
values of t may be obtained from the tables in many other ways, 
but the above method is probably tho’simplest and most accurate. 
It is far preJ^rable in point of simplicity and accuracy te the division 
of the area on the entropy diagram into equal parte, which is so 
commonly reconimended as a method of solving this problem. 

In order to find the values of the actual adiabatic drop DH^ 
in each nozzle, w^ require the values of at the end of each stage. 
These are readily found from the condition that F is constant and 
equal to 0-60, by subtracting the constant difference 

18-088 X 0*60 10*858 

. for each stage. The adiabatic drop DH^ might then be found from 
the usual formula DH^ « - PG, where JDf is the temperature 

drop for the nozzle considered, by deducing from W* in each 
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caS«. But since we already hdve the relation 18*088 ■« OG^ 

we find 

DH ^ » 18*088 + 1^-088 + (Hf- 1?^) Dt/T. ...(1) 

For the first fozzle and DJET^ =» 18*088, For the second 

noizle,,w^ have = 1^*24 from column 1, Dt^ 16*81 from 

1 and 2, and T = 441*72 from 1, which gives 0*267 to be added to 
18*088ft for the adiabatic heat-drop. It is advantageous to work 
the solution in this way, because the point of the problem is to 
investigate the manner in which the actual heat-drop in 
each nozzle deviates from the constant value 18*088 assumed in the 
division of the heat-drop along the adiabatic. The correction term 
is so*small that it can easily be worked on a small slide-rule with 
little chance of errepin the second decimal place, even if the values 
of Dt are not quite accurate. 

Tl» stage efficiency/, given in the next line, is found by dividing 
the constant difference BW* = 0*60 x 18*088 « 10*858 by the 
value of BH^ for the nbzzle considered. It will be seen that the 
value of / diminishes considerably in the later stages as compared 
with the earlier. Since in ail turbines the later stages are the most 
efficient, we infer that the assumption of constant relative efficiency 
F throughout the expansion cannot be correct, and that there is 
no advantage, even in simplicity of calculation, to be derived from 
the equal division of the adiabatic heat-drop which is so often 
recommended. 

The values of the initial velocity U' in feet per second given in 
the neaft line are obtained by multiplying the square root of BH^ 
by the constant 800*2, Tkey show a nearly uniform rate of increase 
from' stage to stage. Since the velocity carried over from stage to 
stage also t^nds to increase in the later stages, the fealisation of 
the conditionrF = constant would require a very marked reduction 
in the wheel efficiency at low pressures, which is quite contrary to 
experience. 

The initial value of H' in each stage is obtained by subtracting 
^ BH^ from the final value of H” in the preceding^ stage. The values 
of V' at the exit from each noz^e are deduced from those of 
by the formula for saturated steam, with the aid of H,, T,, and H 
in the usual way. The appropriate nozzle areas per pouiyd follow 
' from the relation X'/M — 144F7t/'. The pressures given in the 
last line are not required in the calculation, but are usofrd for 
purposes of comparison. Thus, in testing a turbine construct 
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these lines, it would probably be found that the observed pressures 
did not con^spond with the calculation in consequence of the 
errwieous assumpti<yi made with regard to the relative efficiency. 


Table I. Results for Example 1. F.P.C, units. 


No . 

1 

2 

3 

4 

6 


7 ^ 

8 

♦ O '-- 

* 10 


649*47 

631-38 

631-29 

695-21 

67 . 7-12 

569-03 

540-94 

622-86 

604-77 

486-68 

•9 

168-62 

152-31 

136-54 

121*26 

106-44 

92-10 

78*16 

64-64 

51*60 

38-74 

r" 

666-71 

645-85 

635-00 

624-16 

613-30 

- 602-44 

691-69 

680*74 

669-88 

669-03 


18-088 

18-366 

18*643 

18-924 

19*211 

19-600 

19-794 

20-097 

20-406 

20-722 

0-600 

0-591 

0-682 

0-674 

0-666 

0-666 

0-648 

0-640 

0*632 

0-624 

r . 

1277 

1286 

1296 

1306 

1316 

1326 

1336 

1346 

1366 

1367 

V 

649-47 

638-34 

627-21 

616-08 

604-94 

693*80 

582-65 

671*49 

660-33 

649-16 


3-913 

6-703 

8-492 

12-94 

20-22 

32-39 

63-66 

91-40 

161-4 

296-4 

'/IM 

0-441 

0*639 

0-944 

1-427 

2-213 

3-617 

6-774 

9-780 

17-14 

31*22 

111-3 

73*66 

47-63 

29-97 

18-41 

11-00 

6^8 

3-667 

1-927 

1-000 


By way of contrast we may take another example whicb^ corre- 
sponds more Clearly with the variation of the efficiency in practice, 
and gives a much simpler method of calculation and of subdivision 
of the heat-drop. 

Example 2. With the same initial and final data, and F - 0*60, 
divide the pressure-range into ten equal intervals by ratio. As- 
suming that the work done is the same in each wheel-chamber, find 
the stage efficiency, (1) for supersaturated, (2) for saturated steam. 

Since log 165/1 = 2-21748, the logarithm of the pressure-ratio 
for each nozzle is 0-22175, or the ratio P'jP” is 1-6668 for successive 
chambers. The corresponding pressures are given in line 1 of the 
next table. Neglecting external loss of heat, the actual heat-drop 
in each chamber is by hypothesis 10-858,< which gives the values of 
W in the next line. Assuming that ’after passing the wheel, the 
steam ha2‘'r?covered its equilibrium state of saturation, the values 
of the final volume V” in each chamber are deducedUfrom those of 
-ff" by the usual relation for wet steam, and are given in the next 
line. To find the adiabatic drop in case (1) for supersaturated 
steam, we may ^eglect h as being beyond the limits of possible 
accuracy, and take the formula, a (w + l)Po^o(l ”■ 
given in Chapter IX, equation (85). Since P/P© constant and 
equal to 1/1*6669 for each stage, the expression for reduces 
to the jc^venient form PoFq/ 20-185, For the first nozzle, P^ =* IM, 
and 2-781, For the next nozzle Pq* Pi, and Fo** 
so on for successive nozzles. ' 

The resulting values of / for each stage are obtained by dividing . ^ 
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10*858 by the successive values of These show, in contrast 
with the preceding example, a rapid inereeise of efficiency in the 
later stages. The increase may appear excesf ve, but is probably 
exceeded in practice in many cases, especially in small machines, 
which are ap^ to be very inefficient in the early stages. On tjie 
otfeef haiyl, in tfte later stages, efficiencies of 0*80 appear to have 
been reached under favourable conditions. 

To' find the corresponding nozzle-areas, it is first pecessary to 
calculate the values of V' for each stage. These are obtained from 
the formula for supersq^turation which gives the ratio 

so that each V* is obtained by simply multiplying the previous 
V* by the cdnsta»t» 1*4818. The values of X'/M follow from the 
formula 144P7t7', or 218*8F'7C7'. 

(2)k,If the adiabatic equation for saturated steam is employed 
for finding the heat-drop and the volume V', the cdilculation is a 
little more troublesome, ‘since G and O are required, but the results, 
as shown in the next five lines of the table, do not differ materially 
in character. In either case* the stage efficiency /must vary nearly 
a» 1/PF if DH*' is proportional to log (P'lP"). The actual values 
of/ are a little smaller, and those of U\ F', and X\ a little larger, 
for saturated than for supersaturated steam; but it is probable that 
the supersaturated condition more nearly represents the facts of 
the case in rapid expansion, and it has the additional advantage 
of simplifying the calculation. 

Example 8. Another assumption that appears to be often made 
in designing turbines is that of equal expansion ratios by volume 
between successive stages. This may be combined 'gfith the as- 
sumption 'Of <’equal pressure ratios, by using a formula of the type 
pyy s , or PF = AjP*", for the expansion curve; The value of the 
index m or y is selected to fit the same final values of H" and F" 
as in the previous example with F « 0*60. The values of F'' are 
then calculated as in line 2, and those of J?" deduced from F", 
giving the nearly constant differences for DW* shown in the next 
line. The values of supersatmrated differ very little from those 
in Example 2 (1), Those of/are all a little higher, but the expansion 
curves assumed in Examples 2 and 8 are so nearly coincidentflfor satu- 
rated steam that the results differ remarkably little in character. 

It will be seen that the assftmption of a formula of the type 
Pi^« KJoi the relation between the values of P and F in soci- 
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Table 11. Results for Example 2. 


>. 

1 

— '-V — 
2 


4 

6 

6 

7 

8 

9 

* 10 • 

• 


99-02 

59-43 

36-66 

21-40 

12-84 

7-710 

4-626 

2-777 

1-666 

" 1-000 


666-71 

646-86 

636-00 

624-14 

613-29 

602-43 

691-68 

680-73 

669-87 

569-02 


4-447 

7-111 

11-37 

18-17 

29-02 

46-36 

74-02, 

118-3 

189-2 

• 302-1 


(1) For supersaturated steam. 



22-74 

21-82 

20-94 

f 

0-477 

0-497 

0-618 

V 

1430 

1400 

1372 

V' 

4-120 

6-688 

10-64 

X'lM 

0-414 

0-678 

1-108 


20-09 

0- 640 
1344 
16-84 

1- 804 


19-27 

0-663 

1317 

26-91 

2-940 


18-47 
0-688 
1290 
42-99 
4-8001 


17-71 

0-614 

1262 

68-68 

7-840 


16-97 

0-640 

1236 

109-6 

12-78 


0-667 

1210 

176-2 

20-80 


16-62 

0-696 

1186 

280-2 

34-10 


(2) For saturated steam. 



23-32 

22-36 

21-62 

20-64 

19-81 

18-99 

18-24 

17-49 

16-78 

16-12 


0-466 

0-485 

0-504 

0-626 

0-648 

0-572 

Oim 

0-620 

0-647 

0-673 

1460 

1420 

1392 

1363 

1336 

1308 

12^2 

1266 

1230 

1206 

V' 

4-336 

6-947 

11-12 

17-81 

28-60 

46-59 

72-94 

116-71 

186-8 

299-1 

rjM 

0-430 

0-704 

1-161 

1-882 

3-071 

6-020 

8-194 

13-391 

21-87 

1 36-74 

Table for Example 8. 

PFv = 

: K, or PF == kP^, where m == 1 ~ 

1/y. 

P 

99-022 

69-4271 

36-664 

21-402 

12-846 

7-7089 

4-6264 

2-7765! 

1-6663 

1-OOC 

r' 

4-4429 

7-1002 

11-347 

18-134 

28-979 

46-312 

74-012 

118-28 

189-02 

302-0£ 

H" 

656-26 

646-19^ 

634-32 

623-62 

613-02 

002-43 

691-78 

681-02 

670-12 

669-OS 

DH" 

11-30 

11-07 

10-87 

10-70 

10-60 

10-69 

10-66 

10-76 

10-90 

1M( 

DH^ 

22-73 

21-80 

20-91 

20-06 

19-23 

18-44 

17-69 

16-97 

16-27 

“ 16-6] 

f 

0-497 

0-608 

0-620 

0-634 

0-661 

0-674 

0-602 

0-634 

0-670 

0-71] 


cessive stages, fits very closely with the hypothesis that equal 
pressure and expansion ratios give a nearly constant value of the 
heat-drop DH'\ or the actual work performed in each stage, in the 
case of saturated steam. Or conversely,^ that if equal values of the 
heat-drop DW' are assumed, the successive values of the volume 
for saturated steam will show a nearly constant expansion-ratio 
for a constant pressure-ratio, as is easily seen by comparing the 
values of V” given in Examples 2 and 8. The difference is so small 
that careful calculation is required to detect it. 

The most troublesome part of the calculation in Example 2 is 
' the deduction of the values of V” from those of E" by the tables 
for saturated steam. Since the exact state of the steam is uncertain, 
it is permissible in the present case to simplify the calculation by 
assuming a cpngtant expansion-ratio for F, which gives a constant 
ratio successive values of PF, and DE^^ and V\ and/, and U\ 
It is not, howeyer, permissible to assume, as is sometimes done, 
that the expansion-ratio is the^same as the pressure-ratio. This 
would be equivalent to assuming the expansion curve FV 
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with y «■ 1, and wcfhld lead tb an absurd value of the final volume 
and It is essential to calculate the value of the index y to 
fit the final value oithe volume deduced from the given value of F. 

In Example 8, it is much more troublesome to deduce accurate 
values of from than to deduce F" from H'" in Example £j 
fiecause the rapid variation of V makes interpolation more djffioult, 
and because it is necessary to work^both F" and F, to at least 
five significant figures, in order to obtain consistent values foi 
the small difference DH'\ and to show the nature of the systematic 
yariation. The result is instructive as showing that the assumption 
of an expansion curve of the type PV* — cannot possibly be 
consistent with a constant value of the stage efficiency/ for satur- 
ated steam.' 

Graphic Representation on the H log P Diagram, The pressures 
required in Example 1 are readily found on the diagram by dividing 
the heat-drop along the adiabatic AB into ten equal part§( at the 
points 1, 2, *3, etc., of which the first six only are shown in the 
annexed Fig. 82. The corresponding points on the actual expansion 
curve for F =* 0-60 (constant), are found by reducing the adiabatic 
heat-drop at each point in the constant ratio 0-60. The points 
representing the final states lie on the continuous curve AFC, 
which is the same as for continuous expansion (Chapter XII, 
Example 6), at constant F; but the actual expansion in ten dis- 
continuous steps follows a zigzag course, consisting of adiabatic 
steps such as A 1, representing the expansion in the first nozzle, 
followed by vertical steps, representing loss of heat-drop in passing 
through the wheel, which bring the jinal state back to the curve 
AFC before the next adiabatic step. In order to avoid confusion, 
these zigzags due to discontinuity qf expansion, are not shown on 
the other Airves in the figure. ^ 

The straight line AC joining the initial and fin^l states, repre- 
sents the final states in each chamber according to the hypothesis 
of Example 2. The heat-drop is the same, namely 10-858, in each 
stage as in Example 1, but the pressures differ considerably, as 
shown by the horizontal lines joining corresponding points on the 
straight line AC and the curve AFC. The pressure at point 5 on 
AFC is greats than that at point 5 on AC by 48 per cent. 

Th| .curve representing the case of Example 8 coincides so 
closely with the straight line AC that the differences cannot be 
shown clearly on the scale of th% diagram. The pressures at corre- 
sponding points are the same. The curve for Example 8 intersects 
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the straight line AC at point the maximum difference at point 8 
being only 0*7 c^l. It appears that a straight line on the H log P 
diagram represents very fairly on the average characteristic of 
a turbine when the steam h assumed to be in the state of satiuation 
throughout th^ expansion. But this is not the case when the steam 
is superheated or«supersaturated, and changes in the form of the 
characteristic may be expected when the state changes from dry 
to wet.^ 

141. Subdivision of the Heat-Drop for Given Values 

of /. There is no great difficulty in finding the subdivision of the 
pressure-range or the heat-drop on similar assumptions to corre- 
sponc^ with any arbitrary values of/ for the separate wheels. It is 
necessary, hbwiover, in this case, to calculate the final state in each 
stage before proceeSing to the next, and some adjustment of the 
velocity, or the number of stages, is usually required to make the 
final stake fit the giv^n data. The most appropriate method in each 
case will depend on the given conditions. As a simple illustration, 
we may take the case of finding the subdivision of the pressure- 
range, and the required noczle-areas, for ten stages, when the 
velocity and efficiency are assumed to be the same for all stages, 
in which case both DH^ and DH” must be the same for all. The 
pressure-drop is deduced from DH^ instead of vice versa. If the 
final state is given by F and p, DU'' is known for each stage, and 
DH" If, but the value of / requires adjustment to fit with 
that of F, by a method explained in a later section. On the other 
hand, if the final value of H” alone is given, in place of F and p, 
an arbitrary value of/ ma^ iJe selected. 

Example 4. Divide the pressure-range from 165 lbs, abs. (dry 
sat.) to 1 Ibft ijLto ten parts to give the same velocity anil efficiency 
in each, assunpng that F — 0*60, (1) for saturated, (2) for super- 
saturated steam. 

Since F = 0*60, the actual heat-drop DU" in each stage must 
be 10*858, as previously calculated, but the required values of 
/to fit with the given value of F, will be different in cases (1) and (2). 

(1) In the case of saturated steam, the required value of / is 
0*660, and the value of for each stage is 19*88, giving IJ'~- 1822, 
The temperature drop for the first nozzle is calculated frfm the 
equation ^ 

(as in Example 1, above) which fixes the final state in the ^t 
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chamber in conjunction with the given value of DW*. The final 
value 6f O'i, required for the next nozzle, is easiJy obtained, since 

< 1 ^ « (19'88 - 10-858)/y = 8-627/r. {8)r 

The temperature for the next chamber may then be found* 
K' and X'jM are also found as in JJbcample l,*and p is pbt8^lned 
fromf. 

(2) In the case of supersaturated steam, a higher valqe of the , 
stage efficiency / is required to fit with the given value of F, on 
account of the loss due to supersaturation. The required value in 
the present case is 0*576, but the value 0*575 was estimated, and 
employed in the calculation, which has the effect of making the 
final pressure come out a little too low. The difference 0*016 in / 
for the same F, is far from representing the ^limit of possible loss 
due to supersaturation, because we have supposed the steam 
restored to the state of saturation at the epd of each st^e. This 
might approximately be the case at low speeds in large marine 
turbines, but in many cases the whole* expansion from boiler to 
condenser pressure is completed in less than the hundredth part 
of a second, and the temperature of the steam is probably nearer 
the SS limit throughout the expansion, which would involve a 
much greater reduction in the efficiency, or a still higher value of 
/ for the same F. Taking/ =» 0*575 gives DH^ *= 18*88 for the adia- 
batic heat-drop per stage, and U « 1304 for the velocity. The 
pressure-drop is given by the equation 

. 1 - (J>/Pj)a/is= 8 X 18-88/18aP,r„= 42-86/PoFo (4) 

• * 

neglecting 6, as is permissible in the case of supersaturated steam. 
The calculation is a little more troublesome than in Example 2, 
because il has to be repeated for each stage, Havipg found P, the 
value of V” is taken as in (1) for saturated steargt with the given 
value of JET". The pressure ratio for the next nozzle is then fotmd 
frpm the product pV”. The initial value of F' in each stage is 
deduced from /he final value of F" in the previous stage by the 
relation, F'= V"(P'IP”) [P”IP'f^\ which is put in this form 
because the last factor has already been calculated. 

If the Besidts in Examples 1, 2, 8, and 4. are compared with 
tbos# previously given in the corresponding cases for continuous 
expansion in Chapter XII, Examples 8, 5, 6, it will be seen that 
there are slight characteristic differences between the two sets of 
exiunplqsi, but that the general effects of the assumptions F con- 
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stant, dr/ constant, or PV =^A;P*, are very similar, whether tai 
continuous or discontinuous expansion. The mann^ in which 
^ paries from stage to stage produces a much m^'e important effect 
on the pressure-distributidli and on the proper dimensions of the 
Qozzles, etc. th^n discontinuity of expansion. 

Table III. Results for Example 4. 

(1) Saturated steam. F = 0*60, Z)R"= 10*858, ^= 0*560, 
DH^ ^ 19*88, U = 1822 (all constant throughout the expansion). 


No. 

1 

2 

3 

H 

6 

6 

7 

8 

9 

10 

H" 

666*71 

646*86 

636*00 

624*16 

613*30 

602*44 

691*69 

680*74 

669*88 

669*03 

t 

167*46 

160*30 

134*06 

118*64 

103*76 

89*62 

76*11 

63*15 

60*71 

38*74 


1*6884 

1*6085 

d*6294 

1*6612 

1*6739 

1*6976 

1*7217 

1*7472 

1*7736 

1*8010 

V' 

4*013 

6*994 

9*060 

'14-04 

22*08 

36*44 

68*12 

97*66 

167*9 

297*1 

XjM 

0*437 

0*663 

0*987 

1*630 

2*406 

3*862 

6*333 

10*63 

18*30 

32*38 

P 

108;^ 

69*71 

44*21 

< 

27*60 

16*78 

10*02 

6*860 

3*336 

1*863 

1*000 


(2) Supersaturated. R"same,/ = 0*575, DH^ = 18*88, U = 1804, 
F - 0*599. 


2 

108*6 

70*14 

44-61 

27*72 

aeoi 

10*08 

6*874 

3*335 

1*842 

0*988 

V" 

4*073 

6*063 

9*189 

14*17 

22*28 

36*83 

68*87 

99*20 

171*7 

306*0 

V' 

?*837 

6*700 

8*602 

13*23 

20-73 

33*16 

64*30 

90*98 

156*6 

277*2 

XjM 

0*424 

0*669 

0*960 

1*461 

2-289 

3*661 

6*996 

1006 

17*29 

30*60 


Results for Example 5. Superheated. Po = 165, /y=850°C., 
Ho ^ 756, F- 0*648, DH”= 14^ 00, /= 0*568, 24*645, 

U. =» 1490 (all constant). 


No. 




H 

5 

6 

7 

8 

» 

10 

H" 





686 

672 

668 

644 

630 

616 

P 

112*7 

76*49 

49*39 

31*62 

19*66 

11*74 

6*797 

3*772 

0^*993 

0*993 

r 

6-33* 

7*64,2 

10*89 

16*06 

24*27 

37*73 

60*63 

100*7 

174*9 

319*3 

X/M 

0*616 

0*729 

1*062 

1*661 

2*346 

3*646 

5*860 

9*730 

16*90 

30*86 

r 

318*61 

287*61* 

266*67 

226-60 

196*32 

166*46 

136*40 

1*06*61 

76*74 

46*07 


142. The Case of Superheated Steam. The method o; 
calculation in the case of superheated steam is very similar to thai 
in the case of supersaturated steam when similar data are given 
The chief difference is that, if the final state in any stage is dry, th< 
volume V*', if required, can easily be deduced from H” ailid F 
which saves a great deal of trouble and reference to the tables, 
" : 3ut it is seldom necessary to calculate F" in the case of dry steam, 
because DH^ tor the next stage can be deduced directly from 





by the alternative formula in term! of R for dry steam, DC (to), 
or Steam Tables, § 198, which cannot be employe^ when the steam 
is wet, because th^ relation between H and V is different for wet, 
steam. The value of H'* in any stage shaws at once if the steam*is 
saturated. The values of t are not required in the calculation for 
superheated steam, but are given in the last line qf tiie table l^ecause 
they are useful in practice for coiAparison with obsfer^ed tem- 
peratures. 

In order to avoid the difficulty of the transition from dry to 
wet steam we will take first a case in which the steam is superheated 
throughout the expansion, but in which thb calculation is otherwise 
similar to Example 4 (2). 

Example 5, If the initial steam is superheated to 8*50° C., 
divide the same pressure-range to give equ^ Velocity and work in 
all stages with an actual heat-drop of 140 cals. C. 

In this qase = 756, and the successive A^alues of //" given 
at the head of the table. The adiabatic heat-drop to 1 lb. is 217*72, 
and the value of F is 0*648 approximately. Since Oq = 1*7845, the 
final state on the adiabatic is saturated. The required value of/ 
is 0*568 to the same order of accuracy as F, giving 
14-00/0-568 = 24*645, 

and U*- 1490 (F.P.C.). The successive values of P, given in the 
next line of the table, are obtained from the equation for the 
adiabatic heat-drop for dry steam in terms of jff, which is inverted 
to give the ratio P/Pq , when DH^ is given as 24*645, thus 

1 - (P/Po)«/i3 - (24*645 - ab {P^- P))l(Ih- B - a6Po)....(5) 
The terms depending on b are here taken into account in order to 
make th^ results exactly consistent with the tables, but since a6 
is only 0*00165, the correction is very small, and gives little trouble. 
The successive values of required in the formula are those of R” 
already given, but the ratio P/P© is not constant, and has to be 
worked out for each stage in succession*. F" is easily found from 
R*\ but is not required in the calculation. The values of F' required 
for the nozzle areas are given by the formula 

r'-6 = 2'2486(ffo-B-«6i’o)(W’/‘7^. («) 

in wlMcdi Hq, Po, are the initial values for the nozzle considered, 

* The oaloulAtion of PjP^ from (P/Pq)*/^, or vice versa, is moet easily effeoted 
by emi^ying a table, such as that given in § 185, but with more numerous steps in 
the required interval 



the ^parate fiactors have been fbundln calculating P. 

ilie nozzle areas are directly proportional to V\ since U' is constant. 
^It will be observed that the final area is nearly the safiie as in the 
pib^ious example, but t^e initial areas are ^ut 20 per cent, 
larger. This shows that, if the nozzle areas are right for saturated 
iSteani, there will be an appreciable change in the distribution of 
pressure and velocity when line steam is superheated. But since 
similar modifications occur when the load, or the pressure, is 
changed, the design is necessarily a compromise, unless the machine 
is required to run always under the same conditions. 

It is instructive to compare the effect of superheat, according 
to the assumptions here made for discontinuous expansion, with 
the ejPtpct calculated in the preceding chapter (§ 185) for the same 
case with continuous expansion. For the same value, F = 0*648, 
of the relative efficiency, the values of the stage efficiency in the 
case of superheated steam are, / — 0*5686 for ten stages, and 
f 0*55ll for continubus expansion. For steam initially saturated, 
with the same pressure range and F — 0*60, we have f « 0*5551 
for continuous expansion, and/ - 0*560 for ten stages, if the steam 
is saturated in the nozzles, but / ~ 0*576 if the steam is super- 
saturated. For the same value of / in each case, the improvement 
in F due to superheat is appreciably less for ten separate stages 
than for continuous expansion imder the same conditions. If the 
steam is supersaturated in the nozzles only, there is an additional 
improvement due to superheat amounting to 8*5 per cent, as 
compared with the usual assumption of saturation. There is so 
much evidence in favour, of supersaturation in the throat of a 
nozzle, that this 8*5 per cent, may be regarded as a lower limit of 
the effect of supersaturation. The upper limit of the effect was 
found to be nearly 9 per cent, in the same case for continuous 
expansion with the steam at the SS limit. A similar increase of 
the effect would be found in discontinuous expansion if the steam 
were assumed to be at the SS limit throughout, in place of being 
restored to the state of saturation at the end of each stage. 

The improvement in F, due to the higher valife of the reheat 
&ctor in the case of superheated steam, and due to the elimination 
of supersaturation loss, is additional to the improven^jent in absolute 
thermal efficiency due to the higher temperature, and is rela^vely 
more important even at the lower limit of supersatmation loss here 
assumed. Thus the thermal efficiency of the Hankine cycle in 
Example 5 is 0*808, while in Example 4 it is 0*287, or 5 per cenV 



less* With the same stage emaeitcy, /» 0*572 in both casesi 
Example 5 shows an improvement over Exan^le 4 of nearly 
9 per cent, in F, ai^ of 15 per cent, in absolute thermal efficiency/ 
which results chiefly from the improvement of F. « ” 

The expansion curve o’f Example 4, representing the case 
/constant, when drawn on the H log P diagram, ^s the preceding 
Fig. 82, lies about midway between ^he curve AFC, representing 
the case F constant, and the straight line AC, but there is no simple 
geometrical method of constructing the curve of constant f on 
the diagram, short of calculating the values of DH and plotting 
the curve. The curve PQS in the upper paH of the figure has been 
draw in this way to represent the case of Example 5, for highly 
superheated steam with / constant, but thei*e is no advantage in 
using the diagram in such a case, except as, an illustration of the 
general nature of the curve. The curve of constant F between the 
same initial and final states would lie a little below the cgrve of 
constant /, and could be deduced graphicalfy from the adiabatic 
as in Example 1. But the expansion curve of any actual machine 
would lie above the curve PQS, since / is always less in the early 
than in the later stages of expansion. It would be very difficult 
to draw such a curve with different values of / in each stage ex<^ept 
by calculating the values of the heat-drop successively for each 
stage. 

An appropriate use of the diagram in the case of superheated 
steam would be for plotting the actual expansion curve from 
observed values of P and / in each stage. This would give useful 
information with regard to the variation of the stage-efficiency, 
but does not appear to have been attempted hitherto on account 
of the difficulty of measuring the temperatures, the uncertainty 
of the values of H, and various other reasons. 

The following Examples 6 and 7, in which half’the expansion 
curve is below the saturation limit, are illustratecf in Fig. 82, by 
the straight line DEJ, representing the characteristic 

A:logP, 

and by the broken line DEG, representing the expansion curve 
Pyy « K, shewing a discontinuity at the point E where the state 
changes from superheated to saturated. The continuous curve 
DEK, which lies slightly below the straight line from D to E, 
represents the characteristic of Example 7, with 

F — 0^64, which affords a more probable solution of a case of this 
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kind in practice. It is importlnt to realise that a curve of the type 
ppy » K, with % single value of y throughout, cannot be employed 
IK if there is a change in the state of the steam. ^ 

o • C 

Example 6. With an initial temperature of 250^* C., if the 
<^same pressurecfange is divided into ten equal intervals by ratio, 
and the st;eam i^ just satui^ted at the end of stage 5, ^d the 
variation of /, if DU” is the same in each stage. 

Initial state, = 250° C., « 708-84, Oq = 1-64318, = 157-40, 

Fo- 8-2787. 

Pressure ratio, l-6g68 per stage, Pg* 12-845, 687-80 

(dry saturated). 

Heat-drop per stage, DH”= 18-208, adiabatic drop, 194*05, 
P« 0^6806. 

Superheated, = 0*11115 - abPf^) + ah (Pq-P), (7) 

Supersaturated, 

0-04953PoFo (neglecting 5 at low press uTres). ...(8) 

The values of F" are obtained from those of H” by the formulae 
for dry and wet steam respectively. Those of F' in each stage are 
found by multiplying the V” of the previous stage by the constant 
factor 1-481. The results are compared in the following table with 
those obtained by assuming a formula of the usual type, PF^ *= , 

instead of taking equal values of per stage. 

Table of results for Example 6. Superheated, 250° C. 


No. 

1 

2 

3 1 

4 

6 

6 

7 

8 

9 

10 

H" 

690-63 

677-42 

664-22 

661-01' 

637-80 

624-59 

611-38 

698-18 

684-97 

671-7C 

F 

5101 

8-069 

12-61 

19^61 

30-368 

48-29 

76-79 

122-2 

194-4 

309*£ 

F" 

-4-849 

7-666 

11-95 

18-68 

29-06 

44-98 

71-64 

113-8 

181-0 

288-C 

DH^ 

26-74 i 

25-24 

23-76 

22-27 

20-79 

19-32 

18-44 

17-60< 

16-80 

16-0£ 

/ 

0-494 

0^23 1 

0-666 

0-693 

0-635 

0-684 

0-716 

0-760 

0-786 

0-829 

V' 

1662 

1608 

1463 

1417 

1^69 

1320 

1289 

c 1260 

1230 

1203 

X'lM 

0-460 

0-722 

1-176 

1-898 

3-066 

4-907 

7-902 

13-00 

21-19 

34-47 


Taking V'* from PF’' = JT, with y = 1*14612, and deducing H'* from F". 


F" 

6-1111 

7-9798 

12-468 

19-461 

30-368 

47-413 

74-024 

J 16-67 

180-44 

281-71 

B" . 

689-03 

676-03 

661-84 

649-44 

637-80 

614-77 

691-86 

669-06 

646-41 

623-93 

DH* 

14-81 

13-99 

13-19 

12-40 

11-66 

23-02 

22-91 

22-81 

22-64 

22-48 


26-74 

25-06 

23-48 

22 01 

20-62 

19-34 

18-11 

16-96 

16-90 

14-99 

s 

0-663 

0-668 

0-662 

0-664 

0-666! 

1-19 

1-27 

t 1-34 

1-42 

1*60 


The second part of the above table is intended to illustrate the 
fict that it is not possible to assunjp a formula of the type PF^ « Jf, 

’ with a constant value of y, when part of the curve is dry and pa^ , 
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wet, because this gives a discontinuity in the curve at saturation, 
and leads to ^possible values of/ at lower temp^atures, besides 
being very inconvenient for calculation. 

The two assumptions here made fm- the expansion, though 
agreeing closely in the case of saturated steam, are entirely dis- 
cordant when applied to a case in which the steam is initially 
superheated. If we keep the assumption that DH" is the same in 
each stage for equal pressure ratios, a fair approximation to the 
expansion curve can be obtained by using two formulae of the 
type PV =* AjP™, with different values of m, denoted by m' and m”, 
for the superheated and saturated portiohs. In this case / will 
be constant and equal to 18w/8 for the superheated portion, but 
will increase from stage to stage in the saturated part of the cnrve. 
The assumption made for DH" in Exan^ple 6, though fairly 
satisfactory in many cases for saturated steam, is too inelastic 
in the general case, and gives highly improbable results with 
initial superheat. For these reasons it is preferable to employ the 
more general type of characteristic, U — kP^, as illustrated 
in the previous chapter, which gives a very simple expression for/, 
and is capable of representing any continuous variation of / with 
a reasonable degree of approximation. ^ 

In applying this formula the most convenient methods are, 
either (1) assume equal division of work (i.e. equal values of 
and find the values of the constants m and B" to suit the desired 
range of variation of/, as illustrated in the previous chapter, or 
(2) divide the pressure-range into equal intervals by ratio, and 
adjust the values of the constants to iQake the curve pass through 
some point near the middle of the range in addition to the initial 
and final values. In case (1) values of the required quantities •at 
intermedia^ points are obtained by logarithmic interpolation as 
previously explained. In case (2), if Hq, ar^ three values 

of H corresponding to the initial and final states and to the geo- 
metric mean pressure P\ we have the obvious relations 

(Ho - H") « (PolPT-^ (PIP'T (9) 

The heat-drop in this case is divided into parts forming a geo- 
metrical progression with a common ratio, which facilitates cal- 
culatiot?. Tbe previous example affords a convenient illustration 
of this method of- applying the formula, since H' is given at the 
mean point P', but the values oM)H” per stage will no longer be 
e<][ufd. 



Exm^ T. With the salne initial data aa in the previous 
excunple, find tho variation of /by the formula H - if 

^ 0*64, and the steam is just saturated at tVe end of stage 5. 
The whole heat-drop Is here 194*05 x 0*640 = 124*20 cals. C. 
The given heat-drop to stage 5 is 66*04. That from 5 to 10 is 68*16^. 
Thcr logarithm of the ratio 66*04/58*16 is m times the logarithm of 
the ratio Pq/P^, namely 1*1&874; whence m = 1/20 very nearly, 
and th^ logarithm of the ratio for successive valuei^ of DH” is 
0*0110874. Dividing the whole heat-drop into ten parts with this 
common ratio we very easily obtain the following results. 


Table V. Example 7. F =* 0*640, ^5"= 687*80, m = 1/20. 


No. 

1 


3 % 

n 


8 

7 

8 


10 

P 

9902 

59*43 

35*66 

21-40 

12*84 

7*709 

4*626 

2*776 

1*666 

1*000 

DH" 

15*89 

13*54 

13*S^ 

12*86 

12*64 

12*23 

11*92 

11*62 

11*33 

11*04 

H" 

689*96 

676*41 

663*20 

650*34 

637*80 

626*67 

613*66 

602*03 

690*70 

679*66 

V" 

5*131 

8*030 

12*54 

19-54 

30*37 

48*38 

77*12 

123*0 

196*6 

314*1 

DH^ 

26*76 

25*17 

23*64 

22*16 

20*72 

19*32 

18*47 

17*69 

16*92 

16*22 

f 

0*519 

0*638 

0*669 

0*680j 

0*606 

0*632 

0*645 

0*657 

0*670 

0*681 


With the exception of the subdivision of the heat-drop into 
equal logarithmic intervals in place of equal differences, the method 
of calculation is precisely the same as for Example 2 in the case of 
supersaturated steam. A comparison of the results appears to 
represent the effect of superheating in a fairly satisfactory manner, 
on the assumption that / is increased by reduction of friction. The 
relative efficiency F is raised from 0*60 to 0*64, while the stage 
efficiency / remains nearly© unaltered in the later stages, when the 
ste&m is wet, but is raised by the nearly constant quantity 0*042 
in all the "superheated stages. '* 

In an actual turbine, the efficiency may vary from stage to 
stage in an irregular manner depending on differences of wheel 
construction or diameter. Such variations cannot be represented 
by the formula, which can only represent systematic and con- 
tinuous variation. Admitting this restriction, the formula has a 
considerable range, and is easily adaptable to suit different cases. 

143, Discontinuous Expansion with / ConstantO As an 
illustration of the adaptability of the formula, we may take the 
ease in which it is required to Qkd the characteristic curve wh^ 
/is assumed constant. 






In the ease of dry steam, the exj^ession for the adiabatic heat- 
drop, if 6 i| neglected, is exactly similar to tb^it given by the 
empirical formula %)r the actual heat-drop, namely, 

(Ho - - 5 ") 1 - {PiPor m 

but in the formula for the adiabatic heat-drop the<empirical constant 
B" is replaced by J? = 464 cals. C., and the empirical index m by 
8/18. It follows that if B” is taken as 464, and if m is taken to fit 
the final state, the resulting values of / will be exactly constant, 
if b is neglected in the equation of the adiabatic. The neglect of 
b makes so little difference in the adiabatic* that the values off will 
be sufficiently nearly constant for all practical purposes even if 
the exact values of the adiabatic heat-drop are employed The 
required value of m is obtained in any ci^se by inserting in the 
above formula in place of H*' and the values Hg. and Pp corre- 
sponding to the final state given by the value of F, 

For the 6ase in which /is constant, and B"^ B, the values of 
F and/ are given by the expressions * 

/= (1 - w^)/(l - and F - (1 - r^)/(l - r3A*),...(ll) 

where N is the whole number of stages, and the pressure-ratio 
per stage. 

Thus in Example 5, iV = 10, 756, 616, r = 1/165, 

If B"-fi- 464, we have m log r = log (152/292) = ~ 0-28854 
from (10), log - 0-028854 = 1-971646, whence 0-98680, 
Similarly r^/i8^= 0-88885. Whence 

/= 0-06820/0-1111^ = 0-5686 (12) 

The value taken in the calculation was 0-568, but should have been 
a little lai^r, since b was not neglected. The advajitage of using 
the empirical formula in such a case is that all tlje intermediate 
values of P and V can be worked out by logarithmic interpolation 
from the initial and final states, as fully illustrated in Example 8 
of the preceding* chapter, without going through the very trouble- 
some process of calculating each stage in succession by means of 
the exact formulae, and with almost equal accuracy, since only 
b is neglected. • 

In\he xase of supersaturated steam, the method of calculation 
is precisely the same so long as the steam is dry. But when it has 
reached the supersaturation lindl;, the value B = 464 no longer 
applies, since the relation between H and V is different for wet 
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. steam. The value of V in theifinal state must first be calculated 
from that of fl by the appropriate formula, according, as the final 
*^st 9 .te is assumed to be either at the saturationdiniit or the super- 
satuJration limit. The valifc of the index m arid the constant B'- 
are then obtained from the relations 

V 

> ©") = »-= PpVjrlPoVo (18) 

' If dry supersaturated expansion in the nozzles is assumed, as is 
most appropriate when the initial state of the steam for each 
nozzle is taken to be at tt»e ordinary saturation limit, as in Example 
4, the constant value of / required for each stage is given by the 
expression 

/- (1 2- B) (1 - (14) 

Thus ^ Example 4 the required values of the constants are. 

1^= 0-6584, 349-8, /= 0-575 ! (15) 

If the supersaturation limit is assumed in the later part of the 
expansion for the final state in each stage (since there is very little 
time for the recovery of complete equilibrium while the steam is 
passing through the blades), adiabatic expansion at the super- 
saturation limit, as calculated in Chapter X, may appropriately be 
assumed in the nozzles as the other extreme. The final value of 
H given by F remains the same, but the corresponding value of V 
is taken at the supersaturation limit. The constants m and B'' 
may be calculated as before, but will no longer give so good an 
approximation to the curve of constant / because the first part of 
the expansion, starting with dry saturated steam, is not at the 
superoatfiration limit like the rest. A constant value bf f could 
not be expected in practice under such conditipns, unless the 
dimensions were specially adjusted to suit. A similacr result follows 
if part of the expansion is taken in the superheated and part in 
the saturated region. But such problems are rather of academic 
than practical interest, since a single continuous curve cannot 
accurately represent both states without impracticable com- 
plexity. ' . 

The value of m is calculated from the condition PVIPJP%^ r*", 
because this is the condition required to make the initial and fined 
values of / equal, § 181, or to mids:e the successive values of the 
adiabatic drop DE^ approximately proportional to those of 
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given by the expansion curve H" ;- But the formula 

does not represent the expansion ciwve, as commonly 
assumed, and would give values of DH" quite inconsistent wjtk? 
the desired result f = constant, as sholm in Example 8. The‘ two 
purves are so widely separated on the diagram as to give very 
different results for the small difference DH'\ bvt ihe valu^ of PF 
change so slowly with H at constant P that they remain nearly 
the same for both curves at the same pressure. The formula ^ 
jgf"- kP^ represents the curve of constant stage efficiency 
sufficiently closely for all practical purposes, but if more exact 
results are required, they may be obtained by the method of 
Examples 4 and 5. 

In the case of saturated steam, if an adiabatic of the type PV^ => K 
is assumed, with y = 1-1804, the exprgs^^ion f6:ir the adiabatic 
heat-drop is the same in form as for supersaturated steam, but 
with the index coeffieient 8/26* in plaee of^8/18. The vajuo of m 
required to make/eonstant in the expansion formula kP^, 

may be obtained in the same way from thb condition PV /PqF o =* r*", 
and has the same value as for supersaturated steam for the same 
initial and final states, beeause we have merely ehanged the ex- 
pression for DH^ by inserting a different value of the constant, 
e.g. from PF/20-185 for supersaturated to PF/19-605 for saturated 
steam under the conditions of Example 4. The required value of 
/is changed in the same ratio as the constant, namely, from 0-575 
to 0-559. 

If the steam is superheated for the first half of the expansion, and 
supersaturated for the last half, as in Examples 6 and 7, it is not 
possible with the empirical formula to represent the curve of 
constant / quite so closely with a single value of m obtained as 
above de^ribed. If F — 0-60, the value of m obt§.ined from the 
final state is 0-1P84. The empirical formula for the ^pansion curve 
gives / increasing at first from 0-56 to 0-58, and then diminishing 
to 0-56. By finding m for the two parts of the expansion separately, 
constant values* of f may be obtained for each, but these are 
necessarily different unless the intermediate or the final value of 
H is chosen to make them the same. Thus with Il^'== 687-80 (dry 
sat.) in Example 7, we find / « 0-567 (constant) when m = 0-1275 
for th0 superheated stages. To get the same value of/ constant for 


* This is a satisfaotoiy approximatioxi for mcM ranges of pressure as ezj^dained 
in a previous section (94), and is good for a single stage. 
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0 

the supersaturated stages, thfe final value of £f must be 587*8, 
withw»0*0794> 

3e44. Effect of Spe6d and Dimensions. It is of interest 
*0 enquire how^ far results obtained by purely theoretical assiunp,- 
tioAs wjth regard«to the form of the characteristic curve by the 
methods illustrated in this chapter, can be realised in practice, 
and hojv they may be related to the speed and dim^ensions of the 
machine. A consistent method of doing this is afforded by the 
relation between speed, dimensions, and efficiency, given in § 127, 
Chapter XI. * 

The assumption made in the present chapter that the initial 
velocity U' of the steam in each stage on leaving the nozzle is the 
equivalent of tVie adil^atic heat-drop DH^ in the nozzle, without 
any deduction for friction or allowance for velocity carried over, 
may •be compared \jrith the assumption made in the previous 
chapter that the energy of the tangential component V' sin a of 
the effective steam-velocity is a certain fraction of the whole 
energy jaVdP available in the stage considered. Comparing the 
two equations, 

U'^l2Jg, and f^'jaVdP = sin^ a/2Jg, (16) 

we observe that, since jaVdP must be nearly equal to DH^ for 
any nozzle, the two assumptions are in good agreement, provided 
that /*'= sin® a, which gives the value 0*85, if sin a = 0*922, or 
if j8 =* 22° 47' ~ 90°— a, for the angle which the steam jet makes 
with the plane of the wh^el.«;Taking this value of the constant for 
purposes of comparison, it is easy to deduce corresponding values 
« of 3, and u for any of the examples taken in this chapter. 

Taking Example 1 by way of illustration, in wHlch it was 
assumed that P was constant throughout the expansion, or that 
the characteristic could be represented by a straight line on the 
diagram— one of the assumptions most ^quently made 
on account of its simplicity — ^it is instructive tp consider three 
posl^ible cases, (1) that the machine is designed so that the velocity- 
ratio V'ju is constant throughout, (2) that u is constant, (8) that 
the reaction efficiency /" is constant, • 

(1) If C/'/w is constant, z mdf are also constant, andy^'«*/^[f^ 
. With U^lu = 8, we obtain the results given in the following table, 
which show that u must increfise with U\ and that must 
diminish in the same ratio as / throughout the expansion. 
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Table VI. Variation of u, 2 ,/' ^d/" in Example 1, § 14(0. 

V ' 


No. 

1 

2 

rr 

4 

6 

6 

• % 

7 

8 

9 


v 

1277 

1286 

1296 

1306 

1316 

1326 

1336 

1346 

1366 

1367 

f 

0*600 

0*659 

0*582 

0*674 

0*5651 

0*666 

0*648 

0*fl0 

0*532 



(1) If U'ju = 3. 2 = 2*766, f = 0*786, T = //0-785. 


426 429 432 435 439 442 445 449 4521 456 

0*765 0*763 0*741 0*732 0*721 0*709 0*699 0*688 0*677*10*667 


(2) n = conflt.= 461. 2 = 177500,/"= M49/(z - !),/'=///". 


2 2*554 

/' 0*813 

/" 0*739 


2*672 

2*692 

i2-612 

2*632 

2*662^ 

f2*672 

2*692 

2*712 

0*808 

0*806 1 

!0-80i 

0*802 

0*800 

0*798 

0*796 

0*793 

0*731 

0*722 1 

1 0-713 

0*704 

0*696 

0*687 

0*679 

0*671 


/' 

2 

U 


(3) If /"= const. = 0*800,/'= ///", 2 from/', u = 0*9221^72. 


0*760 

0*739 

0*727 

0*717 

0*706 

0*6961 

|iy-686 

0*675 

0*666 

0*666 

3*04 

3*12 

3*22 

3*31 

3*39 

3-49 

3-67 

3*65 

3*74 

3*83 

387 

380 

371 

364 

358 

3S0 

346 

• 

340 

334 

.329 


(2) If the mean blade- velocity u is the same in different ex- 
pansions, as is often the case in modern machines,/' will diminish 
slightly in consequence of the increase of U' and 2 , but/" will still 
diminish excessively. 

(8) The assumption /" constant requires an excessive diminu- 
tion of u in the later stages, and this effect would be further ex- 
aggerated if allowance were made for the probable increase of /" 
It seems highly improbable that any existing machine could give 
a characteristic of the type F = constant. 

The values of V and /, required in the calculation, are taken 
from § 140, Example 1, and repeated at the head of Table VI to 
save refqipence. When u is given, the value of f” is deduced from 
that of BE”, which is 10*868 for each stage in thf^ example. The 
value of z is most easily obtained from/', when this is known, by 
means of a curve, which saves solving the quadratic. 

The expression given in Chapter XI, § 127 (21), for the pressure- 
drop in one expansion of a reaction turbine, does not apply to the 
case of the impulse turbine because we require the final value of 
z after expansion through the nozzle, whereas in (21) is the mean 
vtdti^ inuring expansion in the several stages. This relation is 
replaced by its equivalent 144MF'= U'X% for the impulse turbine. 

If we treat Example 2 in the same way, taking a uniform blade- 
speed, u ^ 461 ft./sec., we obtain the following residts. 
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Example 2, u - 461, « - 1-149/(2 - !),/*« 0-86 

r« 0-176. 

^ z 2-860 2-800 2-744 2-688 2-634 2-580 2-52^ 2-470 ^ 2-420 2-870 
0-772 0-779 0-786 0-193 0-801 0-809 0-814 0-819 0-824 0-829 

/" 0-618 0-638 0-669 0-681 0-703 0-727 0-764 0-782 0-809 0-839 

• X 1-6 2-0 I 2-6 1-0 1-4 2 0 2-8 4-2 6-7 10 

// 0*610 , 0-638 (/-666 0-681 , 0-724 0-762 0-787 0-808 0-824 0-832 

The values of z here show a decrease corresponding with the 
decrea&e of U\ and those of f* a small increase. Tfie values of /" 
show an increase as expansion proceeds corresponding closely with 
those of/ in the original table. These are compared with a formula 
of the type /a,"'— f 2 '— in which the constant /g" is taken as 
0-85 4n the later stages when peripheral admission is complete, 
and as 0-726 in*the first three stages, when the admission is assumed 
to be partial. The*rdStive values of the blade-heights given in 
the line Xy are taken from an existing machine. The resulting values 
of/," show good general agreement with the values of/" obtained 
from the particular type.of characteristic assumed in Example 2, 
except that the rate of variation given by the curve is too nearly 
uniform throughout, and is vnore rapid than we should expect 
in^ the later stages, where the efficiency should approach a 
maximum. 

In practice, with a turbine of this type, a superheat of at least 
100® to 150® F. would be employed, and the efficiency of a large 
machine would be a good deal higher (about F == 0-70 with super- 
heat) than the value F = 0-60 taken in the example for saturated 
steam. The variation of / from stage to stage would be more nearly 
represented by the curve of* Example 7, but unfortunately there 
are no data available in tfie published tests for the calculation of 
the effiqjency for the separate stages. Allowing for the effects of 
supersaturation, the efficiency in the later stages might be appreci- 
ably reduced, Especially as no allowance for this effect would have 
been made in the design. But supersaturation would not be nearly 
so important with initial superheat as with steam iifitially saturated, 
the examples in the next chapter are intended to i^how the general 
lature of these effects, so far as they can be predicted. 

The methods described in the two preceding chapters, depending 
)n the assumption of a particular type of characteristic cugve, or 
>f particular constant values of the stage-efficiency, may be applied 
for- rough calculations of the relative dimensions of a machine, pr 
jf . the pressure-distribution corresponding to the assumptions 



made. Conversely, in experimental tests, when the dimensions 
and speed are known, and the pressure-distribution is observed, 
if the actual form the characteristic can be determined from,^ 
the tests, or assumed from previous experiments on similar 
machines, it is possible to deduce the efficiency in the separate 
s*tages, and to estimate the effect of any improvemeuts made in Jth^ 
design. » 

In using the H log P diagram, the efficiency at any point of 
the curve may be determined by drawing a tangent and measuring 
the slope tan 6 from the ratio of the vertical and horizontal 
intercepts in millimetres. The value of Ohe stage-efficiency / is 
deduced from the observed slope on the actual scale of the diagram 
by the numerical formula, 

/= 528 tan : (17) 

if the product PV is taken at the required point in F.P.C. or 
F.P.F. units# • 

It is very often assumed that the efficiency of each separate 
stage, or the relative efficiency of the whole, will remain constant 
Under different conditions of load, or vacuum, or superheat; but 
this assumption appears to give results materially at variance with 
experiment, as shown later. The reason is that any variation in 
the conditions of running will entail corresponding variations in 
the velocity-ratio, which affects the efficiency of the separate stages 
in the manner shown by the curves in Fig. 29, The object of the 
formulae explained in § 127 is to meet this difficulty by taking 
account of the variation of the kinetic efficiency/', with variation 
of the velocity-ratio z. The efficiency 'constant yj', and the reaction 
efficiency /", may be assumed to i;emain constant for each stage 
under Various conditions, and the equations then permit the cal- 
culation of the appropriate values of z, DH, DP, *and /, for the 
various stages The method of calculation is illukrated by the 
following example. 

§ 

Example 8. ^Taking the data of Example 5, with equal division 
of work and available energy between the stages, find how the 
distribution pf pressure will be altered, at u = 500 ft,/sec., if M ia 
reduce ^to 1/2 by cutting out some of the first set of nozzles, the 
other conditions remaining unaltered. 

In finding the effect of change of conditions, it is frequently 
permissible to introduce simplifications, provided that both parts 



of the ^dilation are made in thejsame way. The steam being dry, 
we may neglect b, and take DoPF » 8D£r/18 - 8*280 for each 
^ stage, llie available energy, JaVdP for each j<>tage is 26*87 cals. C. 
The index m in the expansion curve PV ^kP^ is constant and 
equal to 8*28/25*87. The values of aPV form an arithmetical 
‘ progression, fiom which the values of P at intermediate points are 
readily deduced by logarithmic interpolation, as in Chapter XII, 
Example 8, by the formula, 

m X log (P'/P") = log (PT'/P^F")! 

The values of P thus obtained at the intermediate points are shown 
in the following table, and do not differ materially from those 
previously given in Example 5, though obtained by a much simpler 
method on slightly different assumptions. 


Table VIII. Pressure Distribution for Normal Conditions. 


Point No. 

1 

2* 

3 

4 

5 

6 

7 

• 8 

9 

aPV 

64*35 

61*12 

57‘’*89 

64*66 

61*43 

48*20 

44*97 

41*74 

38*61 

P 

112*3 

75*00 

49*00 

31*20 

19*34 

11*61 

6*727 

3*758 

1*994 

lOOztV" 

60*03 

36*17 

24*26 

t6*36 

10*78 

6*906 

4*288 

2*682 

1*484 


For simplicity, the stage-efficiency / is preferably defined as the 
ratio of DH to the whole available energy in each stage, in place 
of the adiabatic heat-drop in the nozzle. This gives 


f = 14/25*87 = 0*562 (constant). 

If / 2 '= 0*85, as in (16), in the equations, 

SaVdP = zhi^l2jgf^\ and DJ? = 4 (s - 1) uJ"l2Jg, ...(18) 

t 

we must have z = 2*788,/"= 0*706, both constant under normal 
conditions, ^n general, /" would increase in the later®stages, but 
the assumption, / = constant, is so commonly made that it may be 
adopted for simplicity in the calculation, since the variation of /" 
is immaterial for the present purpose. 

The value of z in any stage follows from the •definition (§ 114), 

z — U tan aju = 17' sin aju = 144MF' sin afuX', ...(19) 

from which it appears that z/F" will vary nearly^ in the same yay 
as M when a, w, and X' remain constant, as in the present e|i:ample. 
Thus the final value of aPV for stage 10 at 1 lb. being 85*28» 
final value of F" is 848*0, and the^atio z/F"« 2*788/848 « 0^00818, 
under normal conditions. When M is reduced to 1/2, the v^ue of 
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zjV** for this stage will be reduced ti> 0*004065, and similarly for 
the other stages, for which the normal values of are given in 
Table Vni. 

To find the intertnediate pressures when M is reduced to 1 
s|pce m will no longer be constant, it is most convenient to start 
with an assumed value of the final volume, and calctJate the stages' 
in succession. With the above value K$i zjV” for the laat stage, if 
852, we have z = 1-481. To find BH, DaPV, and DP, we 
have from (18) the simple numerical formulae, * 

DP « P-/(0-80«4aP„,FJz2- 1/2), 
and DH = 7-88 (z - 1) = ISDaPV/S, (20) 

in which the approximate expression aP,J^J[>PI{P"+ DPjS) is 
taken for jaVdP, which) as previously explained in § 107, is 
near enough, provided that DP is not greater than P”l2. Thus 
we find, for the last stage, with P"= 1 lb., DH = 3-38, DaPV %0‘78, 
aP'T"= 86-40, aPJ^^=^ 86-79, DP - 0-2(f0, P'- 1-200. From 
aP'F^- 87-18, we find V' = 801-8, giving z =* 2-236 for the next 
stage. Since we are concerned chiefly with small differences, all 
the operations may be very quickly and easily performed with a 
small slide-rule. The value of z comes out nearly constant for Jhe 
next seven stages, varying only from 2-67 to 2-68. Except for the 
last two stages, the values of P are all about 2 per cent. less than 
half the values in Table VIII. The pressure in the first chamber 
comes out 54-6 lbs., giving a drop of 110 lbs. for the first nozzles. 
By hypothesis X is changed for these nozzles, so that z cannot be 
deduced from F", but must be calculated from (18) using the log- 
arithmic formula for JaFdP, with the given value of DP, This will 
give fairly probable values of z axid, Dli, assuming that the nozzle 
is designcA to suit so large a range of pressure-drop, A nozzle with 
a long and nearly uniform throat, as shown by the curve in 
Fig. 24, would be suitable for a considerable range, but more 
details would be required for an exact calculation. 

Owing to thi diminution of pressure at M == MqI2, there is an 
appreciable reduction of available energy and heat-drop in the 
last nine stages, but the efficiency of these stages is slightly im- 
proved owing 4o the reduction of z. The heat-drop in the first 
stage^is doubled, but the efficiency is reduced to / * 0-405, The 
total heat*drop, imder the conditions assumed, is reduced from 140 
at M « Mo, to 184 at M « 

It is often desirable in the case of turbo-electric generators to 
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maintain a high efficiency |t low loads, with a maximum some- 
srbere betweeij 1/2 and 8/4 load, as shown by the lower curve 
Pig. 28. One of the simplest ways of doing this, in the present 
example, would be to replace the first wheel by a compound wheel. 
This would involve a slight reduction of efficiency in the first st^ 
it full load, Assuming that the steam-velocity remained the same, 
)ut the efficiency would iifiprove with increase of Steam-velocity, 
reaching a maximum in the neighbourhood of a == 4, and main- 
tainiiig a high value at low loads, when the heat-drop in the first 
stage is a large proportion of the whole, according to the method 
of regulation by cutting out nozzles. 

The reason why a reciprocating engine, when regulated by 
varying the cut-ofi, gives a curve of a similar type, with a maximum 
efficiency at intermediate loads, is that, beyond a certain point, 
the increase of cylinder condensation and leakage more than 
co^pterbalances the improvement due to increase of expansion- 
ratio. ‘ 

Regulation by Throttling, When the regulation is effected by 
throttling the initial pressure in place of cutting out nozzles, the 
same method of calculatioh applies. If the same final state is 
afjsumed, the numerical results will be the same for the last nine 
stages, and the pressure-drop for the first stage may be calculated 
in the same way as for the other stages. With a final volume, 
F"= 852, as above, the initial pressure comes out 80'4 lbs., but 
the initial value of H is only 788*8 in place of 756. If the initial 
value of H is supposed to remain constant and equal to 756 when 
M is reduced to by throttling, we require a final volume 
874, and the initial ^pressure is found to be 82*9 lbs., or very 
nearly half that at full load. 

It appears, according to this method of calculaticM, that the 
flow M Is verjr nearly proportional to the initial pressure when the 
regulation is effected by throttling at constant ft This is closely 
confirmed by experiment, and may generally be assumed in making 
the calculation in the opposite order, starting with the initial state, ' 
for any given fraction of the normal mass-flow. 

The heat-drop becomes negative for values of z less than unity 
in the later stages at low loads. Work is wasted in friction, giving 
an increase in place of a diminution of ft, apart from External 
heat-loss. The following table shows the effect in question, which 
begins to appear in the neighbourhood of quarter load in the 
present example. 
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Table IX. Regulation by Thrd|tling. M *» itfo/4. 



1 

m 


4 



a 


9 

10 


2-763 

2-761 

2-760 

2-750 

2-768 

2 - 767 « 

2-665 

2-184 

1-445 

0 ^ 


13-80 

13-79 

13-78 1 

13-78 

13-77 

13-76 

13-04 

19-27 

3-48 

- 1-26 

V 

41-43 

28-22 

18-88 

12-33 

7-872 

4-883 

2-936 

1-789 

1-239 

1-056 


P* is the initial value of P in each stage. The initial value of H 
is taken as 756, and the final value of F" is 414 cb. ft, at 1 Ih, The 
total heat-drop is 107*2. The same equations (20) are employed 
throughout for DP and DH^ but the values qf zjV” are 1/4 of those 
given in Table VIII. If the regulation is effected by cutting out 
nozzles in place of throttling, the calculation is the same, except 
for the first stage, but the final volume is 880, and the total heat- 
drop may be as high as 124 nearly, if full efficiency is assumed for 
the first nozzles in spite of the excessive pressure-drop. 

The cut-oijt method will always give better efficiency tflan 
simple throttling at low loads, because it utilises the full pressure- 
drop. For this reason among others, the first stages of a reaction 
turbine are often replaced by impulse-yrheels. The effects obtained 
in the early stages depend greatly on details of design, but the 
two types are essentially similar in the later stages, so that similefr 
methods apply. Many of the results obtained for reaction turbines 
in the two following chapters apply with slight* modifications to 
impulse turbines. 



CHAPTER XIV 


REACTION TURBINE ANALYSIS 

145. Calculation of the Flow Through an Expansion.. 

The equations given in Chapter XI, § 127, for the flow through an 
expansion consisting of N similar pairs of fixed and moving blade- 
rings with the same annular area X, can be applied to the solution 
of any thermodynamical problem relating to the flow through a 
reaction turbi^;\e when sufficient data are available. 

The equations in flbestion may be summarised as follows: 

Available energy, JaFdP = (Nu^Jg) ZzJlf,\ ....(1) 

Heat-drop, DH - /P- //"- {2z^- i)f'Z (2) 

Pressure-drop, DP « P'- P"= NuMz^ tan algfiX, (8) 

where denotes the meam effective value of the velocity ratio 
a « C7 tan aju, and Z is used as a convenient abbreviation for the 
energy constant Nu^jJg of the expansion considered. The method 
of applying these equations depends on the object of the investiga- 
tion and on the available data. It will be convenient to distinguish 
three general cases among many possible varieties. 

(1) Efficiency Tests, When the dimensions are known, and the 
heat-drop, pressure-drop,, mass-flow, and speed are observed, the 
equations can be employed for finding the efficiency constants 

and the velocity ratio 

(2) Variation of Conditions, When the efficiency constants are 
known frohi lests under standard conditions, the equations may 
be employed for investigating the effect of variation of conditions 
of running, or state of the steam, such as (a) Speed, (h) Initial or 
Final Pressure, (c) Superheat, Wetness, or SupeSrsaturation. 

(8) Choice of Dimensions, When the constants are known from 
tests of similar machines, the equations can be employed for 
choosing suitable dimensions for any desired jpurpose, having 
regard to the limitations of speed and pressure-range, and^to the 
probable state of the steam. 

It is proposed in the present clvipter to give examples of different 
methods of solution in various cases, and to discuss the limiita 
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within which tte equations may legit^ately be applied, either to 
a single expansion, or to a complete turbine. ^ 

Dimensional Comtants. For thermodynamical purposes, the 
material dimensions of an expansion earn be summarised by two 
constants, which, with the speed R in revs./min., suffice to define 
the properties of the expansion, independently ^ofHhe absolute 
dimensions in many respects. ^ 

The Energy Constant, Z = Nu^/Jg, in thermal units (cals. C., 
or B.Th.U.), enters into the expressions for the available energy 
and the heat-drop. Z varies as the square of the speed, but since 
all the values of Z for the expansions on any^one rotor are changed 
in the same proportion when the speed is varied, it is most con- 
venient to include the speed in Z by calculating the values* for 
normal speed, and reducing them by a constant ^cto/, proportional 
to R\ when the speed is changed* ^ 

The Expansion Constant, Z'= Nu tan a/X ~ NR tan al7^^x, 
determines the pressure-drop DP in conjunefton with M and z^, 
and incidentally the appropriate expansion-ratio. If M and 
are the same for the different expansions on one rotor under normal 
conditions of running, the values of DP will be simply proportional 
to those of Z', a condition which is readily tested at any time, o 
The Discharge Constant, Z"= aZ'^jgZ = 144^ tan^a/Z*, is ndt 
an independent constant, since it can be deduced from Z and Z\ 
but is useful in calculating the discharge M, Z” has the advantage 
of being independent of the speed, and is useful for finding the 
pressure-distribution, as explained in the next chapter, when M 
is the same, but different, for the different expansions in a 
turbine. ^ 

The effects of tip-leakage, as explained in the next chapter, are 
of considei^ble importance in modifying the flow and,the efficiency 
in a high-pressure turbine, because they affect the different ex- 
pansions in different degrees. Fortunately the expansion constant 
Z\ and the discharge constant Z”, are readily corrected for tip- 
‘ leakage by simpty substituting a? + for x, where I is the tip- 
clearance. This correction does not affect the relative valueSi for 
a single expansion, and will therefore be omitted in the present 
chapter, since it may be supposed to be included in the given values 
of the Abnstants f” and x. 

As an example we may take the first expansion of a large 
sbw-speed marine turbine (SS.oMaur^ma) with the following 
dimeiisions; 
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Rotor diameter, 96 in., cyj^der, 101*5 in., area, X » 858 sq. in. 

Number of s^^s, 16, ciischarge angle, a « 70°, ^ a«2*7475. 

At 194 revs./min., u «= 88*6 ft./sec., Nu^Jga^^ Z « 2*480 cals. C. 

We will first find the Values of and! 2 ;„„ for the following 

f conditions, which correspond closely with the normal conditions 
of Winning : r 

Initial pressure, 150 lbs. (gauge), final, 115 lbs., bar. 80 in. 

Mass-flow, M = 116 Ibs./sec., heat-drop, DH = 6*?8 cals. C. 
which give the following values of P, F, and H : 

Initial state (dry sat.^/,P'= 164*7,^1'= 667*54, F'= 2*785 (F.P.C.) 

Final state (supersat.), P"= 129*7, 661*26, F"= 8*424 „ 

Substituting the given data in equation (8), we find 
’DPgX/NuM tan a = 2*255. 

Putting this value in equation (1) with jaVdP = 11*09, we find 

‘ 11*09/2*255 X 2*480 - 1*988, . 

whence ^'=r 0*880, /'= 0*664. 

Finally from equation (2), we obtain/"- 0*854,/= 0*566. 

When all the required data are given, the calculation of the 
constants is very simple, but there are some points which require 
discussion. 

146. The Available Energy. The value of jaVdP in 
equation (1) may be taken roughly as aP'V' (P'- P")2/(P'+ P"), 
when F" is unkno^vn, but this is insufficiently accurate for large 
ranges of pressure. It gives 11*22 cals, in the present case, which 
is a fair approximation, because the pressure range is small, but 
it is better to use the formula, 

!aVdP - (oP'r- aP"F") log (P7P")/log (P'F7P"F,V) 

^D(aPV)lm (4) 

< 

as explained in Chapter X, § 107, which gives very accurate results 
for the available energy, even if the value of F" is only approxi- 
mate, or if the actual expansion curve does not a^ee very closely 
with' the formula PF = kP^, Any small error in the difference 
P"F" is compensated by the corresponding error in the- 
difference between the logarithms of the same numbers, and does 
not give rise to a proportionate error in the value found ibr the 
integral. The ratio of the difference of the logarithms of PF to that 
of the logs of P' and P" gives the value of the index m in the formula 
PF »« AP*”, which is often required. If the heat-drop DE is vari^ 
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in the present case over the extreme* range from zero to the adia- 
batic value 10*96, the available ener^ varies onl]^ from 11*265 to 
the same adiabatic ifralue, a variation of less than 8 per cent., s^ 
that it is not necessary to Jcnow DH vejiy accurately in order to 
get a good value of from equation (1), 

* The formula for the integral of aVdP tak^s no account# o^ 
possible variations in the form of the expansion curve between 
the initial and final states, but this makes very little difference to 
the value of the integral (especially for small ranges of pressure), 
as is most easily appreciated by taking a numerical example. For 
given initial and final values of P and F, tlfe form of the expansion 
curve can be represented very closely in all practical cases by an 
equation of the type H — kP^. The integral of aVdP along 
a curve of this type in the case of dry steam is accuiately given by 

faVdP =. (8/13) (5''- 464) log, (P'jP") + 8Dff/18w 

+,000127 DP,.... (S) 

which is easily calculated. With the initial and final states above 
given, the expansion curves differ quite appreciably for the two 
cases, 

(1) 2 = 1*988 (constant), 70®, 
and (2) a - 70® (constant), 1*988. 

The corresponding values of the constants in the formula 
H - P"- kP^ 

(1) B = 464, m = 0*18120, 

(2) 627*26, w =0*7t)95, 

which are widely different; but the values of the integral of aVdP 
along eithgr curve are very nearly the same, namely, (1) 11*089, 
(2) 11*087. The fact that the available energy varies *so little under 
different conditfons when the initial and final states are given, 
makes equation (1) a very convenient and consistent method of 
calculating the njean effective value of z in any case, 

t 

147. The Velocity-Ratio z. The usual method of 
calculating the^alue of the velocity-ratio in each expansion for 
noiT^^aVJblades is to take the effective aperture of the guide-blades 
as one-third of the annular area Z, which gives 

U*lu » 4iB2MVfuX =» U sec a/w, 

which is pot quite the same as z. This is equivalent to taking the 
o,n. 23 
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^scharge angle a as 70^ 82'.tbut the fraction of the degree above 
70® is unimportent for the present purpose. 

X The value of a required in the fonnula forr«, namely, 

' z ^ 14i4sMV tan djuX, (6) 


*is the angle wfiich the direction of the discharge makes with thlit 
of thWaxifi, in thfe clearance^pace between the blades. This cannot 
be measured with great precision, but may be assumed to remain 
constant for any particular blade-ring when any of the other 
conditions are changed, and to remain uniform throughout the 
expansion if the blade^angle is uniform. The blade-angle may be 
varied in different ways, but it will suffice for the present purpose 
to qonsider only two cases, (1) that in which the blade-angle is 
varied in sucl\^a way as to keep z the same for each step in the 
expansion, (2) that iri '^vhich the discharge angle is the same for 
each step. 

(1) ^If z is to be uniform, it is evident from (6) that the product 
V tan a must be the samp for each blade-ring at exit ; and it follows 
from (1) and (8) that the common value of the product must be 

tan where VJ is the mean value of V at equal intervals 
of P, given by VJDP = /PdP, and tan is the value of tan a 
employed in equation (8). The method of solution previously given 
will be exact in this case, which is of theoretical interest on account 
of its simplicity, but is seldom adopted in practice. 

(2) If the blade-angle is uniform throughout the expansion, it 
is evident from (6) that z must vary directly as F, and from (1) 
that the pressure-drop in^each step will also be nearly proportion^ 
to V, It follows that the dl’op of PjV will be nearly the same in 
each step, and that the lAean values of V and z for the expansion 
must be taken at equal intervals of PjV, The required mean value 
of V along the curve PF= kP^, is given by the formula, 

(2 ~ m) (F- P")/(P7F'- P'7F") - (2 -^^m)DPID{PIV). 

( 7 ) 

e 

The mean value of tan a, if required in case (,l), may similarly 
>'be found by taking the mean value of 1/F at equal intervals of PF, 

(I/Hm” BPjiVdP * lUM (tan a)JziuX, .........(8) 

which is seen to be simply the reciprocal of F,^'=» /FdPfDP, as 
stated above. 

Owing to the difference between VJ* and there will be 
slight differences between case (1) and case (2), whidi w^v’^ 
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discussed in detail in a later section, but the correction required for 
case (2) in th^previous example would be only 1 in JOO on DH or 3f, 
and is seldom of mtteh importance in any practical case, 

« 148. Correction for Discontinuity of Expansion. It;, 
might naturally be expected that the employment? of methods of 
continuous integration would give riSe to material discrepancies 
in the calculation, since the expansion is really discontinuous^ taking 
• place in 2N separate steps. It follows however from the form of 
the equations that this will not introduce any material errors in 
the proposed method of calculating dr DH^ but it may be 
necessary in exceptional cases to apply a correction for discon- 
tinuity to the value found for M in case (2). It happens however 
that the correction is of the opposite sign t*> that discussed in the 
previous section, and is nearly of the same order of magnitude, so 
that both may be neglected in the majority of practical c^se«, so 
far as ilf is cbncerned, unless the object is to test the limit of ac- 
curacy of the method of calculation. * 

The value of VJ' given by the continuous integral in (7) is very 
nearly the mean of the values of V at tfie middle points of the separate 
steps, but differs slightly from the mean of the values of V at the 
en^ of the steps, which is the mean required for deducing M from 
zj' by equation (6). If is the initial value of F, and if Fj, 
F 2 , ... are the final values of F in each step, it is evident that 
the value of VJ* given by (7) satisfies the formula 

2iVFm"= ^"o/2 + + F,+ ....+ F,^., + FW2, 

• 

since the mean value of V for each step is very nearly the mean of 
the initial and final values when the steps are small. Thus the 
correction*to be added to in order to obtain the mean of the 
values from Fj tp , excluding but including F,^, is evidently 
Fo)/4iV, which may conveniently be written Z)F/4iV, where 
DV is the difference of the initial and final volumes for the whole 
expansion. This correction has the effect of redticing M in case (2) 
by the fraction DVl4iNV^”, which amounts to 1 in 800 in the 
previous numerical example. The correction discussed in the 
preceding section has the effect of increasing M in case (2) by half 
the peAentage difference between and Both corrections 
increase with the expansion-ratio, but they become equal and 
opposite when F„'- is equdl to DVftN^ which would happen 
in the previous example if the expansion-ratio were nearly doubled. 

28—2 
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It follows that both correc^ons may usually be neglected for 
practical purpo^s through amrly wide range. ^ 

449. The Efficiency-Constant /i'. The preceding com- 
j>arison between the two cases, (1) z constant, and (2) a constanj, 
rests (pn the affeupiption that the coefficient^' is independent of 
the dischatge angle a, whichfcannot be exactly true. It is probable, 
however, that there is a maximum value of fi somewhere in the 
neighbourhood of a = 70®, so that / may be taken as constant when 
z is constant for a moderate range of variation of a. It is evident 
that for very fine angleif of discharge (a near 90°), the losses due to 
the axial clearance, to the thickness of the blades, and to the 
curvature of the blade-path, must increase considerably. On the 
other hand, when fho blades are opened out (cc diminished), the 
value of fi tends to di&iinish, because the tangential or effective 
compon^ent of the velocity is reduced in comparison with the 
whole velocity on wfiich the frictional losses chiefly^ depend. We 
may safely assume that “the angles adopted in practice represent 
an empirical compromise between these conflicting interests, and 
give a fair approximation to ^:he condition of maximum efficiency. 
The published data do not afford sufficient evidence for the proper 
investigation of this point, but it seems fair to assume the approxi- 
mate constancy of fi in the case of normal blades. In the case of 
wing-blades, when the reduction of a is pushed to extremes, there 
will doubtless be an appreciable reduction of efficiency, which 
appears to require further investigation. 

In finding the value of from experimental observations, it 
will be seen that an error qf 1 per cent, either in the observed value 
of M, or in the assumed value of a, will introduce an error of 
2 per cent, in^the resulting value of It may for thif reason be 
preferable, if the values either of ilf, or of a, are uncertain, a& is 
sometimes the case, to employ the equation with an assumed value 
of fi for deducing either M or a, or the product M tan a, if both 
are uncertain. It is often possible to obtain reliable results with 
regard to the variation of other conditions, without an exact know- 
ledge of the absolute values of //, M , and a, provided that the 
conditions are such that these quantities can be/'egarded as con- 
stant. Even when the observations are incomplete in ^bertain 
respects, it does not necessarily follow that they are useless for the 
purposes of analysis. Unless otherwise stated the value 0*888 will 
usually be taken forf^ in a slow-speed marine turbine. 
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150 . To Find the Final Sta^ given // and When 
the efficiencj^ constants are given, in addition to^the dimensions, 
speed, and initial sifeite, the final state, required for the beginnin|^ 
of the next expansic^i, can be found witfe the aid of any one of the 
remaining unknown quantities, namely, jaVdP, or or DH, 
or DPf or M, or/, or /'. The quantity most readily ^observed is P", 
giving DP; but in many cases M only is given, and is^ subject to 
uncertainties of dummy-leakage, though it may remain constant 
for several successive expansions. In the case of superheatedf steam, 
H” or DH may be observed in addition to P” by observing the 
temperature, but DH or jaVdP generallj^^ occur as data in the 
inverse problem of finding the dimensions to suit equal division 
of the heat-drop or available energy. The simplest case is that in 
which Zf^ is given, which readily permits direct ^solution of the 
equations in the case of dry steam. If jaV^dP, DH,f, or /' is given, 
Zf^ is easily found, but, in the case of saturated steam, it is neces.sary 
to proceed by trial and interpolation, with the aid of the tables. 

Taking the dimensions and speed given in the previous example, 
with the values 0-880, and /"'= 0-842, the three equations 
reduce immediately to the following numerical forms: 

iaVdP = 2-SlSzJ ...(1), DH - 2-088 {2z^- 1) ...(2), 

DP = 0-1520ilf2„, ...(8). 

If Zjn is given, DH, /, /', are easily found. P", and hence DP 
and M, are obtained by inverting the formula for faVdP, thus, 
log (P'/P") = 2-SlSzJ log (PT7P"r')/(aPT'- aP"F"). 

In the case of dry steam, the drop of aJ^V is given in (F.P.C.) units 
by the exact formula, 

DaPV^ aPT'-^ aP"V"^ SDH/W + 0-00127Z>P (9) 

in which tlie last term may usually be neglected, • 

In the present example, suppose that it is required to find DP 
for the case in which z^^- 2, with the initial state P'== 164-7, 
aP'V'=> 47-17. !(Jrom (2), DH = 6-624, whence DaPV = 1-445, if 
0-00127DP is neglected. 

log (P'/P") = 11-272 X 0-018512/1-446 = 0-10540, 

P"= 129-21, M = 116-7. 

If the%mall term is not neglected, DaPV — 1-490, P"~ 129-19, 
M =: 116-8. The small change in DaPV, changes log {P'V'IP”V'^) 
to 0-018940, in nearly the same proportion as DaPV, so that the 
result is very little altered. 
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If DP — 85*51 is given in (place of 2, we have first to find 
an approximate^ value of l4*om the formula 

faVdP = aP'V'2DPI{P'+ Ph 
e 

which gives jaVdP 11*40, 2*011, in the present case, Frofla 

whict^ we firtd,^ DH = 6*81, DaPV = 1*500, ^aVdP = 11*272, 
2*000^ DH = 6*264, M = 116-8. The approximation is so 
rapid that it is seldom necessary to go further. 

On' the other hand, if ilf = 116*8 were given in place of DP^ . 
it would be necessary to solve a quadratic in z^^ in order to find an 
approximate value. It ^s easier in this case to guess a pair of trial 
values of DP and z^^ to fit equation (8), and to use the trial value 
of z to find DH and DaPV from (2), and the corresponding value 
of DP to find {fiVdp and z^^ from (1). If the first trial values were 
DP = 85, Zn= 1-971, we^should find from (2) DaPV^ 1*462, giving 
iaV^P = 11*092, z^ = 1*984, from (1), showing that higher values 
of z anS DP are required. The trial value of z must' be raised by 
rather more than twice •the difference between 1*984 and 1*971, 
suggesting z — 2-00 for the next approximation. If the second trial 
should not give exact agreement between the values of aVdP 
from (1) and (2), the correct result is easily found by interpolation. 
But by using the more exact rule given in a later section (§ 158), 
the first trial gives so close an indication of the final result that it 
is rarely necessary to make a second trial except as a verification. 

151 . Effect of the State of the Steam. The state of 
the steam, is taken into account in the equations in deducing F" 
from H”, or DaPV from DH. The steam is usually dry (superheated 
or supersaturated) in the early stages, which greatly simplifies the 
woric. It the ^tate of saturated steam is assumed in phice of dry 
supersaturated, it makes little difference to the results in the first 
expansion, starting with dry saturated steam, because the curves 
have a common tangent at the starting point, and the volumes 
diverge slowly at first. But in the later expansions the difference 
may be considerable, as already indicated, and appears to afford 
a rational explanation of effects which have hitherto been regarded 
as anomalous. The calculation for saturated stea^i is made in the 
same way as for dry steam, except that V” must be fotmd fifom H" 
in order to find DaPV^ and similarly for the supersaturation limit 
as previously illustrated in Chapter X. * ^ 

As a numerical example of the effect of the state of the steam, 
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we may take the same expansion, with the speed and dimensions 
already given, but assuming that the initial state of the steam, 
instead of being dr}| saturated, corresponds to a v&ue 618*73 
at 160 lbs. abs., which makes the wetnes^ 10 per cent, if the stfann 
ii| saturated, and gives the value of H' corresponding to the super- 
saturation limit, if the steam is dry. Such cases i^»robably ocgur*^ 
in actual practice, as a rule at lower ;>ressures and higher speeds, 
but the general effect of the assumption with regard to the state 
, of the steam is the same, being independent of the particulaf speed 
and dimensions assumed. The initial values are: 

For saturated steam, F'== 2*576, aP'P=^42*39 (10 per cent. wet). 

For supersaturated steam, 2*182, aP'V'= 85*91 (dry). 

The numerical values of the coefficients in the three equations are 
the same as those given in the last section'; If w6 take the final 
pressure 120 lbs. in both cases for convenience of calculation, the 
first rough approximations to the values of tlje final volume F'' in 
either case from equation (1) are: 

Saturated, faVdP = 12*11, 3 =* 2*078, DH = 6*57, F"« 8*857, 
41*48. 

SS limit, SaVdP - 10*26, s - 1*908, DH = 5*88, F"- 2*888, 
aFT"= 85*58. 

From which the following final results arc obtained by (4), 

Saturated, jaVdP = 12*056 , 2 = 2*068, DH « 6*547, M = 127*2, 
/- 0*548. 

SS limit, laVdP = 10*282, 2 = 1*910, DH == 5*887, M - 187*8, 
/- 0*578. 

The first approximation is so little trouble, and agrees so - 
closely with the second, that it is seldom worth while to go further 
than the fiist when the exact state of the steam is unijertain. It wUl 
be observed that the flow M for the same pressure-drop is 8*4 per 
cent, larger at the SS limit than at the saturation limit, but the 
steam-speed is also lower by 7*6 per cent., so that the efficiency/ 
comes out appreciably higher when reckoned in terms of the actual 
energy available at the SS limit, which is nearly 15 per cent, 
smaller than at saturation. But the apparent efficiency at the 
SS limit, reckon^ in terms of the energy theoretically available 
at the tisual saturation limit, is only 0*488, showing an apparent 
drop of 10 per cent, in efficiency due to supersaturation, ^e loss 
would be largeir if allowance weie not made for the reduction of 
steam-sp^. 
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In order to detect the di^erence between saturated steam and 
iry supersaturated in the firfet expansion when the initial volumes 
ire the same, it is necessary to take the secof d approximation to 
\dKdP^ since the first approximation, being simply 2aP'V'l7 in the 
present instance, takes no account of the difference between the 
inal^volumes. ^The first approximation to z is also the same for botfi, 
3 ut ^ves value of the he#it-drop, DH = 7*04, which is of ample 
accuracy to determine the appropriate value of the small difference 
DaPV in either case. It will be seen from the table below that the , 
lvalues of DaPV are appreciably different. That for dry steam is very 
easily found from DH fey formula (9) given in the last section with 
1 small slide-rule, but in the case of saturated steam it is necessary 
to find V" from with the aid of the tables, and to use a Fuller 
slide-rule, or fiYe-figui^s logarithms, for finding the product aP”V'\ 

In order to illustrate the effect of superheat, values are added 
for^the same pressure-range, dimensions, and speed, with initial 
temperatures of 200°', *250°, and 800° C. These show an appreciable 
reduction of / with supeiheat due to the increase of steam-speed, 
and support the view given in Chapter XII, § 187, that the effect 
of superheat for a given macliine at a constant speed cannot fairly 
bg deduced by the method of the reheat-factor assuming that / 
remains constant. In order to keep/constant, it would be necessary 
to increase the blade-speed in proportion to the steam-speed, which 
might often be impracticable. 


Table I. Effect of Superheat at given speed and dimensions. 



V' 1 

2aPy/7 


DaPV 

aVdP 


M 

DH 

/ 

184*16 

2*862 

13 *46 

2*186 

1*14 

13*383 

2*179 

J208 

7*011 

0*624 

184*16 

2*862 ; 

(Dry supersat.) 

1*68 

13*303 

2*173 

121*1 

6*986 

0*626 

200 . . 

2*991 

14*06 

2*233 

1*73 

13*908 

2*222 

118*4 

7*1G 

0*617 

260 

3*386 

16*89 

2*374! 

1*86 

16*732 

2*363 

111*4 

7*78 

0*496 

300 

3*76Q 

17*63 

2*601 

1*98 

17*466 

2*490 

106*7 

8*31 

0*476 


The above results are for the same pressure-range, 160-120 lbs. 
abs., as the last. In a complete turbine, the pressure distribution 
will vary with superheat, and is determined by calculating the 
pressure-drop for each expansion in succession with the same value 
of M for each, if M is the same throughout. 


152. Variation of Speed. It follows from equation (1) at 
the beginning of the chapter, thafethe steam-speed depends chiefiy 
on the available energy, and is nearly independent of the blad^- 
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Speed, provided that the dimensionf^ remain the saine. This result 
is by no means obvious, apart from the assumptions made, and 
it is easy to imaging cases in which it would be ve?y far from true; 
but it appears to aceord well with practical experience in the pa^ 
gf reaction turbines, though it is difficult to make a direct test 
over a wide range on account of other limitations. * > . ^ 

In the case of a complete turbine, variation of speed will usually 
produce secondary variations of pressure in some of the expansions. 

« We will therefore take first the simpler case of a single ex{)ansion 
in which the initial and final pressures are assumed to remain 
constant when the blade-speed is varied. Taking the same dimen- 
sions and pressure-range as in the last example, with the initial 
state dry sat. at 160 lbs., the values found, at w = 88-6, .were 
z - 2«178, M = DH = 6*986, / = 0:525. Jf the speed is 

changed, the available energy, in the case^^of dry steam, varies only 
from 18*54 at w = 0, when DH = 0, and M — 120, to a minimum 
18*21 at 2 == 1, = 181*1, at which point thh heat-drop and mass- 

fiow have their maximum values DH — 9*80, and M = 121*5, with 
/ = 0*742. Further increase of speed to 2 — 1/2 gives again DH » 0, 
with u = 866, M = 120. But this is far beyond the practical range. 
These equations neglect the effect of fan-action, which varies^ as 
the cube of the speed. According to the estimate made in Chapter XI, 
§ 129, the loss due to this cause would amount to about 2 per cent, 
of the available energy at 2—1, or about 0*25 per cent, at the 
normal speed when 2 — 2. It is therefore seldom of sufficient 
importance to be taken into account in the case of a reaction 
turbine. Other factors, such as the form of the blades, have more 
influence on the variation of DH and M with speed. 

It is evident that the efficiency "and the mass-flow would be 
increasedFby any modification of the blade-form, especially of the 
inlet angle, which permitted an increased proportion of the energy 
rejected in one stage to be carried over to the next. This would 
be represented in equation (1) by an increase in the value of the 
constantyj', givilig a proportionate increase in z\ and in the product 
Mz in equation* (8). 

It is evident that the value otfi is capable of including the 
effect of moder^ite variations of the blade-form on the mass-flow, 
but iff is a debatable point whether the expression /^{z — l)^lz\ 
varying as the ratio of the squares of the tangential components 
of the relative velocities of entsance and discharge, will suffice to 
represent the variation of the loss with speed. It seems probable 
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that, apart from leakage, the ogiost important part of the loss occurs 
at entrance, or in carry-ov^ from one blade-ring to the next. 
Martin estimate the loss at 50 per cent, ofi^the kinetic energy 
l/"?/2g at entrance. This g^ves nearly the sameuresult as the formula 
here proposed when the value of 2 ; is in the neighbourhood of 2^ 
"but gives a rattier slower rate of variation of the loss with speed. 
It would appear, however, jbhat the percentage loss in carry-over 
should not be constant, but should increase with the obliquity of 
entrance. It is possible, for this reason, that the formula here 
proposed may prove preferable in practice to the assumption of a 
constant percentage of^oss, because it makes some allowance for 
the increase of loss with obliquity. But the main point in its favour 
is that it leads to the simplest possible expression for the variation 
of efficiency wi^'h speed, consistent with the experimental result 
that the mass-flow is apploximately independent of the revolutions. 
Thi§ result cannot be generally true unless the percentage loss in 
carry-over increases ^th the obliquity in the manner specified. 
The simplest way of testing this point is by taking an extreme case 
in which all losses are supposed to be absent except the loss under 
discussion. * 

, Taking the same data as in the last example, but with^' = 1, 
and/"«= 1, to eliminate other losses, and with the same value of 
jaVdPf namely, 18*21 at 2 = 1, we find uz = 198, M = 184*2 in 
place of 121*1, showing the effect of the increase of /. But the 
initial pressure has been taken as 164*7 and the pressure-drop has 
been increased to 41*5 lbs., for comparison with the next example. 
Under the same conditions with w = 0, and DH = 0, we find 
faVdP = 18*68, and the tangential component of the steam-speed, 
uz ~ 196*4, giving M = 182 for the same pressure-drop DP. The 
diminution of ^ ^vith increase of steam-speed may appaj at first 
sight anomalous, but is exactly accounted for by the increase of 
mean volume from V— 8*097 at 2 : — 1, to V= 8*208 at « « 0, 
owing to the fact that the final value of H is 18*21 less when » 1 

than when w = 0. 

The approximate constancy of the steam-speedi and mass-flow 
illustrated in the above example, depends on the percentage loss 
increasing with obliquity in the ratio of the square of (2 -- !)/«, 
which gives the nearest approach to constancy which ckn be . 
obtained on any simple hypothesis for a given pressure-range, 
since both M and uz cannot be exactly constant owing to the varia^ 
tion of the mean volume. If the percentage loss in carry'«*ov« is 
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independent of the obliquity* the s^am-speed ceases to be inde- 
pendent of the blade-speed, and the ^rariation of the mass-flow in 
some cases may beivery considerable. The variAion is greatest 
when there is no los»in carry-over, or if^rictionless adiabatic {iotf 
ij assumed, as in the discussion of the analogous case of discharge 
through a nozzle. ^ ^ ^ • 

When the flow is assumed to be fmictionless, the prQssur6-drop 
for the first ring of guide-blades, starting from rest, is obtained in 
, terms of M by the usual formula for a nozzle. The flow through 
each successive blade-ring after the first is given by the equation, 

aVdP {1 - (1440/18g) {MjXyVIP} = (Sftj - l)u^l2Jg = AW\ 

( 10 ) 

which expresses the fact that the available energy has to supply 
the equivalent of the work done by the chaiige of Relative velocity 
from 17' at discharge to U" at entrance, and the additional kinetic 
energy due to the increase of U' with V at eacl; successive bl^e-ping. 
The form of the equation shows that the mass-flow will reach a 
limit when 

(MIXy= (18g/1440),P/F(F.P.C.), (11) 

which is the usual expression for the maximum discharge through 
a nozzle in terms of P and V in the throat, where X'= X cos a, 
in terms of the annular area X, neglecting the thickness of the 
blades. This maximum will be reached at the first blade-ring when 

w = 0, if the pressure-ratio exceeds the critical value ^'7^ == 0-5457; 

in which case the corresponding value of ilf for .Y = 853 sq. in., 
or 291-7, will be 704 Ibs./sec. with P'= 164-7. With the 
pressure-drop DP — 41-5 lbs. (less than the critical value), as in 
the last example, the value of M, when u = 0, will be 635 Ibs./sec., 
diminishing rapidly to 269 lbs. at w=41-8ft./sec.,^and to 176 lbs. 
at w = 88-6, and reaching a minimum M = 184-2, the same as the 
maximum in the previous example, when = 1, at w = 193 ft./sec. 

The wide range of variation of M in this case, from 685 Ibs./sec. 
at u = 0, to 18# Ibs./sec. at js = 1, resulting from the assumption 
of absence of loss in carry-over, illustrates the importance of this 
loss as affecting the variation of M with speed; but the condition 
of frictionless ^w differs so widely from that actually obtaining 
in a rdhction turbine that the result might be regarded as without 
practical significance. The range of possible variation of M with 
speed is greatly reduced when & constant percentage of loss in carry- 
over is ^mned, but the same type of variation still persists to a 
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marked extent even when tl^ loss is as high as 50 per cent. In 
order to represent a loss of 5Dper cent., we have merely to add the 
term U''^l4Jg t<J the right-hand side of equation (10) lor frictionless 
ftovi. Repeating the calculation for the samsEi pressure-range with 
this addition, we find that M varies with speed from 171 Ibs./seg. 
Vlveq w « 0, t€|jl29 Ibs./sec. when 2 = 1, and u =* 186 ft./sec. If M 
is to 6e approximately independent of the speed, we are driven to 
the conclusion that the percentage loss in carry-over cannot be 
constafit, but must increase with the obliquity of entrance, as . 
appears probable on theoretical grounds. It is quite possible that 
the effect may vary in slightly different ways in different cases 
owing to secondary causes which cannot be represented in the 
fundamental equations of flow, but it appears probable that the 
simple assumption invqlved in equation (1), which greatly facilitates 
calculation, will be suffiAiently accurate for all practical purposes, 
in the majority of cases, as representing the effect of variation of 
speed on the efficiency. It must be understood that the application 
of the formula is not confined to the case of variation of blade- 
speed at constant pressure. The variation of blade-speed is usually 
accompanied by variation of steam-speed in some of the expansions. 
AJJ such variations are taken into account in a simple and consistent 
manner by the proposed method of calculation, which includes all 
primary causes which may affect the velocity-ratio, whether varia- 
tions of speed, or pressure, or dimensions, or state of the steam. 

153. Variation of Pressure. In the case of a complete 
turbine, variation of initial or final pressure may affect different 
expansions in very different ways owing to the condition of con- 
tinuity of mass-flow; but it will be advantageous to consider first 
the case of a sipgle expansion under arbitrary conditions, in order 
to prove the applicability of the method in extreme cases, which 
are very suitable as a means of testing the formula, though they 
may seldom occur in actual practice. 

To take first a simple case, we may suppose the 'available energy 
to remain constant while the initial pressure P' is varied. If the 
blade-speed u is also constant, equations (1) and (2) show that 

DHy and /, will be constant, and equation (8^ shows that M 
will vary directly as the pressure-drop DP. If we suppose iA addi- 
tion that the initial pressure is regulated by throttling, the initial 
vfidue of H will remain constant, and the pressure-ratio P'jP" will 
also be nearly constant, in which case the pressure-drop DP will 
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be nearly proportional to the initii^ pressure P', so that M will 
vary as P'. If W varies (e.g. with Superheat) while P' and P" 
are constant, will increase with and M \ftll diminish. If 
H’ increases, while P'lP" remains constant, z^ will increase, ariS 
^ will increase less rapidly than DP or P'. The variation of M is 
readily deduced from the equations for any givcn^case that^njay^ 
arise, but it is necessary to beware ofeassuming generally t6at M 
will be proportional to P' if P'jP” is constant. This result is very 
• nearly true for regulation by throttling at constant speed,* and is 
of interest as explaining the straighthess of the power-consumption 
line illustrated in Fig. 28, § 123, for that particular case. 

If we substitute (144M tan ajuX) from (6) in equation 

(8), we obtain 

DPIV^= (Z)P)7/FdP = (144iV/g/i')r(Mtar/a/Z)2, ...(12) 
which shows that the proportionality of if to DP when jaVdP is 
constant res^s on taking the mean value of V by thedPonflula 
jVdPfDP at equal intervals of P^. It remains to consider 
how far this assumption may require modification in extreme cases. 
If we make the same substitution for from (6) in equation 
(1), the equation for takes the form 

fVdPjVJ^. (lUN/gf^') (M tan a/X)^ (18)* 

which shows that M varies directly as the mean density and as the 
square root of the available energy, which is equivalent to assuming 
that the losses vary as the square of the velocity, the only practic- 
able assumption in a case of this kind. It is evident from the 
manner of their derivation that equations' (12) and (18) should 
be identical, so that they afford a convenient test of the conditions 
under which (1) and (8) are consistent in extreme cases. 

It hasiblready been shown that, if the blade-angles are adjusted 
by the condition F tan a = tan am, equations p) and (8) are 
exactly consistent for all pressure-ranges or values of N, in the case 
of dry steam, because the expansion curve in this case is of the type 
PF= and requires the mean volume Vm — iVdPjDP, This 

case is of special interest for theoretical purposes, because it is 
easy to imagine the angles adjusted by this condition to secure the 
maximum effioi^cy. But in the case of a given machine, the adjust- 
ment Sould be exact only for a particular pressure-range, so that 
the case in which the blade-angle is constant is of greater practical 
interest in considering the effeat of the variation of pressure in 
extreme cases. 
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Wbe^ the blade-angle ii^ constant, the same value of 
aiKords a sufficient approxinfation for most practical purposes for 
the normal ran^ of one expansion, or for aiy smaller range, as 
previously illustrated, byf it may be desirable to push the approxi- 
mation further in special cases. Neglecting for the moment tljje 
correction fore discontinuity depending on the value of JV, the 
appropriate value of vAen a is constant, is that denoted by 
and given by equation (7), corresponding to equal intervals 
of PjV . The value of in equation (18) has to be' taken at the 
same intervals, but represents the mean of the squares of the 
values of V which is n«t quite the same as the square of the mean 
value It happens however that the mean of the squares of 
the values of V taken at equal intervals of P/F along the curve 
PV = kP^y is ^accuridely represented by the product V^'V^” 
between the same limitli. 

^It foUows that equations (12) and (13), or (1) and (3), remain 
consistent also in the*case in which a is constant, provided that the 
appropriate mean values *01 F and jg are employed. The appropriate 
value of in equation (12) is F„," from equation (7), and the 
appropriate value of in 'equation (18) is and of 

ii^ equation (1) is z^z^'. The same value of z^^ namely z^* corre- 
sponding to F„/', is required in both equations (2) and (3), but in 
order to find zj‘ from equation (1), it is necessary to insert the 
factor zj'lzj== giving 

= a//(2 - m) (DP)^IZD(PIV). ...(1 a) 

Eliminating z^^'IBP between (1 a) and (8), we obtain the equation 
forifcf", 

144iV (M" tarf ajXf^ gfiD(PIV)l(2 - m) (14) 

The value of M" obtained from this equation is tlv^ same as 
that given by equation (8), or (12), or (18), but requires correction, 
as shown by (iS), for the effect of discontinuity of expansion on 
the values of and by dividing M'\ as given by (8) or (14), 
by the square root of the product of the cotTcction factors, 

1 4- DV 1 4iNV^* and 1 + DVl4iNV^*\ which may Usually be taken 
as equal to either factor separately, when the correction is smaU. 

In applying these equations, the value of z^ is^first found from 
(1), (2), and (8) in the usual way, which will give sufficiently accurate 
values of F" and m for finding and deducing the small 

corrections. But, except in extreme cases, the corrections may 
usually be neglected. 
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Another instructive method of ^obtaining equation (14) for 
M ", when a is constant, is to write the equation for a single step 
in the form ^0 ^ 

aV^dP^ (zIVY = (zlV)* (1 + dV/FJ u^l2Jg , , 

\^ere is the mean value of V required in aVdP, and F" the 
final value for the step considered. The ratio z/V^ i9 constanj^ and 
proportional to M, as shown by equation (6). The correction factor 
1 + dVjV^ is taken as a sufficient approximation to 
. Transferring to the left side of the equation, and inte^ating 
dPjVm on the assumption PV = kP^ for the 2N steps of the ex- 
pansion, the equation takes a form identici^l with (14) except that 
the correction factor for M" becomes 1 + log^ r/4JV, where r is the 
^ expansion-ratio. This factor is practically the same as that previously 
given, but is a little less accurate in extreme casesi^The correction 
factor must be omitted from the value of M'' required in equation 
(8). Conversely, the observed value of M must be muUipliedjhy 
the correction factor before insertion in (3) for finding z^^" and DH, 
when DP and M are known. 

As a numerical example of the application of these corrections 
in an extreme case, we will take the expansion previously con- 
sidered, with X « 858 sq. in., Z — 2*480 cals. C., but we vwll 
suppose the pressure-range extended from 164*7 (dry sat.) to 
P"=* 68 lbs. abs., making the logarithm of the pressure-ratio four 
times the normal. We will also suppose the number of stages reduced 
to a quarter, JV = 4 in place of 16, the speed u being doubled to 
keep Nu^ the same. The corrections in this case will be about 
twenty times as large as for the normal range, and will afford a 
better test of the accuracy of the method of calculation. Since the 
value of / is unimportant for the present purpose, we may put 
fi= /"= W, The numerical formula for M from (18\ becomes 

5SS7!aVdPIVJ. 

From equations (1) and (2), with a preliminary estimate 2 ; « 4, 
* we find as a second approximation, 

z « 4^74, DH = 18*22, DaPV = 4*88, 

JardP- 48*21, ^ 4*181, F" - 6*612. 

Whenqp, by substitution of this value for z in (8), with a « 70®, 
we obtain M = 864*2, which is the correct answer for the case in 
which the blade-angles are adjusted by the condition 

V tan a » VJ tan 70®. 
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The same result is obtained fijjom (12^ or (18) by putting 

4181, 

found above. No correction for pressure-r Age or discontinuity 
is Asquired with this method of adjusting the blade-angles. The 
.mean of the actual values of tan a for the separate blade-rings will 
not bs tan 70“,'' bjit is readily obtained, if required, from the mean 
of 1/V, sihce (tan «)„= VS tan 70“ (1/F)m. where 

giving (tan a)^= tan 70° (1 - 0-0536). If the actual mean value 
of tana were given as tan 70°, the value of M would require 
reduction by the same factor, giving M — 864*2 — 19*5 = 844*7. 
When z is constant, the values thus obtained will be exact in the 
case of dry steem, Jbecause the expansion curve coincides so very 
qlosely with the type PV = kP^, giving = iVdPIDP for the 
required value of They will also be practically exact for saturated 
steam m the present case, because the actual expansion curve, 
with DH = 18*2, falls cmly 7 cals. C. below the saturation line, 
so that there would be little change of volume even if the steam 
did not remain dry and sifpersaturated, as would probably be 
the case in practice. 

For the case in which a is constant, we must substitute 
for in equation (18), and z^z^* for z^ in equation (1), because 
the variation of z is considerable when the pressure-range is large. 
Using the value of V” already found at P"= 68, with 
m = DaPVjiaVdP = 0*1002, 

we obtain 8*896 froifi (7), giving 4-058 from (1 a). 

This requires a smaller value of DH from (2), and gives finally, 

DH - 17*62, laVdP = 48-29, - 4*188, 

F" = ' 6*685, F,„"= 8*900, D (P/F)= 49*65. 

With m = 0-0970 (corrected), we obtain 874*8 either from (18) 
or (14), uncorrected for discontinuity of expansion. The correction 
factor 1 + DVl4iNV^=^ 1*0556, which gives finally 
M = 874*8/1*0556 - 855*0. 

The correction factor l-hlog,r/4,^ comes to 1*0548, and gives* 
855*4. ^ „ 4 

It will be seen that the correction for discontinuity becomes 

* Z)(l/F)=l/F"-1/F'== -0*2078 (ne^tive), excluding the initial value l/Tp 
but induing the 6nal value 1/F'', in the mean (l/F)^* 
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quite appreciable in extreme case| when the pressure-range ie 
large and the number of stages smalK but the required correction 
is easy to apply, and the whole calculation is very similar to finding 
the discharge through a nozzle when thCj^nressure-ratio is less th^ 
tjie critical. It will also be observed that the arrangement with 
z constant is appreciably more efficient than with..a constarfi; for** 
large pressure-ranges, giving in the pre^ient case a larger jieat-drop, 
18*22 in place of 17*62. But for the usual range of one expansion, 

. neither the correction for discontinuity nor the differehce of 
efficiency may be expected to exceed a fraction of 1 per cent. 
Both may safely be omitted unless either ij the subject of special 
investigation. 

154. Step by Step Method. When a is constant and M 
is given, it is comparatively easy to find tiie correct result for any 
pressure range or value of N by calculating each step in succession, 
especially when the number of steps is small. This method fs useful 
and instructive as a verification of the corrections required in the 
case of the continuous integral, but would be unnecessarily tedious 
for practical application, because the separate steps have to be 
calculated to the same order of accuracy as the final result in ord/er 
to avoid cumulative errors. 

Taking the previous case as an example, with eight steps, and 
M =» 855, we have for each step the relations, 

SaVdP = 0*80064F"> ...(1), DH - 0*810 (2z - 1) ...(2), 
and z * 0*9845F"... (9). 

The simplest way of performing the verification is to start with 
the final state and work backwards, 'since V” and z" and DH are 
given for each step in this case. But it is more in^ructive as an 
exercise in interpolation to start with the initial state, because V** 
has to be estimated for each step in advance. 

The procedure is as follows. Estimate V'\ giving z from (6), 
DH from (2), DaPV or DPV from (9), whence DlogPF, 

, Log (P' IP”) is tfien found from (1) by writing it in the form 

Dlog P - 0*80064F"* D log PVIDaPV, 

gi^g Ibg P andV". V” is then calculated from P” and H - B as 
verification. If the result differs from the first estimate of F", 
the calculation should be repeated with a second estimate, from 
which the correct result can always be found by interpolation, if 

24 
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no mistakes have been made, ^he follovririg table the artange* 

ment of the work, but no interpolation was requl^d, except in 
the last step, ^here it was necessary owing tb the rapid increase 
V'\ and the difficult}^ of estimation. The^rst line of the table 
gives the initial state. The first column gives, first the estimated 
' value of md second that found from P” and H Bat the end 
of the calculation for the (Step. The differences DH, DaPV, and 
D log P, are found with the slide-rule as already indicated, but the 
difference under logaPF is obtained from the difference of the, 
logs of the initial and final values of oPF, which difference must 
be taken to four significant figures to give sufficient accuracy 
in the calculation of D log P. The differences of P are not required 
in the calculation, but are given to show the rapid increase. 


Table II. 

^ Step-by-step Method, with eight steps, a = 70°, ^ M = 855, 
X « 858 (F.P.C.). 


No . 

r ' 

" i 


aPV 

% 

logaPy 

logP 

P 

1 PIV 

[aVdP 

q 

2-785 


203-54 

47-17 

673666 

21669 

164-70 

69-14 

\ 

1 

2-920 

2-876 

1-472 

0-361 

003244 

02368 

8-74 

6-72 

2-662 


2-919 


202-068 

46-816 

670422 

19301 

166-96 

1 63-42 


2 

3-080 

3-032 

1-670 

0-374 

003483 

02656 

9-24 

6-76 

2-862 


3-078 


200-498 

46-445 

666939 

16646 

146-72 

47-67 


3 

3-270 

3-220 

1-687 

0-402 

003776 

03019 

9-86 

6-83 

i 3-216 

3-271 


198-811 

46-043 

663164 

13626 

136-86 

41-84 


4 

3-514 

3-460 

1-836 

0-437 

004142 

03619 

10-66 

6-92 

3-713 


3-514 


196-976 

46-606 

669022 

10107 

126-20 

35-92 


6 

3-832 

3-773 

2-029 

• 0-483 

004624 

04226 

11-70 

6-04 



3-832 


194-946 

46-123 1 

664398 

06881 

114-60 

29-88 

1 4-414 

ft. 

4-282 

4-216 

2-304 

' 0-648 I 

006307 

06337 

13-24 

6-22 

i 6-511 


4-281 


192-642 

44-676 j 

649091 1 

00644 

101-26 

23-66 



4-997 

4 - 92 P 

2-741 

0-662 ! 

006399 

07366 

16-80 

>66 

7-606 


4-997 

189-901 

43-923 

642692 

93178 

86-463 

17-11 


8 ' 

6-600 

6-427 

3-719 

0-887 

008860 

13078 

22221 




6-618 


186-182 

43-036 

633832 

80100 

63-242 

7-62 

1 " 

CO 

8 " 

6-700 

6-596 

3-870 

0-901 

009001 

13482 

22-807 


6-674 1 


186-031 

43-022 

633691 

79696 

6?-666 



8 ° 

6-641 1 

6-538 

186-12 
i 

43-030 

633771 

79934 

63 r 00 

9-49 

43-029 


iP' 

It will be seen that the results agree very closely with that found 
V by the integral method* The final pressure being ihe samCi ^hejiaal 
volume differs by only 1 in 1000. The differences of P/F are nearly „ 
constant at first, but increase scgnewhat rapidly towards the 
The value of F" required for the next step in each ease is hiqst 




x,v] m 

readiiy from^F/fi^/r), since PV changes slowly. Thus 

to estimate the value required forHhe fourth step, the drop of 
PjV was estimatedias 5*98, giving PjV *= 85*91, ^d the value of 
PV was estimated as 45*61 /a, giving F* = 9*722 x 45*61/85*9X, 8r 
V « 8*514, which came out right. The value of faVdP from the 
table comes out 48*08, which is only 0*25 less than ithat calculated^ 
by the integral method, in spite of th^ wide range of variation of 
m shown by Table II, from 0*1870 for the first step, to 0*0674 for 
the last step. The percentage error in V^' is the same as tljat in 
jaVdPf but that in V^" is somewhat greater owing to the error 
of the assumption that the intervals of P/F are equal. As a result, 
the actual mean value of zj' from the table, namely 4*004, is 
somewhat less than the value 4*058 calculated from F,„", and the 
actual heat-drop DH = 17*42 is also less than the q^lculated value, 
DH = 17*62, but this makes an error of only 1 in 1000 in the final 
volume, the effect of which on D(PjV) or M is inappreciable. 
Since the integral method is capable of giving a satisfactoi^ result 
in such an extreme case, it is a reasonable inference that it will be 
sufficiently reliable for all ordinary purposes, although it may appear 
at first sight unjustifiable to apply such a method when the 
differences are so far from being infinitesimal. ^ 

Equation (14) for M does not contain u explicitly, and the value 
of M will be independent of variation of speed except in so far as 
it affects DH and F". But if N is varied while Nu^ is kept constant, 
DH and F" will remain the same for a given pressure-range, and 
M will vary inversely as the square root of iV, apart from the small 
correction depending on Z)F/4iV. In this case the limiting value 
of M^/N when H is large, depends only on the pressure-range, and 
the value of M for any value of N may be deduced from the 
limiting ^|^lue of M's/N by dividing it by \^N and the correction 

factor (1 + DVj^iNV^'), The limiting value of M's/N is readily 
obtained from (14), and will give good results in all practical cases; 
but when N is very small in comparison with the pressure-range, 
B.g. iV = 1, P'jP^'- 8, the correction DVj^N ceases to be accurate 
because the dilPerence between the mean volume and the final 
Ijolume in each step can no logger be taken as equal to dF/2. If 
icpurate results are required when iV — 1, it is preferable to cal- 
julaleithe two steps separately, and is nearly as easy as working 
)ut the values of F" and m by the integral method. The integral 
nethod -holds accurately in the limiting case when N is large, and 
iffords a coxivenien t standard of reference for other cases. 

24^2 
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155, Maximum Value of the Discharge M. When the 
final pressure is reduced, keejnng the initial pressure constant, for 
an expansion ofN stages, the value of the diaesharge M reaches a 
if tayi Tn iim , as in the cas^ of a nozzle, but ai a much lower final 
pressure, owing to the loss of available energy in work and frictio^. 
‘Tl^p curves shpwn in the annexed figure illustrate the variation 
of ib^with|increase of press|^e-drop DP for the cases considered in 



Fig. 83. Variation of Disohaige with Pressnre^drop. 


the previous section, taking the initial pressure as 150 lbs. abov| 
atmospheric, or 164*7 abs. Up to a pressure-drop^ of 60 or 70 lbs., 
or a presSure-ratio 8/2, exceeding the limit u8iuli in 

practice for a single expansion, the differences between diffei^nt 
cases when the dimensions are giwen, rarely amount to so |nu^ as 
I per cent,, and are seldom worth considering for ordinary purpo^e^# 



xiv] 


BMCWtON TUMINE ANALYSIS 


878 


Beyond this point the curves begin to diverge, and are of special 
interest from the theoretical standpoint. 

The curves in tils figure are drawn for the dimlBnsions X » 100 
sq. in., Of « 70®, and Z ==*10 cals. C. Since M is proportional fb 
^/tanof, corresponding values for other dimensions are readily 
deduced. The quantity actually plotted in curve^v (1) and (8) i^ 
not Af, but the limiting value of M^/N; when N is large. The actual 
value of M for any particular value of N is obtained by dividing 
the ordinate of the curve by and by the correctioif factor 
1 + DVj^NV^' when required. The upper curve, marked 1, in the 
figure represents the limiting value of when of is constant 

as given by equation (14). There is a maximum at a low pressure, 
about 8 lbs. abs., but the values at such low pressures are somewhat 
uncertain owing to the variation of m. The orde^ of uncertainty 
is roughly indicated by the thickness of the line. 

The intermediate curve (2) in the figure represents the e^ct 
of dividing the ordinates of the upper curve by the correction factor 
1 + corresponding to ^ = 10, which has the effect of 

raising the position of the maximum to a pressure of nearly 
80 lbs. abs. The correction for any' other value of N is readily 
obtained by a proportional reduction. The position of the maximiiim 
is further raised for lower values of The pressure at which the 
maximum occurs when a is constant is determined by equation (11) 
for the velocity of sound at the exit, and it is of interest to observe 
that this condition agrees in each case with the position of the 
maximum indicated by the application of the correction factor. 
Thus when N = 10, M's/N = 90*6 ^ corrected, M - 28*65, and 
condition (11) is satisfied at P”= 29*4 lbs. 

After reaching the maximum, the discharge would remain 
constant i^r any lower final pressure, as indicated^by the broken 
line in the figure. The interpretation of the falling part of the curve 
beyond the maximum is the same as in the analogous case of a 
nozzle. The ordinate of the curve represents in reality My/N tan a/JT , 
and can be employed for calculating appropriate values of M > Jl, 
N, or tan a, to suit given conditions for any pressure-drop, with 
the same initial state and value of Z. 

The value of^ « Nu'^/Jg, makes comparatively little difference 
to the^ult for M, The value Z =» 10 cals, C., may be taken as 
representing the case of a turbine of high speed and efficiency, just 
as the value Z « 2*48 cals. C., •t^en in the previous example, 
repres^jte the case of a slow-speed marine turbine in which the 
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efficiency or tne turbine itself is sacrificied to accomhiodate that cf 
the screw-propeller. As an illustration of the effect of Z on M, we 
may employ thfe curve for Z = 10 to find M<for the data of the 
previous example with 68, X — 858 i» place of 100, and 
iV ■» 4. The ordinate of the limit curve at DP =« 101-7 is 88-9, whicfe 
Vnijst^be multiplied by 8*58/2, giving 879 as the uncorrected value 
of M. Thfi correction for y = 10 is 2-2 per cent., giving 5-5 per 
cent, for N = 4, The corrected value of M is 859 with Z = 10, 
whereat the value previously found with Z = 2*48 was M =* 855. . 
The difference is due to the lower mean density resulting from the 
smaller heat-drop at the lower value of Z. 

The curve marked 3 in the figure represents the variation of 
M's/N with DP for the case in which the blade-angles are adjusted 
by the conditi9n F tan a = tan 70°. The divergence of this 
curve from the limit curwe 1 for a constant is negligible at DP — 65, 
and amounts to less than 1 per cent, at DP = 90. The difference 
between curves 1 and 3 corresponds with the difference between 
and F„,', which increases rapidly at low pressures. The value 
of M for any given N is obtained by dividing the ordinate of curve 
8 by but the correction factor 1 -f DVI4NV^' is not required ^ 
if,the angles are adjusted by the given condition. The maximum 
in this case occurs at the same point, P'— 39-1 or DP == 125-6, 
for ^ values of and is determined from equation (12) or (18) 
by finding the position of the maximum value of DPjV^\ or 
DP^IfVdP, which gives the simple condition F"= for the 
relation between the final volume and the mean volume when M 
is a maximum. Condition (11) for the velocity of sound does not 
apply in this case, because by hypothesis the discharge angle a 
is reduced, increasing the aperture at exit, whenever the final 
pr^sure is redyced. The cross-section of the throat is nott^onstant, 
but is a function of the final pressure. Except in the case iV = 1, 
the velocity of sound cannot be reached until after the maximum 
dete] lined by (12) or (18) is passed. 

For very small values of N the result may be appreciably 
affected by different assumptions with regard to \he distribution 
of the losses between blade-friction, carry-over, etc. The value 
1, taken in the present calculation, is equival^ent to supposing 
that the energy required to make up for blade-friction, Snd for 
the acceleration of the axial component U, is supplied by energy 
carried over from the previous stage, since by equation (1) the 
Whole of the available energy aVdP is expended in the tang^txal 
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component m when/['» 1. In practice any such losses are included 
in the value determined experiihjentally, and it is inexpedient 
to attempt ady furlher analysis. Since the steam must always be 
moving with at least fhe appropriate axial velocity at the beginning 
of each- expansion, the assumption represented by equation (1) 
is justifiable provided that the pressure P' is measured at the^ 
beginning of each expansion, as would usually be the case^ especially 
if the number of stages is reasonably suited to the pressure-range. 
The cases in which N is small and DP large are of little practical ; 
importance, but it may be worth while to take the maximum dis- 
charge with ^ = 1 as an illustration of tl^e limit of error of the 
correction factor 1 + DVI^NV^ in the most extreme case possible 
in practice. 

The curve marked 4 in the figure represents the application of 
the correction factor 1 + DVl4sV^ for the case iV = 1 to the limit 
curve 1, and shows a maximum ili* = 78 at DP ~ 95. The step- 
by-step method (with two steps) for the same case gives tlie ciflVe 
marked 5 with a maximum M - 71*4 stJOP == 87, with F"== 5*14, 
satisfying condition (11) for the velocity of soimd, which is not 
exactly satisfied by curve 4. Other^dse the agreement of the two 
curves is surprisingly close. 

Although such extreme cases as are here considered cannot 
occur in the ordinary running of a turbine, they afford useful 
illustrations of methods of calculation, and show that the simple 
equations (1), (2), and (8) are fairly trustworthy for ordinary 
purposes. The equations for the separate expansions can be utilised 
in actual tests by observing the pressures at intermediate points, 
which no doubt is frequently dond though the results are too 
illuminating to publish. It would be eomparativcly easy to test 
the effects of variation of clearance, of modifications in the form 
of the blades, and of many other details of construction, which 
cannot be inyieStigated satisfactorily without a reeisonably simple 
theory including all the primary factors on which the effects depend. 

From the point of view of the present work, the most interesting 
effects would be those depending on the change of state of the steam, 
winch still remain obscure, but could be greatly elucidated by a 
well designed «,series of experiments. There is already a strong 
presuidption tlftit the steam will not follow the state of saturation 
as generally assumed, but will remain practically dry and super- 
saturated until a certain limit ^is reached. The actual position of 
tl^ limit is Still uncertain, but it would in all probability be clearly^ 
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indicated by tne pressure observations in conjunction with the 
known dimensions. Beyond ^his limit the theory is less certaini 
but the effects initial superheat appear to (how that a marked 
'degree of supersaturation persists in rapid expansion. This wonld 
pro'bably produce secondiary effects on the flow, as explained in 
^Chapter XVI, which do not appear to have been anticipated, and 
require further experimental tests for their proper elucidation. 

The case which most commonly occurs at low loads in the later 
stages and expansions, is a great reduction of the prwsure-drop anc 
of the velocity-ratio. A comparison of the observed and calculated 
values of the pressure-^rop in such cases would afford a severe tes1 
of the applicability of the present theory, but there do not appeal 
to be any published data directly bearing on this point. 



CHAPTER X7 


APPLICATION OF THE ANALYSIS fO A 
COMPLETE TUItBINE 

156. Application to a High-Pressure Turbine. Equations 
( 1 ), ( 2 ), and (8) can be applied without modification to a complete 
turbine, provided that is nearly the same for each expansion, 
as is usually the case under normal conditions of running. For this 
purpose it is necessary to know the speed and dimensions so that 
the values of the energy-constant Z - Nu^Jg, end of the expansion 
constant Z'* Nu tan ajX, can be found ibr each expansion. By 
adding the equations for all the expansions^ as indicated^by the 

symbol of summation S, we obtain for the whole turbine, 

• * 

Available energy, faVdP = (zoV/iO (1) 

Heat-drop, SDR ~ 1) SZ/", (2) 

Pressure-drop, SDP ~ P© P^ *= (®) 

where Zq is the mean value of 

These equations may be employed in various ways, according 
to the data available and the object of the investigation, either 
(1) for finding the efficiency and leakage constants from experi- 
mental tests in which the heat-drop, pressure-drop, and mass- 
flow, are observed, or (2) for estimating the probable variations of 
power, consumption, and efficiency,' under different conditions 
of runniq|r, when the efficiency constants are known, or (8) for 
choosing suitable dimensions in designing a machine for any 
particular purpose. ’ 

In experimental tests, it is always desirable to observe the 
pressures at points intermediate between the several expansions 
as a check on flie state of the steam, and it may be necessary to 
calculate each expansion separately if the variation of z^ becomes 
excessive. When sufficient data are available, it is possible to find 
the syltematic variation bf / from one expansion to another, but 
when this is not the case, some allowance can be made for the 
probable variation of /by assuming a formula of the type 1 ~ I'yof 
iot/'' as prey$o\isly suggested, and finding the average value of r 
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!rom equation (2) when the whole h%at-drop is known. It is also 
possible to represent the e^Act of leakage on the mass-flow by 
inserting a simplar factor 1 — Vjx in equatioit (8) from which V 
m&Y be found if/^' is known and M is observed. It seems probable 
on theoretical grounds that V should be less than Z" in the ratio 
•of 2 to 8 nearly. Both can be found if this ratio is assumed. 

it is of interes^l: to compare these equations with rules commonly 
employed in design, such as those given in Engineering, Dec. 18, 
1907. •Such rules depend in the main on assuming'^ normal type 
of blade, and a suitable value of the ratio of steam-speed to blade- 
speed for the purpose Required. 

Number of stages, A rule commonly given for finding the 
equipalent number of stages Ng for a complete marine turbine in 
terms of the diameter D of the H.P. rotor, is 

C c 

5 5 X (4) 

where E is the diameter in feet, and B the revs./min. The equivalent 
nqmber of stages, allowing for variation of u in different sections 
of the turbine, is defined by the condition, 

N^u^ « HiNu^y where %= itDRIGO ft./sec (5) 

T?hus, if the diameter of the L.P. rotor is ^^2 times that of the H.P. 
the actual number of stages on the L.P. rotor will be about half 
that on the H.P. if the power is to be equally divided between the 
two. 

Equation (1) of the previous page may be written in the form 

iV, = {mu^Vu;^ =. Jgf,^SaVdPI(7rz^RlQ0)^ ....(6)- 

prbich, with fi = 0-888, rMuces exactly to the rule above given, 
if the available energy appropriate to the usual pressure-range is 
taken as 840* B.T.U. with J = 778, provided that = 2*25 is 
assumed as a Suitable mean value of the speed-ratio^ corresponding 
nearly with an initial value 2 for each expansion. It is justifiable 
to treat the available energy and Sq as constants in a particular 
case of this kind, but the general equation (1) ha£^ the advantage 
of showing how the numerical value of the constant must be 
modified to suit any other pressure-range, or velocity-ratio, pr 
condition of the steam. 

Steam-Speed, With defined as (SiVi4*)/tq*, and the same 
(but not necessarily 2*25) in all tbe expansions, the fraction 
of the whole energy is available in the first expaninon contajh^ 
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Ni stages. Equation (1), app&ed to the first expansion, gives for 
the mean exit velocity Vi of the ste^ from the blades, 

Ui'= z„uJsmaAjifiSaVdPIN,8mU)^l*==Wl%IN.^I’‘. ...(7)^, 

wjlich is independent of or 2 separately. The numerical value ' 
2918 for the constant assumes the whole available, energy to be • 
840 B.T.Us, but the constant evidently varies a^’the scjuare root 
of loVdP, This numerical formula is commonly quoted with the 
.value of the constant 2700 or 8000 according as the expcmsion 
ratio is less than or greater than 64 (Sothern, Marine Steam Turbine^ 
p. 60), but it seems better to take the constant proportional to 
(iaVdPfiK 

The chief difficulty in finding examples for the application of 
these equations lies in the scarcity of suitable published data. The 
majority of tests give only the speed and consumption, in relation 
to the initial state and final pressure, without any details of di- 
mensions. Oii the other hand, many details of dimensioilS exist, 
but these are usually more or less incontkpletc, and corresponding 
tests of performance are lacking. In the case of marine turbines, 
there are great difficulties in the way -of obtaining reliable observa- 
tions of consumption and power, and there is often little or no 
indication of the manner in which the results were estimated, or 
of the order of accuracy to be expected. For this reason many of 
the following examples must be taken rather as illustrations of 
methods of calculation, which could be applied if complete details 
were available, than as definite results of experimental tests. 

As an illustration of some of these difficulties, we will take one 
of the trials of H.M.S. Dreadnought^ wKich was the subject of many 
tests as being the first large battleship to be fitted with turbines. 
There we|5 two complete turbines, port and starboard, each divided, 
into two parts, H.P. and L.P., driving four shafts in all. The total 
steam was estimated from the feed-pump, biit partVas employed 
for driving auxiliaries, the exhaust from which in some trials was 
taken through part of the L.P. turbines. 

In one of tlie full-speed trials, the steam to the main turbines, 
excluding auxiliaries, is given as 856,000 lbs. per hour, equivalent 
to Af « 49-45 Mbs./sec. for each H,P. turbine, rotor 68" di^., 
givihg*X « 189* sq. in. for the first expansion, with x « 7/8". 
Neglecting leakage, and taking 2-78 at the exit of the first 
blade-row with effective aperlure ; O-SAT, as given by Sotheria 
(Marine Steam Turbine^ p. 60) for normal blades, we should find 
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8^ft./seci for the initial steam-speed, with^ti » 96*8 blade- 
speed at 822 revs./min., giv^ 8*72 for the ratio U'lu, and 8*5 for 
the initial valuta of z, or 4*0 for the mean value iii the first expansion.* 
EEigh values of the speed-ratio are often ascribed to battleships on 
the ground of similar cklculations, but would generally lead to 
«iinTOSsible values of the available energy and incredibly low effi- 
ciencies. For this reason it fs usually better to deduce z and M from 
the availa\)le energy, by equations (1), (2), and (8), which give quite 
a different result in the present case. 

H.M.S. Dreadnought, 1906. Full-speed Trials. Starboard turbine. 

Boiler pressure, 24/ lbs. (gauge), condenser vacuum, 27 inches. • 

H.P. receiver pressure, 157*5 lbs. (gauge), L.P. receiver, 7*7 lbs. 
(gauge). 

H.P. turbine, 4795 shaft horse-power at 822 revs./min. 

L.P. turbine, 7480 sHaft horse-power at 887 revs./min. 

• H.IJ. rotor, 68'' djiam., with 6 expansions, each of 12 stages. 

L.P. rotor, 92" diam., with 6 expansions, each of 6 stages. 

The rule above given for the equivalent number of stages leads 
to N, * 144 at 845 revs./min. and D = 68", giving 72 stages for 
the H.P. rotor and 86 for the L.P., since the mean diameter of ' 
t&e blading is very nearly in the ratio 1 to \/2 for the two rotors. 
The blade-heights are selected to the nearest 1/8" to form a geo- 
metrical progression with a common ratio ^^2, the annular area X 
of the first expansion of the L.P. being nearly the same as» that 
of the last expansion of the H.P., because the steam velocity is 
increased in the ratio of tfye increase of diameter. The blade-height 
is the same, 11", in the last ‘three expansions of the L.P., but the 
value of tan a is taken 2*747 for normal blades in the fourth 
expansipn, 1*948 for semi-wing blades in the fifth, and ^1*874 for 
wing blades in* the last, being reduced in the l/\/2 ratio for each 
expansion in place of increasing the blade-height. Thp blade-heights 
ate given in the following table, in inches. 

Expansion number 1 2 3 4 <>5 6 

turbine J 11 If 2i Of 5 

L.P. turbine 3| sj 7} 11 11 11 

From which the values of the constants Z and Z' for each 
expansion are calculated at the above given spieds. The) sums 
i^uired in the equations are, 

%Z :&Zlx 1,Z' 21/a 

H.P. turbine 15*68 8*79 50*18 3*40( 

LP. turbine 17*42 2*38 6*94 0*76i 
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The $ums of Zlx and 1/^ sie mployed for estimating the effect 
of tip-leakage on the heat-drop and i^ass-flow as epcplained below. 
Neglecting le&age tad receiver-drop in the iirsi^ instance, and 
assuming the state satiK*ation throughout the expansion, with 
t]^e initial state dry saturated, we obtain the following approximate 
results for the H.P. turbine. , , ■'* 

Estimating DH as 54 cals. C. we f^nd jaVdP ~ 88*65 for the 
given range. 

. From (1), V = 0-888 x 88*65/15*68 = 4*992, =* 2*281, 

2^0 - 1 « 8*468. 

From (2), DH « 8*468 x 15*68 =* 54*88 ^(neglecting leakage by 
omitting/''). 

From (8), M = gf^'x 149*8/2*284 x 50*18 * 88*18. 

Whence HP ^ 2 5i5MDH ^ 524>7.. , 

Similarly for the L.P., with DH 59, we find jaVdP 95*44. 

From (1), V * 0*888 x 95*44/17*42 = 4W, = 2*199, * 

22o- 1 « 8*898.. 

From (2), DH = 8*898 x 17*42 = 59*20 (neglecting/" as above). 

From (8), M * gf^'x 20*9/2*199 ^ 5*94 = 45*45. 

Whence . HP * 6846. 

r. 

Owing to leakage through the H.P. dummy, we should expect 
the flow through the H.P. turbine to be less than 49*45, namely, 
half the total feed to the main turbines, but the difference is 
exaggerated by the neglect of tip-leakage. In spite of the low value, 
M =» 88*18, the power for the H.P. turbine comes out too high, 
5247 in place of 4795, because the heat-drop is too large, owing to 
the neglect of receiver-drop, and tip-leakage. In the case of the 
L.P., the apparent flow, M ** 45*45, is flauch larger than for the H.P. 
owing pa|tly to the auxiliary exhaust, which was ^timated at a 
total of 27,400 Ibs./hour, or 8*95 Ibs./sec. for each turbine, and 
partly to the excess of H.P. over L.P. dummy-leakage. On account 
of the uncertainty of the feed measurements and the absence of 
information witbregard to the equality of distribution between the 
port and starboard turbines, no great stress can be laid on the 
observed values of M, But the calculated values for different 
conditions will^be relatively correct, and may prove instructive 
as illujftfations <5? the effects of tip-leakage and supersaturation. 

It would evidently be desirable for accurate tests to measure 
the actual pressures at the firsband last rows of blades, because; 
the correction for recei ve]>drop necessarily depends on the arramze* 



ment of the steals «uilt VCUVt^O^ CUAU vaimot be included in 
the equations. The drop between the last row of blades on the 
H.P. and the first row on the L.P. is conunonly estimated at 5 per 
WHit. of the absolute pressure in the L.P. jieceiver, but is often 
larger. For the present p\irpose we will take the drop as 8 per cei\f. 
t-tq or from ea<j}i receiver, and 7 per cent, to the condenser, giving 
167 lbs. for the fnitial pressure and 28*1 for the final pressure on 
the H.P. turbine, with 21*7 and 1*6 for the initial and final pressures^ 
on the^ L.P., but the low pressures are generally uncertain. 

If the calculation is repeated with the pressures as above cor- 
rected for receiver-drqp, but otherwise on the same assumptions, 
neglecting the effects of leakage and supersaturation, we obtain 
for Jthe two turbines, 

H.P. 2 ip8, DH = 5812, M * 8718, HP - 5028. 

L.P. = 2160, DH = 57*83, M - 44*58, HP = 6552. 

• All^the values are necessarily reduced by receiver-drop, the 
loss of power amouAting to nearly 5 per cent., but in spite of the 
low value of M, the power for the H.P. turbine is still higher than 
the observed value. The difference between the values of M for 
the two turbines remains nearly the same, and is very large as 
compared with the difference between the values of Zq, which differ 
by less than 2 per cent, in the opposite direction. 

Seeing that the difference between the mean values of for 
the two turbines is so small, it might naturally be expected that 
the value of would be nearly the same for all the expansions 
throughout each turbine. If were the same throughout, since 
ujX «= 22/72007, we observe that the pressure-drop in each expansion 
would be proportional to J/a? by equation (8), so that the pressures 
would form a geometrical progression in the inverse ratio of the 
blade-heights.*^ But then the energy available in each ^^xpansion 
iWould vary qparly as PV, showing that the values of z^^ could 
mt be the same for each expansion in the absence of leakage. 
Taking M = 87*18, as found above for the H.P. turbine, it is easy 
to calculate the corresponding values of z^ and PP for the first 
and last expansions. The values are, 

First expansion, z^^ 2*65, DP « 58*8 
Last expansion, z^^^ 1*85, DP = 7*15^ 
showing a considerable range of variation of z^^ The values of 
' JDP, taken as proportional to l/aai would be 48*4 and 8*46 teipec- 
tivdy. Neglecting leakage and assuming a « 70^ (constant), 


Leakage neglected, 
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design requires an expansion ratio of 9, whereas the actual ratio of 
F" to V is only 6* A lower final presft^ would give amore neaiiy 
unifonn value of «^,<but the effect of tip-leakage, viiich is greatest 
in the first expansion^nd least in the last, reduces the actual raage 
o{ variation of to such an extent that it cannot be neglected in 
tl^ connection. 

157. Effect of Tip-Leakage. In. order to estimate this 
effect, we may suppose that the acceleration of the leaking* steam - 
is mainly in an axial direction, or that the tangential component 
of its velocity is unaltered, while the axial ^somponent is increased 
from V to U sec a by the available energy f^'aVdP at each blade- 
ring. If I is the leakage clearance, the mass-flow of the leaking 
steam is represented by (//*») sec a (t7Jr/144F), which will be near 
enough to represent the mean of the leakages, under the fixed blades 
and over the moving blades, if Z is tlie mean clearance, and if X 
is calculated from the mean diameter, 12D -f a;, of the bl^de-ring 
in inches, where D is the diameter of thft rotor in feet as in (4). 

If tliere were no leakage, we should have the usual relation 
M = UXI14i4iV, The increase of il/*due to leakage for a given 
pressure-drop, is represented by the fraction (//a?) (seca — 1), 
which may be taken to be the same for each blade-ring in any one 
expansion. Similarly the redaction of DP for a given value of Mj 
may be represented by introducing the divisor 1 + 2//aj (taking 
sec a = 3 for normal blades) in the value of Z' on the right hand 
side of equation (3), which has the effect of simply substitutifig 
a; + 2/ for x in the expression for Z\ or Z". 

The effect of leakage can be inv&tigated separately for each 
expansion when sufficient data are available, but, if only the whole 
pressure-^rop for the rotor is given, we can still obtain a mean 
value of /, corresponding to the ideal case in which the clearance 
is uniform when'^the machine is hot. ' 

Since the effective length of the blades is reduced by I, while 
the mass-flow is* increased as though x were increased by 2/, the 
ratio of the wdHdng steam to the whole steam will evidently be 
given by the fraction (1 - llx)l(X H- ^Ijx) for normal blades. This 
correction factor may be supposed included in the value of f” on 
the ri|j|!Kt hand lide of equation (2), according to the definition of 
the reaction efficiency, XI, §126. If / is small and nearly uniform^ 
we may substitute (1 - Ujx) for the correction factor in eiich 
e^itpan^icm^ that the factor for the whole turbine becomes^ 
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1 - 3lZ {Zlx)IXZ, which gives a simple equation foir finding I if 
DH is known. Conversely ijfc^ easy to estimate the effect on 
of assuming different values of the clearuice. 

*^„In applying the correction for leaka^ tp a complete turbine, 
it is in all cases preferal^le to observe the pressures at the int^- 
^^mei^ate pointjs between the expansions, and to work the results 
for each expansion separately; but, if only the initial and final 
pr^sures are available, as in the present example, a preliminary 
approximation may be obtained in the following way. Equation (2) . 
presents no difficulties, because the values of DH and Z are nearly 
the same for each exps^ion, and the equations can be added, even 
if is not quite constant, without introducing material errors in 
the. mean. But, in equation (8), the values of DP and Z' vary 
widely from one expansion to another, and the summation cannot 
be performed satisfactorily by substituting the factor 1 — 2 Z/< 2 j for 
the divisor 1 + 2Z//r, which is the usual method of approximation 
in such cases. Transferring the correction factor 1 + 2//a? to the 
left hand side, and substituting Rj720cD for w/Z , equation (8) for 
each separate expansion takes the form 

(a? + 2/) DP = MzJR tan • (8) , 

In adding the separate equations, it will often be permissible to 
make the approximation 'hxDP — x^TiDP, where 1/a?,^ is the mean 
of the values of l/a?, if N is the same for each expansion, as in the 
present example. If the values of N are different in different 
expansions, we have for the equation 

J!iNlx^ = N^/xi + NJx^ + NJx^ + etc. (9) 

The sum of the equations fot the separate expansions will be 

(x^+ 21) ILDP’^^ MzJR tan aSiV/720g/i', (10) 

in which the whole pressure-drop for the tui<bin^* and ZN 

is the whole number of stages. The equation in this form is con- 
venient to use, and will give fairly good results for the effect of 
leakage on the mass-flow, provided that Ijx is small, and that z^ 
does not vary greatly. The value of M thus found can be verifled * 
by calculating the pressure-drop and for each expansion. The 
same equation can be employed, if M is known, to ^d the mean 
effective value of I for the turbine, if a constant yalue of tan a 
is assumed. But in all such comparisons it is necess^ to^bearlu 
mind that there may be accidental or intentional variations of 
tana, which will alter the effecti^/e values of 07, as in the c^pf 
the wing-blades in the L.P. turbine. • ■ 
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From the above investigation we arrive at the comparatively 
simple result that the mass-flow through the whole turbine for a 
given pressure-drop will be increased by the efieot of tip-leakage 
in the ratio where is the mean effective blade-hejght 

^ above defined, and t the leakage clearance. But this assumes 
that z„ remains the same and is nearly uniform throughout thft 
turbine. In point of fact there will be a small increase in the mean 
value of Zfit for the whole turbine in consequence of the reduction 
of DHy which is easily found from equations (1) and (2); and there . 
will also fee a change in the pressure-distribution and in the varia- 
tion of z^, because the pressure-drop will Ije reduced in the earlier 
expansions and increased in the later if the whole pressure-drop 
remains the same. 

For the H.P. turbine in the present example, we have 
21/a; =» 8*400, with 6 expansions each of 12 stages, giving 
6/8*400 = 1*765. Taking I = 70 mils = 0*070", as a probable 
mean clearance over the blade-tips for a turbine of this si4;e. M is 
increased by tip-leakage in the ratio 1*905 to 1*765, or from 87*18 
to 40*18, which 4s about 8 per cent. The simultaneous reduction of 
the heat-drop from 58*12 to 47*20 4ncreases the mean value of 
only from 2*194 to 2*204, giving M - 89*95, in the case of 
saturated steam. It will be seen that the change of both M and 
BE is considerable, but that the two are nearly independent of 
each other. The reduction of efficiency, depending only on DH, 
amounts to 11 per cent. The horse-power is reduced from 5028 to , 
4800, agreeing closely with the observed value 4796. 

The effect of tip-leakage on the pressure distribution in the 
present instance is to make the pressure-drop per expansion much 
more nearly proportional to Ijx thaif cdiild possibly be the case in 
the absence of leakage, as previously pointed ou^. The effect on 
the first expansion is considerable, reducing the pressure-drop from 
58*8 in the absence of leakage with M ~ 87*18, ''to 48*6, with 
I » 0*070" and Jf = 40, in spite of the increase in M, The value 
of z^ for the first expansion is simultaneously reduced from 2*65 
to 2*88. It is edsy to calculate the expansions separately when the 
value of M is known. 

It must be admitted that the effects of tip-leakage in t^ 
earlier^^pansiofes when the blades are short may introduce some 
uncertainty in the results, but this only makes it the more necessary 
to have a simple and consistent theory for comparison with obsezya** 
tion. The inethod above given appears to be the simplest that can 
c*s. '25.:, 
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be devised. Most authorities are i^giW in takin^be ratio of the 
working steam to the whol^» steam as 1 - //i» to 1*+ 2//a?, when 
the annular area factor is for each blade-riilg, wfiether fixed or 
moying. But since the leaking steam cannot, contribute anytl^ng 
in either case to the impulse or to the reaction, it might appe^ 
«at first sight though the loss of efficiency should be doubled.- 
Morrow (loc. cit, 76) tak^ this view on slightly different groun4|^ 

and gives the effective proportion of the working steam as bejng 
(1 - 8i/a7)/(l + Blja:), which makes the loss of efficiency twice vas 
great as the expression (1 — + 2//aj), in the limit when l/x 

is small, and which legds to improbable results when Ijx is large. 
To take an extreme case, when I == ir/2, the latter expression wosuld 
reduce the efficiency to a quarter of the maximum, which is no| 
unreasonable, but Morrow’s fraction would make the efficiencj^ 
negative^ whereas it is evjdent that there would still be some balance 
of useful work. Apart from secondary effects, which are difficu^ 
to estihiate, it may be admitted that the steam leaking under the 
fixed blades could not add much to the reaction on the previous 
ring of moving blades or to the impulse on the succeeding ring, 
but the energy acquired by the leaking steam, being mainly in 
axial direction, is carried over, and tends to increase the reaction 
on leaving the next moving ring. Similarly the steam leaking over 
the moving blades may contribute little or nothing to the impulse 
or reaction on the moving blade-ring itself, but the energy acquired 
in leaking is added to the energy of discharge from the next ring 
of fixed blades. The fraction (1 - llx)l(l + ^Ijx) appears to be of 
the right order of magnitude to represent the relative drop ii^ 
efficiency, giving (1 - Ijx) for the relative drop in power, and, 
although the absolute ma^tude of I may be uncertain, the theory 
can hardly faij to give useful comparative measures of ffie effects 
of leakage when combined' with experimental tests. 

158. Calculation for each Expansion in Succession. 
The results for each expansion are of special interest when the 
intermediate pressures are observed, because the^ tend to throw 
light on the state of the steam and on possible variations of blade- 
angle, or clearance, or mass-flow due to by-pass or leak-off from 
the dummy. In the absence of observations of intermediate pres- 
sures, the best that can be done is to assume imiform values of i, 
tan a, and Af, in the calciilatten of the pressure-distribution. 
!Bie calculation will be made in the present case for the HJ. 
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turfiine on tM Assumption that the state of the steam is dry and 
supersaturated throughout, which il .possible, because the steam 
does not quite reaAi the Wilson limit. But owidg to the great 
extent of the blad^-surfhce in the later expansions, and^fhe 
uncertainty of the limit at high pressures, it is very likely that 
, condensation would set in before the last expansion was reached* 
pis would be indicated, if the intermje|diate pressures were avail- 
able, by a marked change in the pressure-drop as compared with 
that calculated for dry steam. It is probable that the steanf would 
remain dry in the present case for the greater part of the expansion, 
but even if the values for the later expansions may not correspond 
with the actual facts, the calculation will be instructive as an 
illustration of the method of working out successive expansions. 

^ The calculation for each expansion in the present example starts 
with a preliminary estimate of an^ DP from equation (8), With 
M ~ 40 and I = 0*070", giving the numerical relation 

{a + 0*140) DP - 20*752* ...(11) 

Thus taking 2*40 as a trial value for the first expansion, we 
J^ave DP = 49*06 from (11) with x = 7/8", and DH == 7*20 from (2) 
vdth/"= 1 - 0*210//r, whence 2*891 from (1), which suggests 
z^ = 2*88 for the solution. When M is given, the correct solutidh 
for z^, as previously remarked, Chapter XIV, § 150, differs from 
the result of the first calculation of z^" from (1) by nearly the 
same amount as zj' itself differs from the first trial value zj 
assumed in (11), provided that the pressure-drop is small; but it 
^is useful to have a more accurate rule for estimating the correct 
solution from the result of the first trid when the difference is large. 

Rule, To find the correct solution from the first trial, multiply 
the difference zj'— z^^' by 0^217 DP IP'\ divide by 
log (P7P") - 0-217DP/P", 
and add the result to z^^”, with due regard to sign. 

This rule is easy to apply because the required factors DP, P", 
and log (P'IP”),^Te obtained in the first trial to a sufficient degree 
of approximation; but it is necessary that the trial calculation 
' should be made to the limit of accuracy required in the final result; 
and that the trial estimate of should be within 2 or 8 per cent., 
to get 'ihe final result to 1 in 2000 without repeating the calcula- 
tion. Thd numerical factor 0*217 is half the modulus of common 
logarithms, 0*484, log (P'/P") bdng taken from a table of common 
logarithms to the base 10. The rule is based on the assumption 
* '25-2, . 
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that JaVdP, being equal to aP^F„ log, P'/P", varies nearly as 
log (F/P")> sbice PV changpiS slowly. The rule has the advantage 
of showing imiAediately if the value of M as^med in (8) exceeds 
tlS< limit of possible solution, since the maximum value of M 
corresponds to the condition log {P-jP”) ==* 0*217DPIP*', very 
^e«;ly. f 

As an, example of the, application of the rule, if we assume 
2-40 for the second expansion, with x = l«25",jand P'— 118*4, 
we find from (11) DP = 85-79, P"= 82-61, log (P'lP") - 0-16682, . 
and 0*217DP/P''= 0*094. Equation (1), with Z = 2*522, and 
aP'V'= 45*58, gives 2 ;/'= 2*372, showing a difference 

- 0*028, 

which (by the above rule) when multiplied by 0*094/0*062, gives 
-0*042 to bemadded to 2*872, leaving 2*880. The final value, 

= 2*880, when tested^, is found to be correct to the last figure, 
said gi\i 2 s DP - 84*74, P"= 88*66, from (11), DH = ,7*68 from (2), 
whence DaPV = 1*82, and aP'T*'^ 43*76, as required for the 
initial state in the next expansion. 

The results for the sev^al expansions with M = 40 are as 
follows. ' 

f 

Table III. 

H.P, turbine, M = 40,P'=167,H'=668. State, dry supersaturated. 


No. 

[aVdP 


DH 

/ 

DP 

P" 

xDP 

aP'^r' 

1 

16*98 

2*378 

7*12 

0*446 

48*60 

118*40 

42*6 

45-68 

2 

16*61 

2*330 

7-68J 

0*496 

34*74 

83*66 

43*4 

43*76 

3 

16*44 

2*309 

8*14 

0*628 

26*34 

68*32 

44*4 

41*86 

4 

14*47 

2*212 

8*20 

0*666 

17*40 

40*92 

43*6 

39*96 

5 

13*67 

2*112 

8*16 

0*600 

12*03 

28*89 

42*1 

38*06 

’ 6 

11*48 

1*902 

7*6? 

0*660 

7*68 

21*21 

38*4 

36f32 


86*46 

2*206 

46*81 

0*642 

^DP. 

= 146*8 

42*38 

10*97 


The last line gives the sums and means. The last column gives 
,the values of aP"V” required in the calculatioi^, and DaPV for 
the whole turbine. The small corrections for the difference between 
VJ and and for discontinuity, are here neglected, because 
they are nearly equal and opposite as explained in the last ^pter, 
:i,§148. 

If the final pressure P" is given, there is a considerable advimta^ 
in working the above method bfluskwards, starting with th.e last 
especially if the flow through the last expansion 
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pvoach^ the limit of discha^. The final pressure cannot in any 
case be determined satisfactorily foam the mass-flow, because M 
is nearly independint of the ^al pressure, in ^Mie majority of 
practical cases, for ^ complete turbine. Moreover the rule al^e 
given for finding the correct value of z^ tor each expansion from 
the result of the first trial estimate, works more accurately b^k»«f 
wards than forwards. To work the ^e backwards, when P" is 
given and P' is sought, it is merely necessary to ' substitute 
0*217DP/P' in place of 0*217Z)P/P''. This has the advantage that i 
the correction to zj' is always smaller than the difference z^ 
instead of larger, so that the work is more accurate. Moreover a 
considerable error in the estimated value of the final pressure for 
the whole turbine will make very little difference to the value fqund 
for the initial pressure, if the value of M is nearly right; and the 
trial value of M, if uncertain, is readily corrected for small errors 
by the consideration that it will vary nearly as the square root of 
P'lV'. 

When the initial and final pressures are observed for each 
expansion in addition to the mass-flow for the whole turbine, equa- 
tion (8) serves for determining the probable value of {x + 2l)ltm a 
for each expansion separately, if I and a are not assumed to be 
uniform throughout the turbine. The mean value of I can be in- 
ferred independently from equation (2) if the heat-drop for the 
whole turbine is known. There will always be a margin of uncer- 
tainty in deducing small variations of / or a from small differences 
of pressure observed in experimental tests, but if the calculations 
are made on a consistent plan, the. values found can be employed 
for deducing the effect of other vmiations of condition on the 
assumption that I and a remain constant for each expansion, and 
the resiles of such calculations will in all probability be of the 
same order of accuracy as the original observations from which 
the values of I tind a were deduced. The chief soured of uncertainty 
arises from change of state of the steam, but as a rule the ^oint 
at which this occurs will be clearly indicated by the observations. 
The table sho\^s that the range of variation of z^^ for the separate 
expansions, which was found to be 2'65 to 1*85 in the absence of 
le^ge, is greatly reduced by assuming I « 0*070", and could 
furth^ modified by admitting a larger value of I* But the excessive 
drop of jSm ^ the last expansion is chiefly due to the raising of the 
final pressure by the auxiliary exhaust and HP. dummy leakage* 
The design of turbine would require a larger expansion ratio 
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and a much lower final pressure to make the same for the later 
as for the earlier expansions. {The final pressure in the table, with 
« 40 and I n 0*070"i comes out 21*21, but^ small variation in 
either M or I will make a considerable difference in the final pressure. 
The table gives a good i4ea of the probable limits of variation (jf 
v„i^^nd onDP uijder the conditions assumed, and the effect of small 
variations of M\>t I is re^ly estimated without repeating the 
calculation for the separate expansions. 

For example, the rough estimate of M by the^method of the 
preceding section was made for saturated steam, and would be a 
little different for sup^aturated, as assumed in Table III. But 
by making due allowance for the variation of and xDP as shown 
in the table, it is possible to estimate the error in M due to assuming 
and xDP constant. The mean value of ccDP according to the 
table is 42*88. ^he*me^ value assumed in the integral method 
would be x^DPjQ = 42*91, which would give M == 40-50 in place 
of 40. The mean valve of for the same pressure-range would be 
2*198, in place of 2*205 ascshown in the table, which would increase 
the error, giving M — 40*62, as is easily verified by performing the 
calculation. « 

^ The employment of equation (8) in the manner specified for' 
estimating the effect of leakage on the mass-flow, though accurate 
for one expansion, is necessarily inaccurate for the whole turbine, 
unless Zm is the same throughout, as previously explained. It is 
useful for rough estimates within certain limits, but would be quite 
inapplicable to a problem involving small differences depending 
essentially on the variation of z^, for example in calculating the 
small variations of M due to changes in the final pressure. For this 
purpose equation (8) must'be replaced by XIV (14), as previously 
shdwn. . 

159. Variation of Final Pressure. In bensidering the 
effect of variation of final pressure on the discharge through a 
complete turbine, with a pressure-ratio exceeding 4 to 1, it is 
possible to obtain good results, in spite of the vWiation of z^, 
without calculating the expansions separately, by employing 
equation XIV (14), as in the case of a single expansion when the 
discharge-angle a is constant. This equation may be put in tlfe form 

(144JV tan» - gf^' SZ>(P/F)/(2 - m), (12) 
which is obtained by adding the equations for the separate ex* 
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pansions. Since m is small A)mpaTed with 2, and does not vary 
greatly, we may take the mean valuf 

m = log(P'r/P"F")/log(P7P")» ■ 

# * # ■ 
^IV, § 146) for the whole pressure-range. The sum of the v^ues 

of the drop of PjV for all the expansions is simply P'jV'— 
the difference of the initial and final values of P/P' for the whble 
range. The value of the discharge-edhstant, Z"=» 144tan2a/X*, 
for each expansion is independent of the speed, and is ^readily 
corrected for the effect of leakage on M by dividing each value of 
Z” before addition by the appropriate factor (1 + 2llx)\ The cor- 
rection for discontinuity of expansion is much less important than 
in the case of a single expansion with an excessive pressure-range. 
It will be nearly the same for each expansion under normal con- 
ditions, and is easily applied as a final correction to the value of 
M by dividing it by the factor 1 +* log^ r/4SiV'j where is the 
whole number of stages, and r is the whole expansion-ratio 

As a numerical example of the application of this equation, we 
may use it to calculate the value of M for the above H.P, turbine 
under the conditions assumed in Table III of the last section, with 
the same final pressure 21*21. From equations (1) and (2) in the 
usual way we find the following values : ^ 

laVdP - 85*70, ^ 2*198, DH = 47*03, whence F"- 16*62 

supersaturated. 

P7F'= 60*65, P'7F"=1*28, D (P/F) = 59*87, m - 0*1288, 
2 - m = 1*8712. 

The required value of SZ", corrected for leakage with I =* 0*070", 
comes out 0*5561, giving Af"= 40*27, The correction for dis- 
continuity of expansion, with F'7F'= 6*04, and SiV ~ 72, is 
obtained by dividing M" by the factor 1*0068, w^ch gives finally 
M * 40*01, in agreement with the value M =3'40 assumed in 
calculating the pressure-drop for the expansions separately by 
means of equation (11). 

It will be s6en that equations (11) and (12) are exactly consistent 
when c^tch is employed for its proper purpose. Equation (11) is 
the most convenient to employ for finding the pressure-drop, etc. 
ip^^U^ssive &pansions when M is given, but is unsuitable for 
finding M for a complete turbine with a large pressure-range unless 

happens to be constant. Equation (12) is the most appropriate 
for the latter purpose, since it does not assume the constancy 
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of is better adapted to the'^ case of a complete turbine 

' than to that of a single expansion with a large pressure-range. 

It follow^ fipm equation*(12) that the cuiwe representing the 
va|;^ation of M with increase of DP for a complete turbine is very 
similar to that marked V in Fig. 88, since the correction for disg 
^ntinuity is small owing to the large number of stages. The varia- 
tion bf M with change of final pressure will be very small, since 
P^jV” is i^all compared ^th P'jV'. Thus if the final pressure in 
, the last example is 28-1 in place of 21*21, we find 15*88, 
P”IV”^ 1*50, D (P/F) = 59*15, 2 - w = 1*869, whence M = 89*96 
corrected, in place of 4p, The discharge becomes practically inde- 
pendent of the final pressure when the expansion ratio is large. 

The maximum value of the discharge will evidently vary nearly 
as the square root of P'/F', as in the case of a nozzle, and inverse^ 
as the square root bf the discharge-constant SZ", corrected for 
leakage. The curve marlced l‘in Chap. XIV, Fig. 88, corresponds 
approximately with the discharge of supersaturated steam through 
a H.P. turbine with initial^ state P'= 164*7 lbs. abs. dry saturated, 
and with a discharge-constant SZ"= (12 tan a/lOO)® = 0*1087, 
if^'« 1, or 0*0960 iox fi — 0*^88, as assumed in the last example. 

^ Taking the maximum ordinate of the curve as 96*5, and omitting 
V'iV which is included in Z", the maximum discharge for SZ"=: 0*556 
would be 40*1 Ibs./sec. at P'* 164*7, or 40*6 at P'==: 167 lbs. But 
the actual value will also depend to some extent on the state of 
the steam, and on the speed, in so far as the conditions affect the 
values of F" and m. Thus F" will be smaller and m larger for 
supersaturated than for saturated steam. The reduction of m, as 
shown by equation (12), will* tend to reduce the values of M for 
saturated steam as compaibd with the values given by the curve, 
yfhieh is drawn for dry supersaturated. 

By way of comparison we may calculate the flow through the 
same H.P. turbine in the case of saturated stea^i)|, taking the 
same conditions as in Table III with the final pressure 21*21. Equa- 
tions (1) and (2) give the data: mean = 2*244, SDH « 48*8, 
2 — m 1*9142, F"— 18*16, D (PjV) = 59*48. Substituting these 
values in equation (12) we find M « 89*60 corrected. 

Having found the flow, it would be possible to calculate the 
expansions in succession, as in Table III, by way ’ of verifidyition^ 
using equations (1), (2), and (8). But the calculation is more 
tmublesome in the case of saturated steam than in the case of 
dry steam, owing to the necessity of continual reference to the 
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tables and of interpolation for finding the volume of the wet steam 
from the heat-drop. For this reason^ among othe^, the following 
method is preferablfe in point of expedition, and> is sufficiently 
accurate for all practical purposes, besides being most instructi*^ 
as an independent method of calculation fol the separate expansions. 

It is evident from equation (12) that the drop of PjV in e^l 
expansion is proportional to the value of the dfscharge-constanl 
Z” for the expansion considered. The drop of PJV M proportional 
to the drop of which is easily calculated for each expansion . 
by dividing the difference between the initial and final values of 
p 2 ~»n in the same proportion as the separate values of Z" bear to 
their sum. With the values above given of P\ P'\ and 2 - m, we 
have = 17978, P"2-»»» = 846-2, difference 17682. Each value 
ot Z" has to be multiplied by the ratio 17682/0-5561 to find the 
corresponding value of the drop of as in ‘the following table. 


Table IV. 

H.P. turbine. Saturated steam. 668, P^= 167, P”= 21*21. 


Expansion No. 

1 

2 

3 

4 

5 

( 

3 

Z" {1 = O - 070 'O 

0-27040 

0-14264 

0-07605 

0-03813 

0-01960 

0-00938 


8574 

4522 

2411 

1209 

618-3 

297-6 * 

p2-m 

17978 

9404 

4882 

2471 

1262 

643-7 

346-2 

LogP*"»" 

4-2547 

3-9733 

3-6886 

3-3929 

3-1011 

2-8087 

2-5393 

LogP 

2-2227 

2-0757 

1-9269 

1-7724 

1-6200 

1-4673 

1-3266 

p 

167-0 

119-04 

84-51 

59-21 

41-69 

29-33 

21-21 

DP 

47-96 

34-53 

25-30 

17-62 

12-36 

8-12 


2-369 ' 

2-336 

2 - 328 <,| 

2-261 

2-190 

2-032 

DH 

7-09 

7-70 

8-23 

8-38 

8-54 

8-22 


The values of P^-”* are obtained from the differences given in the 
third line of the table by adding the final value 846*2 to the drop 
297*5 in the sixth expansion, giving 648-7 at the eild of the fifth, 
and so on. The values of P at the intermediate points between the 
expansions are found by taking the logs of P*-^*, dividing by 2 - w 
(with a FuUer Ifelide-rule), and taking the antilogs. The pressure- 
drop DP for each expansion is obtained by taking differences, and 
the required vakes of z.^ and DH are then easily found from equa- 
tions and (2)*respectively, with the leakage factors x + 2/, and 
1 ~ 8i/«j. The numerical value of the constant in (8) or (11) is 
20*54, for satiurated steam, in place of 20*75 for supersaturated, : 
being sipaply proportional to Jlf . As a rough verification of the 
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accuracy of the method, the sum of the values of DH comes out 
48-2, in place of 48*8 as calculc^ted from the initial and final pressures* 

It will be s^n that, wheh the blade-heightfi are fn an ascending 
geometrical progression with a common ratio 1 ^ 2 , the corresponding 
values of Z" form a d&cending geometrical progression with^a 
kco^ipmon ratio ^1/2, to a similar degree of approximation. The value 
of for the fiiSt expansion is nearly as large as the sum of the 
remaindef, and is the mosf^important in determining the discharge. 
The value of M for saturated steam is only 1 per ceht. less than for 
supersaturated, because the volumes are nearly the same in the 
first expansion, as previously remarked. The reduction is mainly 
due to the reduction of m from 0*0938 supersaturated, to 0*0888 
saturated. The fall of in the last two expansions is less pro- 
nounced in the case of saturated steam (S) than in Table III fbr 
supersaturated (SS), because the final volume in Table IV is 
increased from 16*62 to f8*16 *9, and the expansion ratio from 
^SS t<J'6*6iS'. The 4€sign of this particular turbine *would require 
a pressure-ratio of 10/1, pr an expansion ratio of 8*22, in the case 
of saturated steam, to make the value of z^ approximately the same 
for all the expansions with the leakage correction above assumed. 
It is very likely that the H.P. turbine was designed to suit a pressure- 
range from 165 to 16*5 lbs. abs., with 16 lbs. to 1*6 for the L.P., 
but the conditions of the full-speed trials would correspond to an 
overload, with more work on the L.P. 

i6o. Maximum Discharge and Power. When the final 
pressure is reduced, keeping the initial pressure constant, the value 
of M will approach a maximum, which is finally reached when the 
velocity of exit from the last ring of blades is that of sound. If the 
fi^ pressure is reduced beyond this point there is no further 
increase in the ‘discharge or* the power. The value of M i(;aches the 
lijnit very gradually and continuously as previously indicated, but 
the power increases with pressure-drop at a nearly uniform rate 
right up to the limit, at which point the increase terpiinates abruptly. 
The point at which the limit is reached is beyond the practical 
range, but the limit is of practical interest in relation to the 
character of the power curve as affected by variation of final pressure. 

If we eliminate zj* between equations (2) aifid (8), obtain 
the power M”DH (omitting the constant for reduction to horse- 
power), for each expansion, 

M^'DH « [2kBP - + 2Q] (x - 1) Z, ......(18} 
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in which k represents the constant 720g^7-^^ tan a. This equation 
shows that the power for each expansion is nearly a linear function 
of the pressure-dro^ BP when M is approachingsthe maximum. 
The power for the con^letetmbine will also maintain approximately 
atlinear character in relation to the pres^ure*drop, up to the limit 
at which it ceases to increase with further drop of pressure, 
vided that the speed remains constant.^ 

As the limit is approached, the steam-velocity increases rapidly 
in the last expansion with a high value of , so that the heat-drop 
for the whole turbine cannot be found accurately by assuming 
constant. It is possible however to find acciwate values, even at the 
extreme limit, by calculating the pressure-drop and for each 
expansion as in § 159, by the last method described. The limiting 
value of M is first estimated from equation (12) with^any convenient 
low value of the final pressure. The application of condition 
XIV (11), for the velocity of sound at the last blade-ring, will then 
give a fairly accurate value of the final pressure at the limit. With 
this value of the final pressure, the values of at intermediate 

points are readily found, and the values of DP, and BE for the 

separate expansions are deduced as in Table IV. The sum of the 
values of BE gives the required total heat-drop at the limit with 
considerable accuracy. 

To find the critical value of the final pressure for the H,P. 
turbine in the last example at 822 revs./min. in the case of saturated 
steam, we have the limiting value of Af, 89‘95, as previously cal- 
culated. The value of X' in equation XIV (11) is 

{X - TStt/) cos a -f- 7S7tI^ 408*5 sq. in., 

corrected for tip-leakage. The equation (11) gives P"IV”=^ 0*0888, 
whence 8*87, if 2 - w = 1*919. The value f "= 8*4 will be 
a sufficient approximation for the present purpose. 

The following table gives the values of M, and of the total heat- 
drop JIBE for different values of the .final pressure P'\ The values 
in the second cohimn headed M" are those given by equation (12), 
corrected for leakage, but with the correction for discontinuity 
omitted, as required in calculating from BP. The correction of 
M for discontiifliity is small, ranging from 0*26 at 8*4 lbs. to 0*28 
at 50 lbs., depending chiefly on the first expansion which is little 
afiected by the fihM pressure. The table also gives the values of zj* 
for each expansion separately to^llustrate the effect of the variation 
of P*\ which is greatest in the"^ last expansion. The value of HBH, 
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calculated from the mean value for the whole turbine, by 
equation XIV (1 a), agrees uery closely with that found from the 
sum of the separate expansions at 16 yitien is nearly the 
same throughout, but would be about 6 per cent, too large at 
P**wrx 3*4 and at 50, owiifg to the variation of which is assumed 
<45opstaiit in (1^). 


' ^ Table V. 

H.B. turbine. Variation of final pressure. Saturated steam. . 


P" 

M" 

^DH \ 

1 ^ 

1 2 a 

23 

1 

26 

26 

3*4 

40-20 

64-79 

2-385 

2-378 

2-428 

2-483 

2-740 

4-163 

10 

40-14 

57-83 

2-380 

2-365 

2-408 

2-428 

2-587 

3-083 

T6 

40-00 

52-41 

2-369 

2-343 

2-364 

2-335 

2-374 

2-421 

23 

39-80 , 

47-12 

2-351 

2-308 

2-296 

2-205 

2-106 

1-906 

30 

39-52 ^ 

42-61 

2-330 

2-264 

2-206 

2-053 

1-863 

1-666 

40 

38-97 

37-17 

2-282 1 

2-187 

2-071 

1-841 

1-572 

1-219 

50 

38-27 

32-45 

2-229 

2-092 

1-919 ] 

1-643 

1-331 

0-989 

a- 


•_ 

• 

1 




- -r 



The values of DP for the separate expansions are readily found 
from those of z by equation (8) (x + 2/) DP == 0*5188M"2„,". In 
finding the separate values df DH from those of 2 , the expression 
fpr in equation (2) has been taken as (a? — l)j(x + 21), with 
I = 0*070'', giving for Zf” the series of values 1*979, 2*141, 2*274, 
2*406, 2*588, 2*687, at 822 revs. 

The curves in the annexed Fig. 84 illustrate the variation of 
(1) the horse-power, H.P. = MUDH jO'S92S, (2) the mass-fiow M, 
(8) the relative efficiency F, and (4) the consumption, C = 1414/XZ)£r 
in lbs. per horse-power hour, each being plotted against the final 
pressureP", in Ibs./sq. in. abs., at a constant speed of 822 revs./min., 
with initial state P'= 1^7 lbs. abs., and 668. The relative 
efficiency is^given in per cent, by the scale on the Igft, which 
also serves for M in Ibs./sec. The H.P. ranges from 8142 to 6588, 
axid is given bf the same scale multiplied by 100. The consumption 
Cl ranges from 21*82 lbs. per H.P.H. at P"= 8*4 lbs., to 48*57 at 
P'% 50 lbs,, and is shown by the scale on the right. The curves 
Fj and Cj refer to the same case when the speed ^s doubled, the 
other conditions remaining unaltered. These curves have been 
shifted relatively to Fj and Cj to facilitate comparison. The values 
of F| as read by the scale on the left must be increased by^ 20 per 
cent., and those of C| read as by the scale on the right must be 
reduced by 10 lbs. 

The curve representing M approaches the limit at P"*« 8*4 
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very gradually, as previously explained, but that represen^g the 
H.P*^ continues to rise at an increasing rate up to the limit, after 
which the H.P. rem£ns constant. The curve representing Fi shows 
a rapid fall at low pr^sureS and a marked increase for high values 
of P", tending to a maximum in the n^ghbourhood of P"« 70, 
beyond the range of the figure, and falling again at higher pressuresr- 
to zero when DP is very small. 

The “theoretical value” of the consumption C is often 'estimated 
from the adiabatic heat-drop by assuming a constant value of F, 
The effect of this is shown by the broken curve marked Th, taking 
the actual value of Pj at 16 lbs. as the constant required. Owing to 



the wide range of variation of F with final pressure,^ this method is 
of little practi^ use. It makes the correction of C for variation 
of final pressure about 60 per cent, too large in the present instance. 

^ When the sp^^is doubled, the maximum of P, as shown by the 
curve Fj, occurs at a much lower pressure, near 20 lbs,, but the 
final drop of P is still strongly marked. The curves Fj , Fj , represent 
extreniB cases. !^hey are of interest chiefly as an illustration of the 
futility of assuming P constant in cases of this kind. 

z6i. Correction of ConiSumption for Change of Pres- 
sure. TIm performance of a steam-enirine or turbine is commonly 
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stat^ in terms of the consumption steam in'lbs. per hon 
hour, or other convenient upits. The value of the cob! 

C is inversely proportional ^ the actual hea^-drop DHy or 
adiabatic heat-drop DH^ multiplied by the relative efficiency FJ^'' 

C = kIDH « k/DH^ xF (14^ 

values of^the constant k most commonly required in different 
systems of units are shown in the following table. 


C in Ibs^. per horse-power-hour = UU-3/DH (cals. C.) = ^efDH (B,Th.U.) 
0 in lbs*, per kilowatt-hour = 1896*6/2)£f „ = 3412/Z)£f „ 

(7inkg. percheval-vapeur-heure= 632*4/Dfr „ =113S/DH „ 

in kg. per kilowatt-hour^. = SOO^O/DH „ = 1548/DH „ 


When the correction to the consumption for change of vacuum 
is stated or required in terms of cms. or inches of mercury, the 
following reduction^actors may be employed to reduce the readings 
of the vacuum-gauge to Ibsh, per sq. in., or kg. per sq. cm., as 
require^ in the (F.P.C. or F.) and (K.M.C.) systems of imits: 

1 inch of mercury « 0*4910 Ib./sq. in. = 0*08452 kg./sq. cm. 

1 centimetre „ =* 0*1988 Ib./sq. in. = 0*01859 kg./sq. cm. 


When it is required to dilculate the changes of consumption 
for any given machine over wide ranges of variation of pressure, 
or superheat, or speed, the values of C should be deduced from those 
of T)H calculated by the method explained in the preceding section, 
which will give fairly accurate results for any practical changes 
in the conditions from quarter load to 50 per cent, overload, or 
half speed to double speed, provided that there is no change in 
the state of the steam. But if sufficient data are available, or if 
the state changes from dry io wet in the course of the expansion, 
or if there is a change of M, it may often be desirable to calculate 
some of the expansions separately. On the other hand, in the case 
of small changes of conditions such as often occur in full-load tests, 
a much simpler method of calculation will suffice 'Sior practical re- 
quirements. 

The correction most often required in practice 4s the percentage « 
change of consumption per imit change (1 lb./§q. in. or 1 in. 
vacuum) of final pressure, when the conditions deviate slightly 
from the normal value of the final pressure for which the machine 
was designed. Assuming that the normal pressur^' range is defined 
as that which makes the value of nearly the same for aU the 
expansions, a general expression (for the percentage correction of 
the consumption for chimge of final pressure at constant speed) 
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'' deduced fr6m equations (1) and (2), and will apply with 
>le accuracy to any kind turbine, with any initial 
sta^d" or speed-ratio, ■•provided only thht the value, of is nearly 
dhiform. • 

, If we differentiate equations (1) and*(2) with respect to P”, 
aiid divide the differential of (2) by that of (1) to eliminate dzJdP”^ 
we find an expression for dDHjdP'\ or {DHjC)\dCldP'\ which 
reduces to the form ^ 


(100/C) (dC/dP") - - (lOO/DH) (dDH/dP") 

^100r%l{2Zo-^l)VJDP (15) 

• 

The expression on the left represents the required percentage 
correction to C, which is the same as the percentage correction to 
DHt but opposite in sign, because C varies inversely as Of 
the quantities in the expression on the right, F'^is the final volume, 
Vfn'DP is the integral of FdP, and is the mean value of for 
the whole turbine as obtained from equations (1) and (2)*by the 
usual method under normal conditions when is nearly uniform. 

Since the form of the curves in the last figure shows that the 
percentage correction to C per unit d'/)p of final pressure is nearly 
constant up to the limit, the value given by the above expressing 
will apply through a wide range, although the value of Zq is applicable 
to . normal conditions only, and would not give DH or C very 
accurately at other points. The form of the expression shows that 
the percentage correction will increase as Zq diminishes and the 
speed increases, but the consumption is reduced by diminution of 
z over the usual range from z = 2*4 to z = 1‘2, so that the con- 
sumption curves remain nearly parallk (as shown in the Fig. 84) 
when the speed is changed, although the percentage corrections are 
different. Jhe same expression is applicable to the vq^um-correction 
of any turbine, but it is necessary to insert a numerical factor to 
reduce DP to IkChes or cms. of mercury, if the correction is to be 
expressed in terms of mercury. 

The percentage correction of the consumption for change of 
initial pressure Inay be obtained in the same way as that for final 
pressure, and is given by the same expression, with the initial 
pressure P' in place of the final pressure P”, and the initial volume 
F' in pfleice of th% final volume F". The sign of the correction for 
initial pressure is negative because an increase of initial pressure 
tends to reduce the consumptioi9. The correction per 1 Jb. change 
of initial pressure is smaller than that for final pressure in the ratio 



400 PTOPERTIES OF STEAM [cfl. 

of V[ to and is seldom requiredlm practioe, because the mitial 
pressure is usuaUy adjusted ^ some specified value. The correction 
for 1 per cent.cchange of infbial pressure is obtained by multiplying 
th^ correction per lb. by P'/lOO, and is greaJ^ than the correction 
for 1 per cent, change ®of final pressure in the ratio of P'F' Jx) 
If bojh initial and final pressures are increased by 1 per 
cent., keeping tiie ratio F'jP” constant, the percentage reduction 
of consumption wiU be fjp'T"- P'V) z^l(2zo - 1) VJDP, which 
reduces to the form — - 1), since VJDP = D{PV)lm, 

The effect of increase of initial pressure on the pressure distri- 
bution is similar to tl^at of reduction of final pressure in that both 
tend to increase DP and in the last expansion. The effect on 
the last expansion is the most important, as previously illustrated, 
and is taken mto account in the formula for the consumptidh- 
correction by the implied condition that the value of for the 
last expansion must be the same as the mean value for the whole 
iurbint assumed in' using the formula. The fulhlment of this 
condition is readily tested in any actual trial by observing the 
pressure-drop DP on the last expansion, which, according to 
equation (3), if z^n is coni^ant, must be the same fraction of 
fhe whole pressure-drop SZ)P as the last expansion-constant, 
NutanalXf is of the sum SZ'. The value of the fraction 
2 q/(22!o — 1) varies from 8/4 when Zq = 1*5, to 2/8 when Zq « 2, and 
diminishes with increase of Zq to a limit 1/2 when Zq is very large. 
The correction also varies inversely as the available energy aV^DP, 
which is roughly twice as great for a high-pressure condensing 
turbine as for a low-pressure turbine, or for a high-pressure non- 
condensing turbine. It also depends on the final volume V” for 
which the machine is designed, so that it is very useful to have a 
simple formul% including all the conditions. 

As a numerical example of the application of the correction, 
we may take the case of the H.P, non-condensing inirbine for which 
the consumption curves Cj and C 2 in the last figure have already 
been calculated by a different method. For graphic illustratioiu 
of a particular case, it appears best to plot the curves as already 
shown against the final pressure, but in comparing results it is 
more convenient to state the effect of a given percentage change in 
the pressure, since the numerical values of the per^ientage cc^irection 
are in that case more nearly of the same order of magnitude at 
different pressures. This methcfd of expression is accordingly 
adopted in the following table, in which Co i^presents the 
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sumption calculated for the normal range with final pressure " 
starting in each case from P'** 167, libs, abs. 


Table VI. Consumption Correction percentage of Cq 
for 5*per cent, change offpressure. 


Initial state 

Results for Normal Range 

Cor^fion for 6% P 


H' 

r 

p ** 

K." 

VJDP 

2o 

Co 

Initial 

Final 

Diff. 

Dry 

668 

2-786 

16 

21-61 

919 

2-307 

27-82 

1-62% 

1*20% 

t)-42% 

Cr sat. 

668 

2-786 

16 

23-62 

979 

2-382 

26-98 

1-50% 

1*22% 

0-28% 

sh 

770 

4-123 

16 

33-66 

1432 

2-880 

21-36 

1-46% 

M3% 

0-32% 

Cf sat. 

668 

2-786 

16 

23-88 

980 

M91 

18-98 

2-10% 

1-67% 

0-53% 


The state assumed for the first line is dry supersaturated 
tiiroughout the expansion. For the second line th§ usual state of 
saturation is assumed, as in the calculation of the curve marked Cj 
in the last figure. For the third line (SH) superheated, the initial 
temperature is 195° C., or 850° F., and the Ife^eam remain^s super- 
heated throughout, but the superheat makes little change in the 
pressure-distribution, which is intermediate between 1 and 2. The 
last line corresponds to the curve with saturated steam at 
double speed. This requires a lower value of the final pressure, 
Pq'- 15, to give a nearly uniform value of equal to half the 
value of Zq for C^. The increase in the correction for this case as 
compared with C^ is due to the change of Zq, The values of the 
correction given by the formula (15) for a range of 50 per cent, on 
either side of Pq\ e.g. from 24 to 8 lbs. in the case of C^ agree so 
closely with the curves that they coul<| not be distinguished on the 
scale of the figure. The extent of ran^e covered is a great practical 
advantage in applying the method. 

The rgason why the simple formula for the sk>pe of the con- 
sumption curve dCIdP" at the normal value of the final pressure 
^ 0 ^ gives so gObd an approximation to the correction through a 
wide range, is that the consumption curve is nearly straight in this 
region. It appesfrs best for this reason to correct the value of the 
consumption itself directly for change of final pressure, and to 
deduce the corresponding value of the relative efficiency F from 
the corjected vftlue of C, in place of attempting to calculate C from 
thb'^Hliiebretical^ value of F, The normal pressure-ratio for a given 
inwhine varies little with other conditions of running, and is 
readily deduced from the dimensions. Knowing the appropriate . 
pressure^rhtia and the initial pressure, an approximate value of 
■ d 8.' ■ ■ • • ■ . 26- . ■ 
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is obtained, which will usually suffice for calculating the con- 
sumption correction, the erro|pf which will be only about a quarter 
of the percent(ige error in the value of aslumect 
« The correction for initial pressure is seldom required in practice, 
an5 wiU not apply for sifbh large percentage changes as the corrc«- 
4iqn for fmal^ pressure, because the consumption curve, when 
plotted against changes of initial pressure is necessarily far from 
being of dniform slope. M?)reover the correction for initial pressure 
will dopend on changes of initial state. The values of this correction , 
given in the preceding table are those obtained on the assumption 
that the final state rqpiains constant when the initial pressure is 
changed, which is seldom the case in practice. Thus if the initial 
pressure is changed under the condition that the initial state remains 
dry saturated, or that the initial value of II remains constant, as 
in regulation \y throttling, the corrections will be somewhat 
smaller than those given in tlie table, and there will be some change 
fn the ^final state cv^ii if the linai pressure is kept eonstant. It is 
often assumed that therq will be no change in the consumption if 
the initial and final pressures are changed in the same ratio. This 
will not be strictly accurate\cvcn if the initial value of H remains 
constant, if the state of saturation is assumed for the expansion, 
feut the difference between the initial and final corrections will be 
relatively small if H’ is constant, and the increase of super- 
saturation loss with initial pressure may suffice to compensate for 
the residual error in practice. 

162. Vacuum Correction for Consumption. In practice 
the correction of the consumption for changes in the vacuum is 
the commonest case, for*wdiich a considerable volume of experi- 
mental evidence is available by way of verification of the formula. 
The cuTVQH in the annexed Fig. 85 were drawn in the same way as 
those in the preceding figure, for the case of a complete turbine 
H.P. and L.P. of the Mauretaniat expanding from 165 lbs. abs. 
(dry sat.) to 1 lb. sat., but the pressure scale hae been altered to« 
read vacuum in inches of mercury, bar. 80", The shales of C and F 
have also been changed to read perce^Uage of the normal C and F at 
Pq"— 1 lb. The scale of HP is arbitrary, taking 115 to represent 
the normal HP. The curve Th is the “theoreti&l” consiunption 
obtained by taking F constant. 

The formula for the percentage change of the consumption, 
with )Bo>« 2*0, (iPg"F^"« 80-8, and faVdP « 195, gives a rate of 
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change of C equal to 5'1 per Vent, per in, of vacuum, which agrees 
with the slope of the tangent to the pirve at 1 lb., and would give 
good results for a change of 50 per C'ent. either ^ay in the final 
pressure, from 27 to 29'' vaciuun. But for large changes of pressyre, 
<^g. for 22" vacuum, it would be necessaiVto use the curves obtained 
by the previous method, § 160, as shown in the figure. 

If we take the case of a turbine expanding frCin 180 lbs. gauge, 
with a superheat of 150° F., to 28" vacf. (bar. 80"), whihh is often 
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taken as the standard for a H.P. condcnsing-turbinc, and assume 
^aQ*«l*56 for a reaction turbine, equivalent to 8*12 for an impulse 
turbine, we obfhin very similar curves with the same rate of change 
of C at 28" vac. In applying the formula to the impulse turbine 
it is mjrely necessary to put 2z — 2 in the denominator in place of 
2* - 1. The valifts of the fraction z/(2z - 2) for the impulse turbine 
are the same as those of z/(22 - 1) for the reaction turbine, if the 
values of z for the impulse turbkie are twice as great as the cane* 
epanding values for the reaction turbine. It is natural that the 

26-2 
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same type of formula should apply to both tjrpes of turbine, 
because, apart from the foqp of the moving blades, of which 
account is take^ by the subiltitution of 2z - 2^or 2S — 1, the con- 
ditions of flow are very similar in the final stages, as previously 
explained in Chapter XI,*§ 127. In fact, the theory here propose^ 
gjvos rcmarkal^y good agreement with the results of experiment, 
llie expcrimefital curves given by K. Baumann (Joum, Inst. 
Elect. No. 218, vol.*48, p. 828, 1912) have been generally 
accepted as fairly representing results obtained in average practice, 
and as applying to reaction turbines as well as to impulse turbines. 
The curve given by B^imann as representing the vacuum correc- 
tion of an impulse turbine designed for 28" vacuum with initial 
pressure 180 lbs. gauge and superheat 150° F., extends only from 
26" to 29", but could not be distinguished between these limits 
from the curve C shown in Fig. 35. Ilis curve for the corresponding 
variation of F, deduced {“rom'that of C, is indicated by the broken 
line in t4ie figure, whic?li is straight between 26" and 28" but shows 
a rapidly increasing fall tp 29". It is evident, however, that the 
value of F should approach a maximum somewhere in the neigh- 
bourhood of 24", and that tlf^ variation cannot therefore be repre- 
sented satisfactorily by a straight line between 26" and 28". The 
values of the vacuum-correction for consumption given by the 
British Thomson Houston Company arc of the same general 
character, but somewhat larger than those given by Baumann, in 
the case of high-pressure condensing turbines. 

In the case of low-pressure turbines, the same formula applies, 
but the percentage correction is much larger for the same final 
state and speed-ratio owing 'to the smaller value of the available 
energy. Taking the standard case as that of a turbine expanding 
from an initial pressure of 16 lbs. abs. (dry sat.) to a vacuum of 
27*5" (bar, 80"), the consumption correction curve comes out very 
nearly a straight line between 26" and 29" with a sJijpe of 10-8 per 
cent, of the consumption at 27*5" for each 1" change of vacuum. 
The curve given by Baumann for the same case ir also practically , 
straight, but shows a slope of nearly 18 per cent., whereas the 
B.T.H. curve for this case gives very close agreement with the 
formula here proposed. The discrepancy could no doubt be explained 
if more precise details were available. The vacuiihi correction for 
a low-pressure turbine is so large that a good deal depends on the 
exact meaning of the phrase ''de:.igned for the vacuum," and on 
the exact manner in which the correction is stated. Thus 18 per 
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cent, of the consumption at* 27*5" vac. is equivalent to 11*5 per 
cent, of the consumption at 26*5” v»ac. or to 14*5 per cent, of the 
consumption at 28*5" vac. ' $ 

It will be seen that the expressions above given for the effect 
•f change of initial or final pressure, and ^or the vacuum-correction, 
depend essentially on the relation between the available energy aijd 
the heat-drop implied by the fundamental equations (1) and (2) 
at the beginning of the chapter, and on the correspondin'g variation 
of the kinetic efficiency with the velocity- ratio. This has .already 
been roughly verified by the consideration that the flow is nearly 
independent of the speed, and by the form, of the efficiency curves 
given in Chapter XI, Fig. 29. The agreement of the calculation with 
the experimental curves for the vacuum-correction, affords further 
confirmation of a less direct character, but equally satisfactory 
so far as it goes. 

Additional evidence may be obtained by calculating the heat- 
drop and j)owcr in a similar way for other venations of Cvmdition. 
Thus if we calculate the variation of ])ower at constant speed for 
a reaction turbine, when regulated by throttling down to the 
minimum output, which is easily done by the method of § 159, 
we can plot the power against the total consumption as in Fig. 28. 
The result is a most remarkable approximation to a straight line, 
as found by experiment, and gives a very close estimate of the 
steam required even at no load. The heat-drop becomes negative 
in the later expansions at no load, and involves such extreme 
variations of z that the calculation affords a fairly severe test of 
the theory. If the speed is maintainod constant while the steam is 
reduced below that required for no load, the curve returns to the 
origin after a short excursion into the negative region. But for 
very low loads the effects are so peculiar that if is necessary to 
calculate the last few expansions separately. 

The effect of change of speed on the power is easier to calculate, 
because it docs not greatly affect the pressure distribution. The 
« results appear to agree with experiment, but cannot be tested 
through so wide a range, and require correction at high speeds for 
the effect of fan-action, as estimated by the formula of § 129, 
which^is necessarily uncertain. They ap|)ear to indicate that the 
speed attainable by a reaction turbine, if the machine runs away, 
cannot exceed a limit corresponding to the value « « 1/2 for the 
velocity-ratio, and should in faet be appreciably less. 



CHAPTER XVI 


THE I^RESSURE DISTRIBUTION IN A 
* REACTION TURBINE 

163. Observations of the Pressure Distribution. The 

quantities most commonly observed or estimated in an experi- 
mental test are, the initial and final pressures, the steam consump- 
tion^ the revolutions, and the shaft-horse-power. If the steam supply 
is superheated, ^he initial superheat is also required for estimating 
the relative efficiency. But for a theoretical investigation of the 
conditions of flow, especially when the load is varied or the con- 
(fitions ftf running d«fiate from the normal, it is most important 
to take observations at intermediate points in addition to the 
initial and final states. The pressure is the easiest quantity to 
observe, and is capable of a'ljording the most useful information 
\^ith regard to the state of the steam and the efficiency of the several 
stages of the ex[)ansion. Observations of tlie temperature are 
more difficult, but would be useful for determining the state of the 
steam in the early stages of superheat. It would also be theoretically 
possible to measure the actual value of 11 at any stage, but this 
is so difficult that it has never been attempted. 

The object of the present chapter is to show how the observa- 
tion of the pressure distribution at suitable points may be utilised 
to throw light on the state’of the steam and the conditions of flow, 
when the dimensions and speed are known. Since the^object is 
mainly to illustrate general principles and methods of calculation 
depending on \he properties of steam, and since if liable experi- 
mental data are so scarce as to be almost non-existent, in order to 
avoid endless repetition of numerical details of dimensions and to < 
facilitate comparison of different methods, the resfldts will all be 
worked out for a particular turbine. But the same methods may 
be applied without difficulty to any other case by simply cl^anging 
the numerical values of the constants for the turbtne. 

As an example of the application of the methods in question, 
we will take first one of the high-^)ressure turbines of the Maure- 
tania for which fairly complete details are available. A special 
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reason for selecting this exanfple is that the turbines were of large 
size and slow speed, so that the effects of tip-leakage and super- 
saturation might beeexpected to be r^atively small. If the effects 
of supersaturation can be .demonstrated in such a case, wc should 
rfasonably infer that? they will be at least equally important* in 
the case of high-speed machines. 

The following are the material dime nsions of th'c II.P. turbiAdl 
Diameter of rotor, 96 inches, with eight expansions. Tlv5 numbers 
of stages N in the separate expansions are variously given by 
different authorities. The numbers given in the following table 
have been verified by counting the rows on a photograph of the 
H.P. rotor. The blade-heights are quoted as ranging from 2} to 
12| in., with a common ratio 1*21'. The values for the intermediate 
expansions are calculated to the nearest eighth of an inch, andf arc 
taken as representing the radial dimension iv of thc^annular area X 
between rotor and casing for each cxpaA^ion. The actual blade- 
heights would be less than .r by the clearan.y /. The annular area 

= TTX (00 + iv) 5^. in. 


Table I. Dimensions of II.P. turbine of SS. Mauretania. 


Expansion No. 

No. of stages, N 
Blade-height, x in. 
Annular area, X in.* 


1 


3 


- 

1(1 

1() 

1(» 

l(i 

14 

23 

! n ‘ 




853 

! 10.5-1 

1338 

l(>70 

2093 ! 


7 8 

15 15 

)0 12 | 

42i:i 


The following values of the expansion constants, Z, Z', and Z , 
are calculated from the above table at 194 revs, for comparison 
with the observations on the pressure-distribution at the same 


speed. 


^ Table II. 

Expansion constants at 194 revs., corrected for leakage, I - 0*1''. 


No. 

1 1 

2 1 

3 

4 I 

6 , 

6 

7 

8 ' 

Huma 

Z cals. 

2-48Q i 

2-511 

2*555 ! 

2*606 

2-337 1 

2*578 

2-678 

2-800 

20-544 


2-2^ 

2*300 

2*383 

2*463 

2*232 I 

2*483 

2-599 

2-733 i 

19*421 

f • 

4*015 

! 3*313 

2*662 

2*173 

1 1*547 

1*354 

1-079 

i 0-883 

17*026 

Z"x lO* 

^077 

‘ 1.396 

885-6 

579 0 ! 

1 327*0 

227*2 

141-3 

1 89-0 

5721*6 


Formulae: Z ^ tana/X, Z''= aZ'^jgZ. in F.P.C. unit*. 


The mean blade velocity u may be taken as RXjlWx^ where 
R is the speed in revs./min. The assumption a « 70° (fi = 20°) for 
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the discharge angle appears to agree ihlfly with the observed value 
of the mass-flow, if the efficiency constant^' in XIV (1) is taken 
as 0*888. The blade-angle is|&sumed to be urifomS, with normal 
blades throughout the turbine. 

The energy constant Z is proportional to' the available energy 
in each expansion when is the same for the different expansions. 
Ihfecproduct /^Zjis similarly proportional to the heat-drop. The 
factor /'Ms taken as (<* - 0*l)/(a; 4- 0*2), with the clearance 
I « 0*1 in., as explained in § 157, to allow for the effect of tip- 
leakage'. 

The expansion constant Z' is proportional to the pressure-drop 
DP in each expansion, ^hen M and z„f are the same for the different 
expansions. 

The discharge constant Z" is independent of Zf^ and u, and is 
proportional to^ the < drop of P/P in each expansion when ilf is 
uniform throughout. * 

• The ^following pre;>surc readings were taken at the points 
intermediate between the expansions during the full-power trials 
of the Mauretania at a mean speed of 194 revs./min., on both 
H.P. and L.P. turbines. ^ 

Table III. 



H.P. Turbine 

L.P. Turbine 

llooeivcr pressure 

J60 Ib8./in.2 (gJiagG) 

5 lbs./in.* (gauge) 

End of first expurision 

113 

0 

„ second „ 

87J 

4 in. vacuum 

„ third „ 

03 

10| 

„ fourth „ 


m 

„ fifth „ 

31.1 „ 

24 

„ sixth „ 

21 i 

24 

„ seventh „ 


20 


Vacuum in condenser, in. Barometer, 30 in. 


The low-pr6ssure readings are naturally somewhat uncertain, 
but special arrangements had been made for taking readings at 
the various points in rapid succession, and the re»adings are said * 
to have been extremely steady. Those for each turbine were taken 
on the same indicator, so that the drop of P for each expansion 
would probably be free from zero errors, but the receiver pr^sures 
appear to have l>een taken on different gauges. * 

164* Theoretical Formulee for the Intermediate 
Pressures. It has frequently been remarked that the absolute 
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pressures observed iu the H.P. turbine of the Mauretania on this 
occasion follow approximately a geometrical progression with the 
same common •ratio# as that of the ^^lade-heights^ in successive 
expansions. This is often quoted as the “law of pressurC-distribu- 
tipn” in a reaction tiftbine of this type, hut is not very accurate 
in the present instance. The common pressure-ratio from the initial 
and final pressures comes out whereas the Huumon ratio 

blade-heights is 1-24, and the intcrniati ite values of P show a 
systematic deviation, as illustrated in the following table. 


Tabic IV. 

Absolute pressures calculated as a geometrical progression. 


End of Expansion No. 

1 

2 

3 

4 

5 

6 

7. 

Observed pressure, abs. 
Calculated as G.P. 

127-7 

102-2 

77-7 

57-7^ 

40-4 

30-2 

27-7 

12G-3 

90-8 

74-2 1 

i ^0-9 i 

43-0 

33-0 

26-7 

Ditf. (obs.-- calc.) 

+ 1-4 

+ 5-4 

+ !i-r) ! 

! 0-S 

4 2-0 

4 - 2-7 

4 2-0 


The sum of the differences comes to 18*4, and would be further 
increased if allowance were made for receiver-drop from the H.P. 
receiver to the first row of blades. The‘'‘Law*’ as commonly stated 
has no physical interpretation, and makes no allowance for differ- 
ences between the expansions. * 

Much better agreement is obtained if we take a straight line 
characteristic on the II log P diagram, which makes the heat-drop 
in each expansion proportional to the logarithm of the pressure- 
ratio. Taking the heat-drop as proportional to f"Z in Table II, 
the logarithm of the pressure-ratio for each expansion is obtained 
by multiplying the corresponding value of f"Z by the constant 
factor 0 * 922 / 19 * 42 , in which the niunerator is the logarithm of the 
ratio of the initial and final pressures, and the denominator is the 
sum of thS values of/"Z. We thus obtain the values: 

Table V. 

Values of P by straight line characteristic on H log P diagram. 

*Caloulatedfrom/;'Z 1291 100-4 77*4 69-1 4«-3 35-3 26-6 

Diff. (oba.- calc.) - 1-4 + 1-8 + 0-3 - 1-4 - 0-1 + 0-9 + M 

The sunVkOf the differences is now only + I *2, showing that the 
assum^ characteristic is a good first approximation. The straight 
line has previously been shown to correspond closely with an 
expansion curve of the type PV « kP^, which will therefore be 
approximate for the available energy. 
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The simplest theoretical methocP of calculating the pressure- 
distribution in any case is from the expansion constant Z\ The 
pressure-drop for each fxpansion, if aid ili*are uniform, is 
obtained by multiplying the corresponding value of Z' by the 
constant factor 145/17*01, in which the numerator is the ditferen^e 
of the initial and final pressures and the denominator the sum of 
Jhfe •values of Adding the results in succession we easily find 
the following values of P tt the intermediate points. 

% 

Table VI, Pressure-distribution assuming M and Zy^ uniform. 

Calculated from UO j 102-3 79-6 61-1 47*9 36-4 27-2 

Dif!. (obs.- calc.) -2-8 -0-1 - 1-9 - 3-4 - 1-7 - 0-2 + 0-6 

The differences considerably exceed the probable errors of 
observation, a^d show a systematic deviation, indicating that 
either M, or or both^ werq not the same for the different expan- 
sions, as assumed in the calculation. 

In dVder to test whether could possibly be the same for the 
different expansions, if M were constant, we must apply the method 
of § 159 in the last chapter^ based on the discharge constant Z", 
which is independent of 3,^4 Taking first the case of saturated 
^eam, for which tlic turbine was probably designed, we find from 
equations ( 1 ), (2), and (3) of the last chapter the following mean 
values for the whole turbine over the pressure-range 164*7 (dry sat.) 
to 19*7 lbs. 

{(iFdP - 90-8, = 1*975, ??i = 0*0923, 

DH - 57*3, 19*1, D (PjV) = 58*1, M - 128*0. 

Taking the drop of PjV proportional to Z" for each expansion, 
we find: * 


Table VII, DP, D//, and calculated from Z” for saturated steam. 


No 

1 

"2 1 3 ! 

4 1 

5 

6 

7 ’ 

8 

Sums 

DP 

34*14 

28-32 : 22-44 

18*52 

13-12 

11*53 

9-2.% 

7*70 

145*0 


1*965 

1-975; 1-948 

1*970 1 

1*960 

1*968 

1*977, 

2*015 

1*973 

DH 

6*63 

6*78 ‘ 6*90 

7-24 1 

6*62 

7-29 

7*68 

18*28 

57*22 

P 

1 130-6 102*2 79 

*8 61 

■3 48*2 36-6 27*4 



It will be seen that the values of are remarkably uliiform, 
and that the values of P given in the last line, agree very closely, 
as they should, with those calculated from Z* in Table VI, but 
disagree with the observed values. The obvious inference is that 
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the steam in the trials was r^t saturated, with a uniform value 
of M, since that hypothesis makes so nearly constant that the 
calculated valuls oft P should h#e| a^ed closely with the 
observed. ^ ' 

• If we repeat the calculation, as in Tabk‘ VII, but for the case 
of dry supersaturated steam, we find that there is a systematic 
diminution of as expansion proceeds, and tha a^iproximatioV 
to the pressure-distribution is about thrc% times closer than in the 
case of saturated steam. But the irregular deviations persist, and 
it is unlikely that the steam would remain dry throughout the 
expansion, because the final state is below the SS limit, and we 
shoidd expect some condensation to occur, cv en before the limit 
was reached, owing to the slow speed and the great extent of the 
blkde surface. 

The simplest way of obtaining an indicatinn of the probable 
nature of the irregular deviations, is fo taKe the ratio of the pres- 
sure-drop for gich expansion calculated from^/' as in VI* to the* 
observed pressure-drop, as in the following iuble, in which the 
variations of the ratio from unity include the effects of errors in P 
in addition to changes in M and 


Table VIII. Ratio of pressure-drop (obs./calc.) in each expansion? 


No. 

I 

: 1 

2 1 3 , 

1 — 

4 

5 

6 

1 7 

1 

9 

DP obs. 

370 

i 24 fi 1 

20-0 

11-5 

lO-O 

8-5 

8-0 

„ calc. 

34-2 

28-2 22*7 

18-.5 

13-2 

11-5 1 

9-2 

7-5 

Ratio 

I 082 

0-904 1 1-081 1 

1-080 

0-873 

0-807 * 

0-925 

1-064 


The irregularity of the ratios looks rafh(?r hoj)elcss at first sight, 
but appears to be capable of a simple explanation. The high values 
in the firsi and last expansions arc due simply to the neglect of 
receiver-drop. Jhe sudden increase between (2) and (.3) is due to 
an increase of Af, consequent on by-passing steam to the end of 
•the second expansion. The low values in (5) and (6) arc caused by 
recovery from Supersaturation, which sets in near the beginning 
of the fifth expansion. The rise in (7) and (8) shows that the steam 
is approaching more nearly the normal state of saturation. Owing 
to the change ih M, and the uncertainty of the correction for 
receiver-drop, it is necessary to calculate the first four expansions 
separately in order to determine the value of the initial pressure, 
and Uie appropriate values of M for the first two expansions and 
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for the remainder of the turbine. Thb values thus obtained may be 
affected to some extent by errors in the pressure-differences, but 
appear to be ^bstantially accurate. •* * 

*165. Calculations for the Expansions in Succession. 

starting the calculation, it is necessary to make a preliminary 
estftnate of tti^nnitial 'pressure^ on account of the uncertainty of 
receiver-drop, otherwise shall assume the observed pressures 
to be ^xact. The initial state of the steam may have been slightly 
superheated owing to throttling from boiler pressure, but we may 
take it as dry saturated without material error in the absence 
of more definite information. Estimating the receiver-drop as 
8 per cent., we find 

Initial sta^c, 

160 lbs., F'= ?-862^ /f ~ 7i - 203-22, aPT'= 4710. 

• Assuming the state to remain dry supersaturated through the 
first expansion, with the final pressure 127*7, as observed, 
we may calculate the filial state as in XIV, § 150, but with the 
corrected values of the cons^tants given in Table II. 

(1) DaPV - 1-50, faVdP - 10-45, « 1-929, 

* DH - 6 88, M = gf^DPjZ'z^ = 118 3. 

Similarly for the second expansion, with aP'V'=^ 45*60, we find 

(2) DaPV - 1-50, faVdP - 9-99, - 1-875, 

DH « 6-32, M - 116-7. 

If we had assumed M -,110-7 for the first expansion in place of 
assuming P'— 100-0, we should have found P'= 159*0 for the 
initial pressure, which is 'within the limits of possible error. We 
conclude that Uie observed pressures are not inconsistent with 
the assumption that the mass-llow was the same in the first two 
expansions, aAd the state dry supersaturated. 

Proceeding similarly for tlie third and fourth expansions, we 
find • 

(8) DaPV - 1-71, jaVdP - 11-85, « 2-028, 

DH « 7-26, M - 129-8, 

( 4 ) DaPV =» 1-75, JaFdP - 12-85, 2 ,,, « 5k046, 

DH « 7-62, M = 127-9. 

It seems probable that there was an increase of at least 10-0 lbs. 
in Af at the end of the second expansion. There was a leak-off from 
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the H.P* dummy at this poinij and it would be natural, in making 
a record, to by-pass as much steam possible to the end of the 
second expansion. T6 be strictly accu|ate, the init^l value of H 
for the third expansion wo^pld require revision to allow for tjie 
addition of 10 lbs. of superheated steam, hwt this would add only 
1 cal. to the initial value of /f, and would not materially affect t^e 
results. Seeing that the value of M comes out tiic* same for *1110 
third and fourth expansions within the probable limits df error of 
the pressure observations, it seems fair to conclude that thqre was 
a change in M, and that the condition of the steam remained dry 
and supersaturated at least to the end of tlje fourth expansion. 

At the beginning of the fifth expansion, with H = 689-7, at 
P * 57-7, the steam, if dry, is already at a mean temperature 
nearly 80° C. below that of saturation. But the state will be far 
from uniform, so that parts may be much* colder. There will 
probably be some condensation on the Andes, even before this 
point is reached, because the current of su^^ercooled steam will 
cool the blades below the saturation tciypCiaLurc. 

Supposing that the steam remained dry tluoughout the fifth 
expansion, the pressure-drop required to get the same mass, 
M =» 128 lbs., through the expansion would be 14-6 lbs,, which is 
27 per cent, greater than the observed drop of 11*5 lbs. If on the 
other hand we supposed the steam instantaneously transformed 
into the saturated state at the beginning of the fifth expansion, 
and to remain in the equilibrium state of saturation without any 
retard in the condensation throughout the expansion, the pressure- 
drop required would be still greater, owing to the increased volume, 
and would amount to 15-7 lbs., whicli is 36 per cent, larger than 
that observed. It might appear at first sight as though the pressure- 
drop, if the steam were only partially transformed ^should be some- 
where intermediate between 14-6 for dry steam, and 15-7 for 
saturated steaxp, unless there were some mistake in the observations. 
But this is far from being the case, owing to the effect of the time- 
-lag due to the finite rate of condensation (Callendar and Nicolson, 
Proc. C. E,, 1898). Owing to the time-lag, the greater part of the 
condensation will occur immediately after each step in the expan- 
sion, as the steam issues from the blades. The pressure-drop required 
to get &ie steanrH;hrough each set of blades will be much the same 
as for supersaturated steam, and the increase of volume in passing 
through each blade-ring will abo be the same. The condensation 
which occurs after passing the blades must produce a rise of 
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temperature, involving an increase* of volume and velocity if the 
pressure remained constant. But since the velocity could not 
increase witl^ut increase of heat-drop add pressure-drop, we 
conclude that the volume will remain constant and the pressure 
will rise, making the ba6k-pressure higher than the throat-pressure, 
^^hich agrees ^with the result of the pressure-observations. 

*In order to aeeount for the observed defect of pressure-drop in 
the fifth \;xpansion, we hftve to suppose that only about 2 per cent, 
or 8 per cent, of the steam is transformed after each of the 28 steps 
in the expansion. Since the pressure is continually falling with 
production of fresh sypersaturation at each step, it is evident that 
the effect will persist through two or three expansions, with a 
gradual reduction of intensity as the steam approaches more nearly 
the saturated state, since the rate of recovery will probably be pro- 
portional to tnc defect of temperature below the saturation point. 
A limit will be reached when the rate of recovery balances the rate of 
‘supersfcturation. The final defect of temperature balow the satura- 
tion point will probably he proportional to the rate of expansion. 

It appears in the present instance, the rate of expansion being 
comparatively slow, that tlij final defect of volume would be only 
1 or 2 per cent, below that of saturation, but the data do not 
permit a very exact estimate. Taking the final pressure as 20*7 lbs., 
allowing for receiver-drop, we could estimate the final volume as 
18*84, and find a formula of the type PV = kP^ for calculating 
the available energy. This would give fairly accurate values for 
z and DH in each expansion, but, since the final state and pressure 
are uncertain, it is more instructive to calculate the last foiur 
expansions in succession, *on the assumption that M remains 
constant, and that the slate of the steam is wet supersaturated. 
The advantage^ of this procedure is that it becomes possible to 
determine the state of the steam at the end of each expansion, 
and affords d test of the consistency of the h 3 (pothesis above 
advanced of recovery from supersaturation. 

In order to find the least increase of volume which will suffice 
to get the flow' M = 128 Ibs./sec. through each of the expansions 
in succession, we employ the formula for the adiabatic heat-drop 
in the case of wet supersaturated steam, as given in Chapter IX, 
equation (85), namely, ♦ 

JaFdP* (18/8)DaPF- (18^)aPT'(l - (P7F)*^“)- -(I) 

In the case of the fifth expansion we have the initial state 
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57*7 lbs., aP*V*- 40*61, •and take as a trial estimate of the 
drop DP the value DP *= 14*6 lbs. above found for dry super- 
saturated steaift. IfW « 128, the tri^l value DP ^ 14*6 requires 
a corresponding trial value of z, namely 0*222DP/Z'=* 2*0^5, 
by equation XIV (8).*With P''= 48-1, ecf .ation (1) gives 
^aVdP - 11*458, 

whence {fijaVdPjZy^^^^ 2*081. Thf difference, 
s"_ 2'= - 0*014, 

gives (by the rule in XV, § 158) the corrected value, z^ =-• 2*062, 
from which we obtain the corresponding corrected values of the 
pressure-drop, DP^ = 14*37, and of jaVdP - 11*252. The value of 
DaPV is obtained from (1), giving aP”V":^ 38*01, and the final 
vbliune V"= 8*528. ^ 

According to the theory above explained, the value of V” thus 
found will be that of the actual final voluiii- iii the fifth expansion, 
or the initial \iolumc for the sixth, but the « fjh*ulatcd vahw of the 
final pressure, namely P^ — 57*7 — 14*37/=^ 43*33, is lower than the 
observed pressure Pq = 46*2, on account of the rise of pressure 
which occurs after each step in th^/expansion while the steam 
partially condenses with rise of temperature at constant volume^ 
The effect of this is to reduce the pressure-drop in each stop in the 
ratio DPq/DP^ - 11*5/14*37, and to reduce the mean effective 
value of z in the square root of the same ratio, giving - 1*844, 
as the value to be employed in calculating 

DH = (2z,„-l)/"Z- 600. 

The tangent of the angle of discharge ns reduced in the same ratio 
as 2 , owing to the reduction of the velocity; but the initial value of 
aPV for the next expansion is increased in the ratio Po/Pc» giving 
aP^V'^ 46*52 for the sixth expansion, nearly the same as the value 
40*61 for the fifth. • 

Proceeding similarly for the three last expansions we find, 

' (6) /)P;= 12-51, a, = 2-061, F"- 10-88, 

dP^ = 10-0, = 1-834, DU = 6-62. 

(7) DP. = 9-74, 2, = 2-004, F"- 13-86, 

• 2>P„= 8-6, 2„ = 1-872, DU = 7-18. 

(8) DP, = 8-08, 2, = 2-080, F"- 18-06, 

DP. = 7-0, -d-890, DH - 7-60. 

The progress of the recovery towards saturation can be traced 
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by calculating the values of Fg for wfet saturated steam at the same 
jP and ff, for comparison ^’th the values of F" given above, as 
shown in the fpllowing tabje. ® ® 


No. 

1 ^ 

2 « 

3 1 4 

5 

0 

7 

8 

V " m 

X'472 

4* 105 

5-.303 1 «-843 

8*528 

10*88 

13*86 

1806 

VgBat. 

3-6t5 


5*523 I 7*232 

8*840 

11*03 

14*07 

18-33 

Biff. % 

1-2 

25 

'■ 4*0 1 5*4 

3*5 

1.4 

1*7 



The last line shows the percentage difference of volume from 
that of saturation, aijcl illustrates the progress of siipersaturation 
and recovery. The defect increases to a maximum at the end of 
the fourth expansion, where recovery sets in with a rapid diminu- 
tion of the difference during the fifth and sixth. By the end of the 
sixth expansion the steam appears to have reached a steady state, 
remaining at a nearly constant percentage defect below saturation 
'through the seventh and eighth, according to the method of 
calculation employed. The value of aPF remains practically 
constant from the end of the fourth to the end of the sixth expan- 
sion, while the most rapid recovery is in progress, but falls again 
in the seventh and eighth, when the rate of suj)ersatii ration balances 
the rate of recovery. Since the rate of expansion in this turbine 
was about the slowest on record, it is easy to see that when the 
expansion is twenty or thirty times more rapid, the beginning of 
condensation will be delayed to a lower pressure, and the defect 
of temperature and volume will remain much greater to the end 
of the expansion. Unforiunately there do not appear to be any 
equally satisfactory published data for the pressure-distribution 
in a high speed turbine. 

There arc r^\any other points which could be investigated if 
the requisite observations were available, but special arrangements 
would be necessary for securing the appropriate /ilata. The con- 
sistency of the calculated results in the present instance seems to 
show that the pressure-differences were fairly reliable, but thev 
indicators employed, though doubtless the best of cheir kind, wei# 
not specially adapted for measuring small differences. Accurate 
pressure-observations at different loads and speeds, would probably 
suffice to clear up most of the remaining uncertakities. 

When there is a change of state from dry to wet, the available 
energy cannot be obtained sati^actorily from a formula of the 
type PV ** with a single mean value of the index, but good 
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results may be obtained by Using diifferent values of m for dry and 
wet. In the present example, the value m * 0*1865 for the first 
four expansioils, aiid m = 0-0465 for the last four, allowing for 
the change in M, give results for z and DH which are in very 
<jlose agreement with*those obtained by cwdculating tlie expansions 
separately, 

i66. Effect of Condensation \>n the Blades. In the 

foregoing calculation w'c have assumed for simplicity that M 
remains constant throughout the last live expansions, and that 
the whole of the observed defect of pressure-drop is to be explained 
by the recovery from supersaturation. But owing to the great 
extent of the blade-surface in the later expansions of a turbine of 
this type, the effect of condensation on the blades cannot be 
neglected as a contributory cause of loss, 'ihe ecnidensation on 
the blades may be regarded as an indirect t ffej-t of suj)ersaturation, 
since there wpuld be no appreciable condwisation on tlw bliides 
unless they were cooled below the satur^ation ti inperaturc by the 
current of supercooled steam. According to the law of surface 
condensation (loc, cit,) the rate of e^nulensation in lbs, per sec, 
per sq. ft., or other convenient uni^s, will vary as the tlcfect of 
temperature of th(‘ blades below saturation. There would be no 
great difficulty in measuring the actual temperatun? of the blades 
in any case, and in making a separate estimate of the condensation 
on the blades from the known value of the coiulensation constant. 
There are no data of this kind at present available, but it is easy 
to see that the defect of temperature of the blade-surface will be 
very small and approximately proportional to that of the steam 
below saturation, so that the rate of condensation on the blade- 
siyface will vary in a similar manner to the rate of recovcTy of the 
steam freftn supersaturation, and will produce similar effects on 
the observed ,ijressure-drop in each expansion. The* values of the 
heat-drop as deduced from the observed pressure-drop, will be 
♦little, if at all, affected by any view with regard to the cause of the 
feduction of the pressure-drop, but in so far as it is attributed to 
blade-condensation, the power will be reduced in proportion to 
the reduction of M, Any water condensing on the blades will be 
quickly eliminate by centrifugal separation with a loss of kinetic 
energy tt*/2g per unit mass separated. There will be additional loss 
due to friction at the blade-tipsf which may become serious if the 
turbine is not efficiently drained. But the chief loss of power will 

27 


as. 
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be that due to reduction of 3/ in a» the subsequent expansions 
Any drops of appreciable size occurring in the steam itself tend U 
be eliminated i^ a similar wjy, but the fine fondue to supersatura 
tioj^ may be treated as forming part of the mass of the fluid 
according to the usual a«umption. * , 

^So far as the reduction of pressure-drop and heat-drop aw 
cVn<?erned, it Aakes little or no difference, according to the fore 
going theery, whether th# condensation occurs on the blades o] 
in the ^jody of the steam, except that, if any condensation occur 
on the blades, it involves a small reduction of M by centrifuga 
separation. Some condensation on the blades must undoubtedly 
occur, but the reduction of M by itself is far too small to accoun 
for .the observed diminution of pressure-drop. At the end of th( 
fourth expansion, where the defect of volume is a maximum, < 
total condensaflon aTnouuting to only 3 per cent, of M would suftic< 
to restore the steam to the State of saturation, but the reductioi 
fif presi*irc-drop, a?^ dcompared with tlie pressure-drop requiree 
for saturated steam, is 36^per cent. 

It might appear justifiable on this ground to ignore the reductioi 
of M entirely as being rclatKely insignificant, but it appears tha 
a small reduction of M is inquired in successive expansions b 
iccount satisfactorily for the observed effects. In the previou 
calculation, with M constant, it was assumed that the expansioi 
of V was that due to adiabatic flow with the index 3/13, in plac 
of the usual index 3/yi3, in which the stage efiiciency / take 
account of the increase of volume due to friction in striking th' 
blades. The pressure-drop.thus found for wet supersaturated stean 
was 14*37 in expansion (5) ^tith M ~ 128, as compared with 14*5i 
for dry supersaturated with the index 3//13. The final volume fo 
wet supersaturated steam was taken as V"~ 8*528, on the taci 
assumption that the rise of temperature due to friction was com 
pensated, like*that due to condensation, by the increase of back 
pressure after each step in the expansion. In reality the two effect 
of friction and condensation are not precisely simil^. Condensatior 
being merely a change of internal state without addition of externa 
energy, cannot involve any increase of intrinsic energy E; but th 
conversion of kinetic energy into heat by friction necessaril; 
requires an increase of E, which should be takes into accoimt i 
the usual way. This would make little difference in one expansioi 
but, the effect being cumulative, we should soon arrive at excessiv 
values of F, if allowance were not made for the reduction of il 
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by blade-condensation, whicSi appears to be of the right order of 
magnitude to compensate for the effect of friction in increasing V. 

167. Data for the L.P. Turbine of SS. Mauretania. 

The following are tfic material dinieusX)ns of the L.P. turbine. 
Diameter of rotor, 140 inches, with eight expansions, the lirst four 
of 7 stages each, the last four of 8 stages each. 'J’lie first five ex- 
pansions with normal blades, the las^ three with “semi-wing,** 
“wing** and “double-wing** blades, rc^spectively. Tlu; ratios 
actually employed in gauging the apertures of the wing-blades 
do not appear to have been published. We shall therefore assume 
a ^ 70°, tan a 2-748 for the normal blades, as in the II.P. turbine, 
and shall take the values of tan a for the lust three expansioiiks as 
being 1-832, 1-222, and 0-814 respectively, diininishipg in the simple 
ratio 2/3 fi)r each expansion. 

The variation of blade-angle involvi \ a small corresponding 
variation in the efiicieney constant//, ase\|>trined in Chapl:<‘r XIV, 
§ 149. The exact nature of this variati(^n remains at present un- 
certain, but it appears that we cannot be far wrong in assuming 
the simple formula 

//= 1 0-117/sin2 (a -f 20°), (2) ^ 

which makes/' a maximum and equal to 0-883 when a 70°, as 
previously assumed; and makes // vanish, as it should, when 
a 0°. The resulting diminution of/,' is only 5 i)er cent, for the 
double-wing blades, 'fhe formula takes no account of the radial 
divergence of the blades, which probably involves some additional 
loss in the case of long blades of uniform section. 


Table IX. 

Dimensions and constants for L.P. turbine at ^94 revs./min. 


No. 


2 

3 

4 

6 

: (5 

M. * j 

Hums 

N 

7 

7 

7 

7 

8 

8 

8 

81 

60 

X in. 

8 L 

’ lOi 

13i| 

17 

22 

22 

22 

22 

— 

^in.* 

3842 

4964 

(5444 

8385 

11200 

n2(m 

11200 

11200 

— 

tan a 

2-748 

2-748 

2-748 

2-748 

2-748 

1-832 

J-222 

0-814 

— 

// 

0-883 

0-883 

0-883 

0-883 

0-883 

0-879 

0-8(58 

0-841 

— 

Z oa’M. 

2-446 

2-522 

2-620 

2-744 

3-338 

3-338 

3-338 

3-338 

23-684 

r2;cal8. 

2-3I6 

i2-416 

2-536 

2-672 

3-271 

3-291 

3-.304 

3-311 

23-117 

Z'x 10 * 

6061 

4798 

3789 

2995 

2656 

1783 

1193 

796 

24071 

X 10’ 

4798 

2916 

1751 

1044 

675-1 

;}04-3 

136-2 

60-64 

11686 

DP,\ho, 

4-716 

3-733 

2-950 

2-330 

2-066 

1-387 

0-928 

0-619 

18-73 


4-971 

1-966 

3-314 

2-822 

2-455 

1-228 

0-982 

0-982 

18-76 


27—2 


420 


PROPERTIES OF STEAM [ch. 

The values of the coefficient ate calculated by the fonnula, 
(ir ~ /)/(aj *f- 2/), with the^ tip-clearance / = 0*1 5", proportional 
to that assiinie|l for the H.f. turbine, but, oiling tb the length of 
the; blades, the correction makes little difference to the results. 
In the case of the wing«blades, the factor *2 is replaced by the 
proper value of sec a — 1. The values of Z' and Z" are 
calcfilated witli the appropriate leakage corrections and values 
of tan a. • ^ 

The^last line in the table shows the pressure-drop observed 
in each expansion, taking the initial pressure as 5 lbs. (gauge), and 
the final pressure as 2g inches vacuum (bar. 30 ins.), or 19*73 lbs. 
and 0*982 lb. absolute. The last line but one, headed DP ^ , shows 
the, pressure-drop for each expansion calculated from Z' on the 
assumption that M and z are the same for each expansion, and 
that the initiaf anef final pressures are 19*73 lbs. and 1 lb. abs., 
respectively. The differences* suggest, as in the case of the H.P. 
lurbine^(l) that corsoetions are recpiired for reeciver-drop, (2) that 
there is a considerable c^hangc in M at the end of the second 
expansion, (3) that there is a change in state of the steam at the 
end of the fifth. ' 

Assuming that the turbine was designed for saturated steam 
with a pressure-range from 5 lbs, (gauge) to 28 in. vac., it is first 
necessary to see whether the dimensions assumed will give a 
uniform value of z under these conditions if M is the same for each 
expansion. From etpiations XV'^(l) and (2), neglecting the varia- 
tion of /i', we find for the whole turbine the approximate mean 
values, Dfl GO, F" - 310, 7n - 0*0855, D (P/V) = 0*967. From 
which, by equation XV (1^), we deduce M - 110*4. This value 
of M is so much smaller tlfan the value M = 123 similarly obtained 
for the Jl.P. turbine, that it would evidently be impossible to get 
the still larger How M = 128 through the L.P. turbin^’ unless a 
considerable proportion of the steam were by-pasgfd to the end 
of the second expansion. It would appear that the L.P. turbine 
of the Mauretania was not designed (as in the case of the Dreads 
nought) to utilise the auxiliary exhaust, which is®stated to have 
been employed for heating the feed-water. The uniformity of the 
values of z calculated from Z" by the method of XV, § 159, as 
shown in the following Table X, indicates that the dimensions 
assumed are in all probability substantially correct, confirming the 
ratio 2/8 selected for successive values of tan a in the last four 
expansions. 
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Table X. 

L.P. turbine. DP, z„^, and Dff, calculated from Z", M « 110-4. 


No. 

1 

2 

3 * 

. 

4 

5 ; 6 

7 1 8 

Suiua^ 

DP 

DU 

4-747 

1-999 

6-94 

3-721 

1-980 

7-1.5 

2-918 
! 1-966 

1 7-43 

2-311 

1-970 

7-86 

2-087 1 1-392 
2-006 1-993 
9-85 '9-83 i 

0-932 i 0-(i40 
]-\m 2-0.52 

9-7" i9-74 

1 

18-75 

68-.57 


* 


Assuming the steam to remain saturated throughcnit, if the ^ 
object is to keep uniform, it appears that the ehoici- of dimensions 

could scarcely have been improved. The change of from 1*970 
in (4) to 2-000 in (5) indicates tliat a sligiilly largiT increase of x 
than from 17" to 22" would have been rcipiired to eompcnsatq for 
the change from 7 to 8 stages, and to make the mrun value of z 
the same in the fourth and fifth expansions. On the other hand, 
a smaller change of x would have* suif . (‘d to make the initial 
steam-velocity the same, a condition which .pin-ars to be frMpiently 
adopted in design. The high value of in the last expansion would 
be corrected by a slight change in the final pressure, as from 
28" vac. to 1 lb. abs.; and would be over*eorreelcd by making 
allowance for the probalile variation of // as shown in Table IX. 
We infer from the want of correspondence between the observed 
and calculated results for DP, that the steam did not remain 
saturated, and that M was not the same for all the exj)ansions. The 
values of Dll given in the table include the effect of the assumed 
variation of f^, 

1 68 . Calculation for the Expansions in Succession. 

As in the case of the H.P. turbine, we may proceed to calculate the 
flow for each expansion in succession on the assumption that the 
observe^prcssurcs are exact. They have generally been regarded 
as impossible to interpret, and are doubtless more imeertain tlian 
those for the H.P. turbine. They appear, however, to be sufliciently 
^correct to afford a good illustration of the method of calculation, 
and a fairly cl&r indication of the state of the steam. 

Before making the calculation, we rccpiire an approximate 
estimate of the state and probable behaviour of the steam. 
According to th8 previous calculation, the steam leaving the H.P. 
turbine will be but slightly supersaturated. The superheated steam 
arriving from the H.P. dummy will clear up the fine fog, leaving 
a mixture of saturated steam with comparatively few drops of 
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water in suspension. Most of these ifrill be separated out by the 
moving blades, and the mixture can be treated as dry super- 
saturated for tl\p first part the expansion, Ance fto fresh nuclei 
will, be generated until the temperature has again fallen to the 
supersaturation limit. 

. Jt is well kijown that vacuum gauges are apt to be somewhat 
vague in their indications in the neighbourhood of atmospheric 
pressure, Hut if we take the pressure to be exactly atmospheric, 

I 80'' of mercury, or 14*78 lbs. abs. as observed at the end of the 
first expansion, with a drop of 4", or 1*904 lbs., in the second 
expansion, it is possibly to calculate the initial pressure, as in the 
case of the H.P. turbine, on the assumption that M is the same for 
the first two expansions and the state dry supersaturated. Taking 
m = 0*146 as a, probable value of the index, we find the drop of 
p 2 -rn for the second expansion to be 84*14, which when increased 
in the ratio giv& SC-'lO for the drop of 7 ^ 2 -m 

expansioii; whence the initial value of P is 17*546 lbs., with 
DP = 2*816. Having foiled the pressures, the exact value of H 
makes comparatively little difference to M or z. Estimating the 
initial value of U as 089, with a drop Dll = 9 for the first two 
expansions, we find 3/ = 82*7 from XV (12), giving (1) 2 = 1*60, 
zf// - 5*1, (2) 2=1*40, D// = 4*34, for the two expansions 
separately. 

If we suppose that the usual excess of H.P. dummy leakage 
over L.P. dummy leakage is suflicient to make up for the loss of 
water by sejiaration and drainage, we should ex|)cct to find the 
flow through the remaining expansions of the L.P. turbine nearly 
the same as the value M =*128 found for the latter part of the 
H.P. turbine. The value il = 83 for the first two expansions of 
the L.P. turbine implies that about a third of the total steam was 
by-passed to the end of the second expansion. This woul& explain 
why the obserl^ed pressure-drop in the second exp^sion is only 
half the normal, and the absolute pressure at the end of the second 
expansion is 18 per cent, above the normal for the* pressure-range, • 
and also why the receiver-drop is twice as great a^that found at 
the end of the H.P. turbine. Assuming on these grounds that 
about one-third of the steam was by-passed at constant H, regaining 
the initial value II = 689, with two-thirds at Zf =* 630 after passing 
through the two expansions we find // « 688 as a probable estimate 
of the initial state of the steam at the banning of the third ex- 
pansion. 
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Taking the observed pressures as correct for the next three 
expansions and assiuning the state dry supersaturated, we find ; — 
Table XI. L.P. Tifrbine. Results for expansions (3), (4), and (5). 

Initial state (3). P' = 633, V' = 29-73, 39-03. 

• Final state 9-451. 1-900, / ■// - 7-44, 3/ 126-5. 

,» (4). F'- 6-629, z,^^20SiKPH S-2I, 3/ r. 131-6. 

„ (6), P"= 4-174, 2,„= 2-040, OH = 10-11, M == 128-;4..* 

The values of M found agree as ^jiiosely as can be expected, 
considering that the pressure readings were taken only to the 
nearest 1/4'', and that the calculated value of M dcpeiufs on the 
small pressure-difference. The mean of the three values, namely 
M = 128-8, will give a better approximation to the actual flow. 
The mean value of 3/ similarly found for the third and fourth 
expansions of the H.P. turbine was M - 128-0. 'Fhe agreement 
may be taken as a fair corroboration of the iuethAd of calculation 
adopted. 

If we take 3/ — 128, and calculate Hu.* .oressurc-drop for the 
next expansion on the assumption that^the steam remains dry and 
supersaturated, the result found is grcally in excess of the observed 
value. The observed defect might naturally be att ributed to some 
want of ellicicncy of the wing-bhuies, or to some uncertainty in 
the angles assumed, if it were not th.-it the values of 2 for the v. iil]^- 
bladcs agree so closely with each other in Table \, and that a 
similar defect of pressure-drop occurs in tlu- ll.P. turbine, where 
there is no reason to suspect any variation in the blade-angles. 
The effect may reasonably be attributed, as in the previous instance, 
to the time-lag in condensation, wdiich produc(?s a rise of back- 
pressure at each step of the expansion* while the steam is recovering 
rapidly from the state of supcrsaturatioii. The results for the last 
three expansions might be calculated by the sajno method as for 
the H.l^. turbine, but since the pressure-differences become very 
small towards the end, and the exact method cnijiloycd in gauging 
the blades is uncertain, it will sutlicc for practical purposes if we 
♦ take PF as constant through the sixth and seventh expansions 
(as found in the case of the H.P. turbine during recovery) with 
aPF -= 88-0, the value at the end of the fifth expansion, VVe thus 
obtaijf the following results for the last three expansions, in which 
the final pressure is estimated at 1*22 lbs. abs. 

The mean effective value of z in each expansion is determined 
chiefly by the observed pressiire-drop, and the value of D/I is 
little affected by any assumptions which may be made with regard 
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Table XIL L.P. turbine. Results tot expansions (6), (7), and (8). 

Initial state (6). = 4-174, 1/'=M7-24, V = 77-0, aP'F'^ 33-00. 

Finai state (0), 2-940, z„ = 1-741, DH = 3-17, V"'= 109-0, Z'= 1549. 

„ (7), P"= 1-904, z,„ = I-m, DH = 9-02, V"= 103-5, Z'= 1142. 

., (3), I-220,,z„ = 1-980, DH = 9-8lI F"= 255-0, Z'= 789. . 

t«‘the rate of# recovery. The simple assumption TV = constant 
gives a probable rate of recovery in the sixth and seventh expansions. 
In the lasf expansion it is assumed that the steam has reached a 
steady state, which ser\^es to fix the final pressure with a fair degree 
of certainty. The leaving-loss, with the revised value of the final 
pressure as here given^ comes out approximately 1-7 cals. C., in 
place of the value 1*5 cals, as previously estimated in Chapter XI, 
§121. The value of Z)// in the last expansion, as calculated from 
2 , is automatically corrected for leaving-loss. 

The reduction of z by reet^very from supersaturation involves 
a^ proportional reduction in Z' and tan a, which are not required 
in the caRulation of Z>/l, but are readily found from z By the relation 
7y DP /MZms XIV (3),' with the known value of 3/, namely 

128*8 in the present case, if we neglect loss by separation and 
drainage. The values of Z' tlyis found afford a check on the cal- 
culation, especially in respect of the final value of P, since Z' for 
(8) cannot be greater than the value 790 x 10"* given in Table IX 
for normal flow. Thus the final pressure in the present instance 
cannot be less than 1*210 which would make Z' equal to the tabulated 
value, but may be 1 or 2 per cent, higher than 1*22, if we admit the 
reduction of M by a similar amount. These differences are beyond 
the limits of accuracy of the iictual presstire measurements, which 
are accepted as correct for tjie sakcof iiidicatingthckindof informa- 
tion which could be obtained from more accurate observations. 

The progress ef supersaturaiion and recovery can bq traced, 
as in the case of the II.P. turbine, by comparing the values of 
the final volume V" in each expansion with those calculated for 
saturated steam at the same P and //. 


Table XIII. L.P. turbine. Supersaturation and‘Recovery. 


No. 

‘ 1 

2 3 i 4 6 6 1 

7 8 

c 

r" (ss) 

25-89 

29-11 38-36 51-91 77-00 109-0 

'’l63-6 256*0 

K,8At. 

26*46 

30*10 39-83 56-10 84-10 116-8 

167*7 260-2 

Biff. % 

2*1 

3-0 3-7 5-? 8-6 6-8 

2*6 2*0 

1 - 7% 

1*0 

1-5 1*6 2-4 3-4 4-1 

6*0 6*0 
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The first line gives the ntftnber of the expansion, the seoond 
the actual final volume of the supersaturated steam at the end of 
each expansion. slfbws the corresponding volume for saturated 
steam at the same P and*H. The next line shows the defect of 
volume due to supersaturation, expresscil :is a percentage of F,. 
The last line shows the percentage wetness of F^, or the defect 
of volume of the equivalent wet saturated steam frem'dry saturated* 
at the same pressure and temperature. 

169. Revision of the SS Limit. Comparing these results 
with the similar table given for the H.P. tnibinc, we observe that 
condensation is delayed to a later stage in ilie L.P. turbine, and 
that the defeet of volume when condensation begins is considerably 
greater than in the II.P. turbine. On the other hand, the time 
interval from the first row of blades to the {;nd *of the fourth 
expansion in the II.P. turbine is nearly (h Jible that taken by the 
steam in passing from the beginning of the liist to the end of the 
fifth expansion in the L.P. turbine. Thejaet tiiat the expansion 
is twice as ra])id is hardly sullieient by itself to aeeount for the 
increase of supersaturation. According to the estimate above 
made of the state of the steam in tlie L.P. tiirbine, the point at 
which condensation starts is within one or two calories of the SS* 
limit, as defined on the basis of Wilson’s experiments with moist 
air at 20® C., which we should cxjK*et to be fairly reliable at low 
pressures, though possibly erroneous at high pressures. The point 
at which condensation starts in the H.P. turbimt is considerably 
above the SS limit given by Wilson’s ex pen men ts, but the pressure 
is 14 times higher than in the L.P, furbinc. The chief j)oint in 
common is that the equivalcjit wetness 1 — 7 is nearly the same 
in the two cases, namely 3-1 per cent, for the II.P. turbine and 
8-4 per ce^t. for the L.P. This relation, if true, woukl give a simple 
definition of the limit, which \vould be applicable* even at the 
critical point, in the neighbourhood of which the phenomenon of 
«loudy condensation is still well-marked. 

There is so little direct exj^erimental evidence with regard to 
the point at which condensation begins in a turbine or nozzle 
at higb^ pressures, that we cannot afford to neglect so clear an 
indication as thaV afforded by the analysis of the pressure-distribu- 
tion in the Mauretania, In point of fact, a large slow-spced turbine 
is remarkably well suited to indicate the beginning of condensation, 
because the initial rate of recovery is high compared with the 
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rate of expansion, so that the point in question is sharply marked. 

With a higher rate of expansion, the change would be more gradual, 
and it would be more dHTicult to locate the^comhiencement. The 
gradual transition would simulate delay, and lead to an overestimate 
of Ihe true limit. Allowing for the difference of steam-speed in the 
IJ.P. and L.P. turbines, we shall probably not be far wrong if we 
Ikhe the SS iSnit, as indicated by these observations, to occur at 
an equivalent wetness of C per cent., which agrees very closely with 
the Wilson limit at lower pressures. The limit thus defined has the 
advantage that it is much simpler in application than the Wilson 
limit, because it docs not require a special table. The value of 

= //j — 0-03 (//^ ~ A*/), is readily deduced from the values of II 
aqjd t at the observed pressure by reference to the ordinary tables 
for saturated steam. The value of F,, for dry steam at the SS 
limit is most ‘easily deduced from tliat of for dry saturated 
steam at the same prej5surc‘by subtracting O OS (Hg — st)lp, which 
•is easi4' worked or^a small slide-rule. The actual .value of V for 
the wet mixture in rapid expansion at the SS limit may be ob- 
tained by the usual formula for wet saturated steam, but with 
and Vgg in place of II „ and 

The Wilson limit, if apphed at high pressures, is liable to the 
^theoretical objections, (1) that it makes the defect of temperature 
below the saturation value more than twice as great at 100 lbs. 
as at 1 lb., whereas it should be less than at 1 lb., and (2) that it 
gives results which arc obviously impossible in the neighbourhood 
of the critical })oint. The limit as above defined by 3 per cent, of 
equivalent wetness, escapes both these objections. The adoption 
of the latter limit, in place bf Wilson’s, makes no difference to the 
discharge through a nozAIc, and scarcely affects any of the cal- 
culations extending to low pressures, but necessarily makes a 
material difference in estimating the point at which coi\densation 
starts, and the nature of the tlow at high pressures.^ 

In proposing the revision of a limit which has been accepted 
for so many years, it is desirable to give some confirmation of th^ 
correctness of the calculations on which the revision- is based, which 
might other>vise appear purely speculative. The most direct 
verification obtainable from the data given in the trials of the 
Mauretania is by calculating the total horse-power. This is easily 
done by adding the values of M x Z)///0-8928 for the separate 
expansions as above calculated, ^which gives 17,570 horse-power 
for the H.P. turbine, and 19,290 horse-power for the L.P., a total 
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of 86,860 horse-power. The aAual total does not appear to have 
been published for the high-speed trials at 194 revs./min., but can 
be deuced froA th# observed value 84.,()00 for each complete 
turbine at a mean speed of 190 revs, in the 24 hours trial. Assuming 
that the total power for a marine turbine tliis type varies as fhe 
cube of the mean speed, which may be closely verified over a Avide 
range from the trials of H.M.S. DreadnoughU the at 194 rev^.‘ 
would be 86,200. Allowing for small loss#, which are nottncluded 
in the calculation for the separate expansions, the results^ agree 
as closely as could be expected. 

It would appear from these illustrations of the cffe(‘ts of super- 
saturation that the actual expansion of tlu‘ steam never follows 
the usual saturation state as a limit even in the case of a slow-spcpd 
turbine. It must not however be inferred that all calculations based 
on the assumption of the saturated state are necessjfrily erroneous 
and useless. Thus if the SS limit as'dcfiif d l)y reference to the 
value of //, coiy'esponds to 3 per cent, of alent wctt<4is^» 
ordinary saturation tables will afford in most cases a lair first 
approximation to the performance, and the effect ol small v’^ariations 
of speed or pressure can be w'orked out on this basis without material 
error as previously illustrated. On th5 other hand, there are many 
cases in which the effects of supersaturation make an essential^ 
difference, as in working out the pressure distribution, or the effect 
of superheat for a particular machine. We have endeavoured to 
show that the experimental results in such cases cannot be explained 
satisfactorily without making allowance ft)r the effects of super- 
saturation as deduced from the known physical properties of steam. 
Without fresh experimental evidence, specially designed to elucidate 
the points which remain uncertain, lit tit* would be gained at the 
present stage by multiplying examples based on iinpcrfect observa- 
tions. Eifough has been said to make out a prima facie case for 
new mcthods.of calculation and exjicriincnt, and t« indicate the 
desirability of cooperation between the cngineiT and the physicist 
in the adaptatitwi of the heat-engine to suit the prop(‘rties of the 
working lluid. ** 
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179. Expression in terms of Partial Differential Co- 
efficients. Many of the most familiar and important quantities 
with which we have to deal, such as the specific heats, and the 
pressure and expansion coelHcients, are most conveniently and 
accurately expressed in the notation of partial differential co- 
efficients, wliich has the j^reat advantage of indicating at a glance 
the exact nature of the quantity denoted, and the experimental 
conditions under whieK it is* measured. The majority of students 
•seem t% regard a parbial differential coelficient as a mystic symbol, 
unintelligible without a Iqng and arduous training in the intricacies 
of the calculus. This feeling is apt to be fostered by a purely sym- 
bolical treatment of the subject, but tends to disappear if it is 
approached from an experimental standpoint. For the present 
purpose the exjierimcntal application is the most important, and 
purely mathematical aspects of the method may be ignored. It is 
possible to attain a very fair idea of the meaning and use of the 
notation for experimental purposes without an elaborate mathe- 
matical training. Many of the relations most often required in 
practice receive little attention in theoretical works, while on the 
other hand many formal points are elaborated which are of little 
importance in the {)raetfcal application. It has therefore been 
decided to include in the present work a brief explanation of the 
notation, with illustrations of its practical application, in' the hope 
that it may helj) the student to a better underspending of the 
experimental requirements, winch are naturally to a great extent 
overlooked in purely mathematical treatises. Sa-me students on» 
the other hand are quite happy so long as they aVe dealing with 
pure symbols, but have a natural distaste for applying them 
to numerical calculations. For such a little exercise in {^ysicai 
arithmetic is highly beneficial. To avoid bewildAing the student 
with all the possible permutations and combinations of the various 
symbols, the illustrations will beMrawn almost exclusively from 
those relations wliich have a direct bearing on the subject of the 



THERMODYNAMICAL RELATIONS 


429 


APP. i] 

present work. Many other rektions of a similar character will be 
found in mathematical works, but though important as illustrating 
the symmetry ol the formal relations between the various quantities, 
they are not independent results, and itierely amount for the most 
part to saying the sam6 thing in a great nu‘»*y different ways, wltieh 
is unnecessary for practical purposes. 

« 

171. The Expansion Coeffici(?ijit. One of the most 
familiar types of a differential coetHeient is tlie eoeflicient of 
expansion. This coelficient is measured in practice by observing 
the change of volume u'— d" produced by a change of temperature 

/" and taking the ratio {v'- t"). Since v represents the 

volume of unit mass, the coetlieient thus fi>iind ex})resscs the mean 
* rate of expansion of unit mass per 1° rise of t<‘mp(‘rature oN cr the 
ratige of the experiment. The mean cocHieii'nt o\ er*any range will 
in general be nearly the same as the actual ate of cxj)ansion per 1° 
at the middle^ point of the range, providytl that tlie i:'nge is* 
small. 

The actual value of the eoeirieient al a point, as opposed to the 
mean value over a range, is denoted by (Iv/dty and is defined as the 
limiting value of the ratio of the diif<-Tenee in volume dv to the 
difference in temperature dl^ when the <lifferene('s are inlinitesimal.* 
The value of dv/dt cannot actually be determiiKHl in this ^v'ay, but 
it may be inferred with considerable precision from obser\ ations 
over an extended range, enther by graphic methods, or preferably 
by finding a formula to represent the observed values of t he volume 
in terms of the temperature, and deducipg the corresponding ex- 
pression for dv/dt at any point by differefntiation. It will be assumed 
that the student is familiar with the rules for differentiating simple 
functions. 

In th^ case of a liquid it is seldom necessary to specify the 
pressure under which the volume is observed, bccaiv?e the change 
of volume with change of pressure is usually small. But in the case 
pf a gas or vapoitr, the effect of pressure on the volume is generally 
of the same order as the effect of temperature, and the eoeflicient 
of expansion is usually measured under the condition of constant 
pressure. This is commonly denoted by adding the suffix p, thus 
{dvldt)p, which implies that the pressure is to be kept constant 
during the measurement, or treated as constant in the differentia- 
tion. Thus for an ideal gas obeyrng the law V ^ RT/aP, the value 
of the coefficient (dVldT)p is simply R/aPy and is constant if P is 
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constant, but has different values' at different pressures, when 
measured per unit mass. 

The coefficient of expansion of a gas at constant pressure is 
most often tabulated in ferms of the volume at 0® C. under the 
safne pressure, and not terms of unit ^nass. These tabulated 
values correspond with the formula (dF/dT)p/Fo, and are obtained 
oyr dividing <h^ observed values of the coefficient per unit mass 
by Fq, the volume of iiryt mass at 0® C. under the same pressure. 
In the case of an ideal gas the coefficient thus measured is constant 
and equal to I/Tq, where 7^ is the absolute temperature corre- 
sponding to 0® C. But the coefficient most often required in the 
equations of thermodynamics is simply (dVldT)p measured per 
unit mass. 

In the case of actual gases and vapours the coefficient of ex- 
pansion varies*with«temperature as well as with pressure, and often 
deviates considerably from the ideal value. The case of steam may 
• be takqp as typical.^ 4<-‘cording to the author’s equation the volume 
is given by the expression, V liTjaP — c + h, where h is eonstant, 
and c varies as 7’"”. The corresponding expression for (dV/dT)p 
is R/aP 4 ncjT, the value oV which at any temperature and pressure 
is easily found from the table giving values of c. The numerical 
Value of the coeflicicnt may also be obtained from Table V as 
follows: 

Example 1. Find from Table V the values of the coefficient 
(dVldT)p at 100 lbs. pressure and at temperatures 195®, 200°, and 
205® C, 

The value of (dVjdT)p at 100 lbs. and 195® C. is found by taking 
the difference, 0*1211, between the tabulated values of V at 190® 
and 200® C., and dividing by 10, which gives 0*01211. Similarly 
at 205® C. we fuld 0*01200. At 200® divide the differenA; between 
V at 190® and V at 210° by 20, which gives 0*012055. The co- 
efficient is nearly constant, and the values thus foimd are correct 
to 1 in 2000 at the mean points, although the (Jjfferences are faj 
from being infinitesimal. If steam behaved as an ideal gas the 
value at 100 lbs. would be RjaP or 0*010706. The actual value at 
200® C. by the formula RjaP 4 nc/T is 0*012051, taking n « 10/8, 
and c - 0-1909 at 200°. * '' 

Formula for Small Differences, When the coefficient (dVjdT)p 
is known at any particular temperature and pressure, the change 
of volume F" for any small change of temperature T'— V* 
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at constant pressure Inay be» found with considerable accuracy 
from the formula idVldT)p(T— which may be written 
(dVjdT)p dTt ai^ is #nathematically 'exact in the limit when the 
change dT is infinitesimd. The result would be <?xact for any 
change of temperature, however great, if the coefficient Wre 
constant. In general the coefficient is so nearly constant that the 
relation may be applied in practice without niatpritl (Tror for a' 
range of 5® or 10°. Thus to lind V at 205° jnd 100 lbs. we have only 
to add 5 x 0-01200 to F - 1-8001 at 200°; giving the result 
y = 4-9501, correct to the last figure with very little trouble. 

Inlerpolaiion. The above example illustrates the method of 
interpolation by simile jirojiortion, which corresponds exactly 
with the formula for small differences, since, it rests on the same 
* fundamental assumption, namely that the elnmge of V is pro- 
poriional to the change in / when the diffiTcnee is smi'>i1. The smaller 
the difference, the greater the accuracy of this assumption, but for 
experimental purposes there is no advaii'nije in reducyig the 
differences between the tabulated values l>. low the point which 
permits an accuracy of interpolation eqifi valent to the last tigtire 
tabulated. With the aid of a small slide^hile, it is much less trouble 
to obtain intermediate values at an\v K?f|uired point from a table 
by interpolation than to calculate them with equal accuracy froim 
a formula. There is also Jess liability to serious error since the 
differences invoh ed arc relatively small. 

The differential coefficient {dvldt)^, may be regarded as the 
coefficient of pro[)ortionality by which the difference in t must be 
multiplied in order to find the corresponding difference in i\ when 
the pressure is constant. It is called a partial differential coefficient 
because it gives only that part of the change of volume which is 
due to change of temperature. 

The fcvmula for the change due to temperaturtf remains equally 
valid if the pressure changes in addition to the teiqpcrature, but 
in order to find the total change of volume due to the combined 
effects of temperature and pressure, it is necessary to add the 
separate effects, which each would produce if the- other remained 
constant. Provided that the changes considered are small, the two 
effects may be treated, both mathematically and experimentally, 
as though they wj:re independent of each other. 

172. The Compressibility. The effect of pressure in 
changing the volume may similarly be expressed in terms of a 
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coefficient, called the compressibility, which is measured by ob 
serving the change of volume dv produced by a change of pressure 
dp, and taking the limiting^ value of the ratio {k^dp. If the com- 
pressibility is^reqiiired frae from any effect due to change of tem- 
p^ature, it is necessary to perform the ^experiment under yic 
condition of constant temperature. The compressibility so measured 
•i, called tho ''JisothermaV* compressibility, and is denoted by 

- (dvjdp^i per unit where the suffix t indicates that the 

temperature is supposed to remain eonstant during the measure- 
ment. The algebraic sign of the compressibility is taken as negative, 
because an increase of pressure invariably produces a diminution 
of volume. It is eaiby in practice to determine the isothermal 
compressibility by allowing time for the temperature to regain 
its original value when the rise produced by compression has 
disappeared. •#But , it is also possible, by taking instantaneous 
readings and in other ways, t« determine the value of the “ adiabatic ” 

. compressibility, denoted by — (dvldp)^ under the eondition that 
Q is constant, or that- no heat is allowed to escape. The value so 
found is materially diffetent from the isothermal compressibility, 
because the rise of tcmpei'&ture tends to reduce the diminution of 
volume. « 

• When the isothermal coefficient (dvlclp)^ is known, the change 
of volume dv due to any small change of pressure dp at constant 
temperature is given by the expression {dvjdp)t dp, which is exact 
in the limit wlien the change is infinitesimal. The ^ alue of this 
coefficient for steam, obtained by differentiating the expression 
for V with respect to P at* constant T, is — KT/aP^, the same in 
form as for a perfect gas ol>e\ ing Boyle’s law. 

Example 2. Find frorti the tables the value of (dVjdP)^ for 
steam at 200° C. and 95 lbs. Compare the result with the formula 

- RTlaP^, aiuf deduce the value of V, where T = 478*1°, 

1 0706<F.P.C.). 

The difference between the tabular values of V at 90 and 100 lbs. 
is found to be - *5628, which gives - *05028 for the mean corr 
efficient per lb. over this range. The formula gives 

~ 1*0706 X 478*1/95*, 

or — *05612 for the coefficient at 95 lbs., which, differs b^ nearly 
8 in 1000 from 0*05628, because the mean coefficient is not exactljj^ 
equal to the coefficient at the mem point, when the pressure dif- 
ference is 10 per cent., as in this example. The voliune at 95, 
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found by adding — *05628 x 5 , or — *2814, to the volume at 90, is 
5*1715, which is similarly inexact. 

The compreasibility, like the coefticient of expansion, is most 
often tabulated in terms of unit volumt in place of unit mass. The 
vtilue per unit volumfi is obtained by di\;i ding ~ (dVIdP)^, bj^ V, 
the volume of unit mass. The reciprocal of the compressibility 
per unit volume is called the elasticity and , is ‘ given by the 
expression ~ V (dPldV)^ being taken wilh the negative# sign, like 
the compressibility, because the numerical value of dPjdV is always 
negative. The adiabatic elasticity is dehned by the same expression 
as the isothermal elasticity, except that the ratio (dPIdy)^ is to 
be taken under the condition that no heat' is allowed to escape. 
It is always greater than the isothermal chisticity, except at a 
point of maximum density, when the two elasticities become equal, 
as in the case of water at 4'’ C. In the case of u substance obeying 
Boyle’s law, PF — AT, we have the silnple • lation ^ 

(dP/dF)^, = + • 

at constant temperature. In the case of steam, the isothermal 
elasticity takes the form P {aPF jHT)^ M'hieh is a little less than P 
on account of tlie deviation from Boyle/s law. 

The value of a partial differential coellicient, such as {dF/dP)^ 
depends essentially on the condition under which the ratio is taken, 
as in the case of (dF/dP)^' and (dFIdP)^, which are different for a 
given substance at the same temperature and pressure, but arc 
related in a symmetrical manner, as explaiiietl in § 175. 

When two different coellieients ofd/it* sanw quantity, such as 
(dVldP)Q and (dFldl\, arc taken unjlct ilie same condition, the 
usual relation 

(dPldT)g = (dFldTy(dFldP)^ -- (dPidF)f^ (dFldl% 
applies teethe ratio, since the change of F is takeif under the same 
condition of adiabatic compression in both eases^ and can be 
elimin.ated. But this relation no longer applies when the change 
Of F is taken ijmder different conditions, as in {dFjdP)^fi and 
(dFjdT)p, the ratio of which is mi, either (dP,dT)p (which is zero), 
or (dPjdT)j> (which is iufiiute), but lias the value — (dPjdT)y, 
as shovjp in 174. 

173. Formula for the Mean Coefficient of Compressi- 
bility. The accurate interpolation of Fhas always been a difficulty 
owing to the rapid variation of the coelhcient of compressibility 

28 
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with pressure, namely as for^a substance obeying Boyle’s 
law. For this reason values of the volume are often tabulated for 
each single pound of pressure. But this is nOt teeily necessary in 
the case of superheated sttam, because the formula for the mean 
coeJTicient of compressibility between finite*'limits is very simplt, 
apd exact values at intermediate points are readily obtained when 
rcq^jired even for large pressure differences. 

If arc any two ralues of the volume at different pressures 

P' and P'\ but at the same temperature T, it follows from the 
characteristic equation that the difference of the volumes F'— F" 
is equal to RT/aP'- RT/aP". Dividing the difference of the 
volumes by the difference of the pressures, we accordingly obtain 
the following simple and exact expression for the mean coefficient 
between P' and P'\ • 

F")/(P'- P") = - RTIaPT" (1) 

The mean coefficient between P' and any other pressure P, is 
similarly given by *-*R2'laP'P, and is P^jP of that between P' 
and P'\ which is directly obtained from the tables if V and F'' 
are tabulated values. The (^oclficient between P' and P, required 
for finding any intermediate value F of the volume at P, is obtained 
by simply reducing the tabular coefficient in the ratio P^/P, We 
thus obtain the following exact rule for interpolation. 

Exact Rule for Interpolation of Volumes at Constant Temperature, 
If V\ F" are tabular values of the volume at T corresponding to 
pressures P' and P” (of which P" is the greater), to find the volume 
F at any intermediate pressure P, find the difference F'— F by 
simple proportion, increase^ it in the ratio P'^/P, and subtract it 
from V', 

This operation is very easily performed with a slide-rule, and 
the result is theoretically exact however great the difference. 
Applying the rule to the previous example, 2, the difference V'~ V 
found by siirfple proportion was 0-2814. Tliis difference is to be 
increased in the ratio P"jP or 100/95, which is most easily done by 
adding -2814 x 5/95 or -0148, giving -2902, wlitch is subtracted 
from the volume at 90 lbs., giving F = 5-1567 as the correct result 
for the volume at 95 lbs., in place of the approximate result 5*1715 
found by simple proportion. 

174. The Pressure Coefficient. The pressure coefficient 
(dPldT)y at constant volume may be determined, in the case of a 
gas or vapour, by observing the increase of pressure dP for a rise 
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of temperature dT when the fluid is enclosed in a non-expansive 
envelope, such as a silica bulb. It is easy in the case of a gas to allow 
for the expansioh of the bulb if necessary by making^ small correc- 
tion to the observed change of pressure. But in the ease of a solid 
of liquid, the correction would be so largciand lUK^ertain, that the 
direct measurement of (dPjdT)y may hv. regarded as iinpracticnble. 
The required value can however be deduced from those of tlie 
expansion coeflicient and the coinpressil^fity (wliieh can always be 
determined directly) by means of a simple relation between the , 
partial differential coelfieicnts, which follows immediately from 
the general expression for the total chang<‘ of volume in terms of 
P and T 

dV = (dVldT)j, dr + (dVldP)y dP. ( 2 ) 

This relation expresses the obvious fact that any ^'sired change 
of volume may be made in two steps, fifst by raising the temperaK’ ire 
through the given range dT at constant prrs'.un% and secondly by 
raising the pre^ssure while the tcmjieraiurr * kcjpt constIRit. The 
final result is independent of the order of 4 he operations, imd is the 
same as if both pressure and temperature were c*hangcd simul- 
taneously. 

If the expansion due to increase of lenijicrature in the (irst^ 
Operation is equal to the compression due to increase of pressure in 
the second, we have (dF/d2’),, d7’ = — (dVldP)ydP^ and the total 
change of volume dV — 0 . In other words, when dV = 0 , the 
relation (2) gives the ratio of dP to dT under th(‘ condition that 
y remains constant, or the value of the coellicient (dPldT)y^ thus 

(dPldT)y = - {dVldTy(dV/dP)j,=^ ~ (dP]dV)y > (dVldT)f.,„.{8) 

A similar relation holds in all cases between the partial differen- 
tial coelficients of three quantities, such as F, and 7’, if any 
one of the quantities may be regarded as a function of the other 
two. The relation is purely mathematical t>r fornftil, dcjicnding 
simply on the definition of the cocHicicnls, and not on the pro- 
perties of the substance, or on the laws of thermodynamics. But 
such relations Are often very useful in deducing the value of a 
coefficient like (dPldT)y when it cannot be deterVnined by direct 
experinicnt. 

175 . Relations between the Partial Differential Co- 
efficients. If we take only the six quantities P, F, T, L’, //, Q, 
there are 20 relations of this type between the partial differential 
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coefficients, being the number of possible combinations of 6 letters 
taken 8 at a time. The student need not be dismayed by this, 
because very of these relations are conAuonly required, and 
any^one may be deduced from any other by the simple process of 
interchanging the letters'. Thus if we take fhe expression for the 


igothermal elasticity 

- F (dPldV)j, = V (dPldT)yl(dVldT)p, (4) 

and substitute the letter Q for T throughout the relation, we 
obtain • _ y (dPjdV)^ - V (dPldq)yl(dVldq)p (5) 


which is the corresponding expression for the adiabatic elasticity. 

Taking the ratio of the two elasticities, we obtain the well known 
result 

(dPidV)j(d?idy\r = (dqidV)p (dVidT)pi(dqidP)y (dPidT)y 

™ mtdT)pmtdT)y (6) 

'discovejpd by Laplaqe, that for any substance the ratio of the 
adiabatic to the isothemial elasticity is the same as the ratio of 
the specific heat (dQldT]p at constant pressure, to the specific 
heat (dQldT) y at constant vV)lunic. Betwi^en the partial coefficients 
of six (ju antities there arc 46 relations of this type, which follow 
from the definition of the coefficients concerned, and are inde- 
pendent of the laws of thermodynamics. 

It follows from the last relation, in the case of a gas obeying 
Boyle’s law, for which (dPjdV)^ ~ - P/V, that, if the ratio of the 
specific heats is constant and equal to y, the equation of the 
adiabatic is ^ • 

{dPldV)Q - - yPjV, which gives PV^ = K (7) 

In the case of steam, according to the author’s equation, the 
ratio of the specific heats SplSy is not constant, but is given by the 

expression ^ S^/6V = (« + 1) M’/ariP (F - i>). (8) 

If however we substitute (d/'/dF)y « - oP^jRT in (6), tha adia- 
batic equation becomes «. «. 

(dPldV)Q - - yPI(V - b\ which gives P {V ^ b)y - K, (9) 
where y « 1 + 1/n. 

If we substitute H and Q respectively for V in relation (8), we 
obtain two others which are often useful, namely, 

(dMIdPh » - (dUldT)p(dT{dP)ji « - SC, (10) 

(dQldP)T « - {dqidT)p (dTIdP)^ - - STI(n + 1) 
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These are more fiilly explained in the following section on the 
specific heats. 

Example 4. Find from Table V the value erf the pressure 
qpefficient (dPldT)y for steam at 200®C. and 100 lbs., and compare 
the result with the value for an ideal gas at the ^ame T and P. 

The tables give (dVldT)p = 0 012055 at 200“ a.il 100 lbs. Tiie 
value of (dVldP)fp is — KTjaP^, or 0-05065 at the same point. 
Whence (dPldT)y = 0-2080 lb. per sq. in. per 1® C. For an ideal 
gas the value is Pjl\ or 0-2113 (F.P.C.). - 

The cooling-effect {dT/dP)jj may be • similarly found from 
Table IV, as explained in § 176. The adiaha'io coellicient {dPldT)g 
may be found in the same way from Table VI. Its x aluc for steam 
ir (n -1- 1) P/r, where w + 1 is the value of the adiabatic index, 
which is one of the fundamental properties dcteripined by direct 
experiment. , 

Example 5., Find the two elasticities airf Ihcir ratio ^r steam 
at 200® C. at pressures of 100, 200, and 500 lbs. 

Pressure Ibs./sq. in, 100 . 200 500 

Adiabatic Elasticity 130-42 261-77 662-4 

Isotbormal Elasticity 96-53 186-20 41 3 6 

liRiio, yRTjaP iV -h) 1*:J51 IIW 1602 » 

The adiabatic elasticity is given by the expression yPVjiV — 6), 
which is very nearly equal to yP, where y = 1 -f 1/a ^ 1-300. But 
the isothermal elasticity given by the expression aP^F/PT, is less 
than P. The values are easily found at any point from Table V, 
Those at 500 lbs. refer to the state of sirpersatnration which com- 
monly occurs in the discharge through a nozzle (Chap. X). The 
adiabatic elasticity is the cocfiicient which determines the dis- 
charge. ^ 

176 * The Specific Heat. The specific heats are so im- 
portant from an exi>erimental standpoint that they are commonly 
^denoted by special symbols, such as S and s ff)r the vapour and 
liquid at constant pressure. But they may have very different 
values under different conditions, and it is often convenient to 
emplo^i the^ notation of partial differential coellicicnts to distin- 
guish other possible varieties of specific heat. 

The specific heat is measured theoretically by observing the 
quantity of heat dQ required per unit mass to raise the temperature 
through an interval dT, and taking the ratio dQ/dT, If the heat 
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is supplied under the condition of cortStant pressure, the experiment 
gives the specific heat at constant pressure, which is denoted by 
(djQldT)p, and is equal to the rate of increa^ of #he total heat H 
uijder the same condition, ^namely (dHldT)p, as already explained 
in Chapter II. Similarly the specific heaf measured under the 
cpndition of constant volume is denoted by (dQ/dT’)^, and is equal 
te the rate ot iacrease of the intrinsie energy E under the same 
condition, namely (dEldTi)y. The quantity actually measured in 
a calorimetric experiment is generally either the change of total 
heat //, or the change of intrinsic energy E, between the given 
initial and final states. This is commonly divided by the range of 
temperature and calfed the mean specific heat over the range 
considered and under the given conditions. This method of state- 
ment is siifficijBntly precise for many practical purposes, especially 
when the experiments are not very accurate. But the relations 
{dQldT)p - (dnidT)p, ‘and •(dQfdT)y = (dEjdT)y, do not hold 
•accurat^y except lyidcr the conditions of constant P and V re- 
spectively, and it is often necessary to consider more closely the 
exact relation between the specific heats and the rates of variation 
of the total lieat and intrinsic energy. 

Variation of Total Heat, In the case of steam, by far the most 
Important relations are those affecting the variation of the total 
heat H with pressure and temperature, which will be considered 
first as an example of the use of partial differential coefficients. The 
variation of // with T at constant P is fully determined by the 
specific heat|J»y — (dnjdT)p, Conversely the value of the specific 
heat at any point defined* by T and P, is easily obtained from 
Table IV of the values of* II for superheated steam, by taking 
differences between any t\Vo values at the same pressure and dividing 
by the range of temperature. 

Example 6. Find S at 20, 100, and 500 lbs. and ai 200® and 
800® C. Find 'also the mean values over the range, 200° to 800® 
at the same jiressures. 

The required values of S at 200® may be obtain*3d to three placet 
of decimals by taking the difference between the tabulated values 
of the total heat at 190® and 210® C. at the required] pressures, 
and dividing by 20. Similarly at 800®, and 250®, we obtain the 
following. « 

Values at 200° C. = *489 == *537 = *777 

260® a „ *484 -517 „ -671 

„ 300® 0. „ '483 „ -504 -608 

Mean 200®-300® a „ -4863 „ *5174 .. *6780 
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It will be observed that the mean over the range from 200® to 
800® is nearly equal to the value at the mean point 250® C. even at 
high pressures. •Valiifcs of H at temperatures intermediate between 
the tabulated values can, be obtained *by simple [fro|M)rtion from 
^e relation dll = SdT at constant pressnre, corroct to two pla'ces 
of decimals when the temperature interval is lO” C. So high an 
order of accuracy of tabulation may a])pcar at lirUt sight supef- . 
fluous; but many results depend on siuay differences of total heat, 
and require this order of accuracy in the relative values. It is 
also very convenient to be able to deduce ^be specific hedt at any 
point to three significant figures. ' 

Variation with Pres.mre. The variation the total heat with 
pressure at constant temperature, expressed by the relation 
all ~ (dHldP) 2 >dPy is even simpler in praclict^ than the variation 
with temperature at constant pressure, becaur:e it ji|)pcars that the 
coefficient (dnidP)j. is constant witlrin tl *' limits of experimental 
error over the^required range at constant I jnperaturt*. 'Hie values 
of this coefficient multiplied by 10 arc gi\cn in the third column 
of Table IV under the heading lO.VC, arid show tiu* diminution of 
H for 10 lbs. increase of pressure at each tcinpe rail ire. Since the 
coefficient is independent of the pressure, it is very easy to find 
exact values of the total heat at any pressure intermediate betwi?e»i 
the tabulated values by simple ])roportion. Hut the value of the 
coeflicient (r////dP)2» cannot, like that of the specific heat, hv. deter- 
mined by direct experiment. It may however be deduced with 
equal certainty from observations of the c(M)ling-cff(‘ct C, and 
affords another instructive illustration of the relations between the 
partial differential coefficients. * 

Example 7. Find P and C from Table IV, when // ~ 080 at 
200® C. •// - 681-41 at 100 lbs., and lO.VC -•0-834 at 200® C. 
Therefore when 7/ - 680, P = 100 + 1-41 x 10/0 tfO l -- 116-9 lbs. 
Also iS^ioo = 0‘538, .Vi2o == 0-549, whence .V,,, = 0-547, which gives 
. C * ()-884/10*V = 0-1525°/ lb. 

• 

177. The Cooling-Effect C. The eooling^ffcct C is defined 
as thejratio-of the fall of temperature dT to the fall of pressure dP 
when the fluid i* expanding under the condition of steady flow at 
constant total heat, which is approximately realised in practice by 
a throttling process. When expressed as a partial differential 
coefficient, C is accordingly represented by the notation (dT/dP)^. 
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In order to find its relation to the partial derivatives of H when T 
and P are taken as coordinates, we take the general expression 


,d// = {dHldT)pdT + (dHjdPfpdP' (12) 

and^ apply the condition dH = 0, or AT = constant, which gives ^ 
C = {dTldP)a = - (dJIIdP)j,l(dHldT)p (18) 


*• The coefficfenf (dHldT)p is the specific heat at constant pressure, 
denoted hy S, but the coefficient (dHldP)j. would be very difficult 
to measure in practice. The coefficient C, on the other hand, is 
comparatively easy measure experimentally by the methods 
already explained in Chapter III. But since the unknown coefficient 
(dHldP)q, is equal to - SCy by the above relation, wc are enabled 
to express the complete variation of II in terms of the known co- 
efficients S and C as follows, * 

• dH^SdT-SCdP (14) 

t « 

General expressions for dlljdT or dll/dP under any desired 
conditioffii arc readily obtained by dividing this expression for dll 
by dT or dP respectively. »Thc general expression for dllldT* is 
dlljdT = .V - SC (dP/dT), (15) 

which has different values iftidcr different conditions depending 
dn the relation between P and 'T or the value of dPjdT, Thus if we 
require to find (dllldT)y, or the rate of increase of II with T at 
constant volume, we have merely to substitute (dPldT)y for 
{dPjdT) in the above expression. Similarly to find {dHldT)g, 
or the rate of increase of II for saturated steam, we must substitute 
for dPjdT the rate of increase of the saturation pressure, dpjdt, 
together with the proper values of S and C at saturation pressure 
and temperature. Since dpjdt is known with considerable accuracy, 
this relation is very useful in discussing the ])ossible variations of 
the specific heat and the total heat in the neighbourhood satura- 
tion (sec III (7«), IV (6), etc.). 

Example 8. Find the values of (dlljdT)^ from Table III (H) 
for saturated steam at 100®, 120®, etc. to 240® C. Verify the results* 
by calculating S at saturation from the formula 
Sg = 0-4772 4- an (n + 1) cpjT, 

and SC (dpjdt) from the values of SC given in Table IV, taking 
{dpjdt) - LpjAWT from Table I. 

* It is important to remember that dAfdT is not the same as the speoifio heat 
dQjdT, except under the special condition of constant pressure, when dPIdTssO. 
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Thus at 100® C. 


5, - 0-4772 + 0-0246 « 0-5018, 0-1861/0-5018 « 0-8708, 

SC(dpldt) = 0-1861 X, 539-8 x 14-69/40-45 x 3Va^l « 0-0977, 
whence (dHjdT\ « 0-4041. • 

The required values of (dH/dT)^ may also be o])1»ined to thriie 
places of decimals from Table III (7/). e.p. at 100® C., by taking 
the difference between the values of at 1)0® and 110®, and dividing 
by 20, giving 8-07/20 == 0-404. p * 

These quantities are seldom required /n praetice, but are of 
considerable theoretical interest. The sanu-jremark apjdies to the 
specific heat at constant volume, which is given as a further illus- 
tration. 

The Specific Heat at Constant Volume, Sy , js so JiiMdom required 
in the theory of the steam-engine that 7 he letter without a 
suffix, will always be used to denote the surcific heat at constant 
pressure. The suffix P may be added for coo lut ]ircssurc,1ft efesired, 
in case there is any ])ossibiIity of concision, or iji expressions where 
both specific heats occur. But tlu suflix P is unnecessary, even 
in this case, provided tluit the suffix V is employed for constant 

volume. » 

The value of the specific heat at constant volume 6'j is readily 
deduced from that at constant pressure when required hy means 
of the following relations. 

In order to find (dllldT)y at constant volume at any given 
point defined by P and 1\ we hav'C merely to put (dPJdl )j/ in the 
last relation (15), thus, 

{dHldT)y ^S- SC (dPldT)y - (dEjd'Ph I (dPldT)y,...m 
since //#= E + aPV, Thus (dEldT)y, the si)eeifie heal at constant 
F, is given by • 

Sy = (dEldT)y =--5 - {SC + aV) {dPidT)y. 

Example 9, Verify the following expressions, if 
H = a (« + 1) F (F - ft) + aif* + F. 

and * . V^RTIaP-c + h, 

in the case of steam, aceording to the author’s etjuntion. 

SC — o {n + 1 ) c + oft, 
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whence SC + aP = (1 + ancPjBT)iiTIP - aT (dVldT)p, 

S= + an (n+ l)eP/T = (n + 1 ) fi (1 + ancPjRT) 

, ^ . =a(n-\ l){dV}dT)pPIT, 

*. SfT = nB (1 + ancPIBT) (I - acP/B2l), 

SfSy = (n + l)/w (1 - acPjRT), 

- Sy - A{h+ ancPjBTf = S (1 -f ancPIRT)l(n + 1) ■ 

• f =={SC+aV)(dPldT)y. 

Whan it is required to find an exact value of S or SC or 
at any particular poi^J^, given F and 7\ the calculation is most 
easily effected by usi^g the expressions above given in terms of 
the coaggregation volume c, the values of which are tabulated in 
Table III (c). But when the value of S is given, it is better to u^ 
the formula for the difference in terms of *5, namely, 

S-Sy = R{SIS,)^ (17) 

•where 0*11012,«a«d = 0-4772. The ratio is equal to 

1 + ancPIKT. Other uscfiil formulae in terms of S are 

SC + aV - QST/rsP, (dPldT)y = SP/SoT, {dVldT)p - 3^/18aP. 

, (18) 

* Example 10. Given S 0-5373 at 200° C. and 100 lbs. pressure, 
find the ratio and difference of the specific heats. 

S - Sy «= 0-139G, Sy « 0-3077, SjSy - 1-3510, 

SC -f aV - 0-5800, (dPldT)y - 0-2380, = 0-012058, 

all in (F.P.C.) units. , • 

178. General Expression for the First Law of Thermo- 
dynamics. By the principle of the conservation of energy as 
applied to heat eiiehanges, if a small quantity of heat c(jergy dQ 
is supplied to a body, part remains in the body as an increase of 
intrinsic energy dE, while part is expended in the [XjVformance of 
external work dW, The increase of intrinsic energy dE is less^than 
the heat supplied dQ by the thermal equivalent AdW of the 
external work done. This may be expressed by the familiar 
equation 

dQ «= dP + Ad\\\ !(19) 

in which for convenience the separate terms are expressed in 
equivalent thermal units per unit mass of the working substance. 

In dealing Mith^ heat-engines, the only kind of external work 
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;hat need be considered is that done by expansion of the working 
luid under a uniform hydrostatic pressure, P. The expression for 
dW in this casc^is*PiF, where dV is the corresponding increment 
of volume. In applying this formula <0 estimate the work done 
per revolution from aif indicator diagram, represents the effertive 
pressme, or the excess of the forward pressure over the back 
pressure at any point of the stroke, wliile dV rep^es^nts an hppnl- 
priate fraction of the volume swept the piston. Iv thermo- 
dynamical fonnulae on the other hand, P i^presents the absolute 
pressure reckoned from zero, and V represj^pts the volumtj of unit 
mass of the substance under the given C(A'iditions of temperature 
and ])ressure. The product PdV, represeuhug the work done, is 
reduced to thermal units per unit mass by a numerical factor, 
denoted by «, depending on the units of pressure and volume. The 
expression of the first law becomes • • 

- dP + rt/v/r: (20) 

If unit maSs of the substance is cont.‘iir* ii in a cyliniifKu’ and is 
allowed to expand without supply of .heat uuiier the condition 
dQ 0, the expansion is said to be “adiabatic, ' ;>nd is given by 
the C(piation dE f aPdE 0. The relation betwisMi P and V 
in adiabatic expansion may be dedu<*ed from this condition if 
E is known in terms of P and V, Thus in the ease ot dry steam we 
have the expression E ~ anP (V — b) 4- /A wIutc //, b, and B are 
constants. The expression of the first law in the ease of adiabatic 
expansion may be written 

ndP (V - b) H- (a + 1) PdV = 0, o^ P« {V - A,. ..(21) 

where n — 10/3, and A is a constaAt determined by the initial 
values of P and V, 

By the first law, when d^ -- 0, we must have aPdJ - — dE, 
or the l^iermal ccpiivalcnt of the work done in atiial)atic expansion 
of unit mass in a cylinder from V' to F", must be equal to the 
diminution of intrinsic energy E'— E'\ We accordingly obtain the 
• following expr^sion for the w'ork from that already given for the 
energy, 

AW = anP^ (F'- h) - anP" (V”- b) ^ E'- E'\ ...(22) • 

in wtfich the fiijal pressure P" must be calculated in terms of the 
initial pressure P' and the ratio of expansion F /F from the 
adiabatic equation which the condition 
P jP'^ (F'- hf 'W”- 
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Example 11. Find the work done by unit mass of dry steam 
in adiabatic expansion from P'«.160lbs., 8‘7501 cb. ft., to 

10*016 cb. ft. per lb. * * u 

, Here F'— h = 8*7841, and F''— h - 10*000, whence 
P"/P^= 0-27787, P"= 44-46, 

• - 

The thermal equivalent of the work done is 52*41 cals. C. 

The expression given |ibove is the work done during expansion 
after cut-off, and not .the whole work done in the cylinder including 
admission and exhauV. The thermal equivalent of the work done 
during admission is nF^F', that during exhaust is - aP”V”, if 
the expansion is comjfiete, or the final pressure P" is equal to the 
back pressure. When these two terms are ineluded, we obtain the 
complete expression * 

AW + aP'r- aP"V" = a (n + 1) P' (V- b) 

- a (« + l‘) P" (V"~ b) + ab (P'- P")....(28) 

• ^ 

which is ?een to be e*qual to the drop of total heat, H = E + aPV, 
Expression for the Fird Law in terms of //. For this reason 
among others, the total heat is more useful in steam-engine work 
than the intrinsic energy, especially in problems depending on 
steady flow, as previously explained in Chapter II. The general 
expression for the first law in terms of H is also more useful than 
that in terms of E. Hy substituting dH - aVdP - aPdV for dE 
we obtain the expression 

dq - dll - aVdP (24) 

which supplies a number* of useful relations between the specific 

heat and the total heat, in addition to expressions for the work 

done and the heat absorbed under various conditions occurring 

in practice. The equation in this form applies primarily teethe case 

of steady flow, since — aVdP is the thermal equivalent of the 

kinetic energy 'generated in the fluid in steady flow^for a drop of 

pressure — dP, It shows that when dQ = 0 (i.e. ^when no heat is 

supplied externally or generated by internal friction) the change* 

of total heat dH must be equal to aVdP, 

* 

179. Effect of Friction. The expression for the fi|^ law 
in terms of H is seldom mentioned, and very little use is made of 
it in purely theoretical works. But it is most important for practical 
purposes, and it is most useful, in applying the equation in this 
form, to take accoimt of friction by including heat so generated 
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in dQ, The condition dQ = 0 i n steady flow is then equivalent to 
that of constant entropy, and the integral of dQjT along any path 
is the same as tiie*inferease of entropy, provided that dQ includes 
heat generated by intern^il friction, soi that it is* always equal 
tb dH — aVdP, A gfcat deal of argiinu'ut has been sj>ent* bn 
questions of this kind which appear to turn chiefly on the inter- 
pretation given to dQ, In many books on thegn3d\ namics ,dQ 
is explicitly restricted to denote lu at^ supplied from, external 
sources, in which case the ex})ression for theiirst law in the form 
dQ = dE + aPdV dH ~ aVdP does not a/>Iy to cases flj which 
heat is generated by internal friction. If part of the work PdV is 
converted into heat by internal friction, heat so generated 
remains in the body and goes to increase the internal energy. The 
\^ork actually done by the fluid in expanding is stfll represented 
by PdV, but is no longer equal to the work ntiksed externally. 
Since in experimental work it is always* necessary to take the 
values of E, P, and V, as those correspoi .ding to the^ictual or, 
observed state*of the fluid, the simplest ne Ji*)d of extending the 
application of the equation to include internal friction is to assume 
that dQ represents all heat supplic<l to the working substance 
whether by internal friction or froiti external sources. Ihe pro- 
perties of the substance are determined by exjicriments m which 
friction is either excluded, as in measuring the luliabalie index, 
or determinate, as in a throttling experiment; so tl:at the extension 
here employed does not in any way invalidate tho application of 
the equation by making dQ indeterminate, as might be supposed 
at first sight. On the contrary, the "equation remains true, and 
becomes available for estimating work wasted in internal friction. 

The expression aVdP represents tho thermal (Kpiivalcnt of the 
work actuallv done by the pressure drop in generating kinetic 
energy Wi the working fluid. In the absence, of fVielion, the whole 
of this work is theoretically available for dri\ ing a > .yie in a tur line, 
or gcjierating Velocity in a nozzle. But in pnietice j)arl is necessan y 
• wasted in frictijfn and reconverted into heat. Neglecting exi^fia 
loss or gain offbeat, which is often jx^missible m the ease of large 
engines or turbines, dQ in the general equation represents work 
wasted in internal friction, and dH represents the work utihsed, 

or remaining asicinetic energy of flow. 

In the extreme case of a simple throttling process without 
change of velocity, the whole .f the available work is wailed m 
friction (represented by the generation of heat dQ « - aVdP) and 
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dH ^ 0,ovH remains constant. At the other extreme, when there 
is no friction, dQ = 0, and dH == aFdP, it being assumed in both 
cases that there is no eodemat heat-loss or gaih, . • 

The differelitial equation represents very closely the case of a 
reaction turbine in whic^ the expansion is practically continuous. 
The efficiency of conversion at any stage is the ratio dHjaVdP 
ctf the work htijised to the whole work done, which is readily 
estimatcc}. when the expi^nsion curve, or the relation between P 
and F, is given, or^determined by observation. In an impulse 
turbine k similar expntssion may be applied to each separate stage 
of the expansion, by oB serving the initial and final states in each. 
If P' and P" are the initial and final pressures in any stage, the 
available work of expansion is first converted into kinetic energy 
of flow in a nozzle. The kinetic energy generated in this case ft 
nearly equivafont to« the adiabatic drop of II since the expansion 
is extremely rapid. Part of' the kinetic energy is subsequently 
.wasted iij^ friction, sp that the actual drop of H corresponding to 
the observed linal state at P” is less than the adiabatic drop due 
to the fall of pressure P'~ P". The efficiency of the stage con- 
sidered is the ratio of the actual drop of II to the adiabatic drop. 

t 

^ Example 12. Neglecting b in the equation for dry steam, find 
the efficiency at any stage if the actual expansion curve is given by 
the equation PF^ ~ K. 

Since II — (13a/3) PF + P, neglecting ft, 

dll/dP = (13a/3) (F + PdVjdP), 

But dV/dP — V ly}\ frOin the given curve, hence the efficiency 
dlllaVdP - (13/3) (1 - 1/y). 

Since the effect of friction is always to generate heat at the 
expense of work, and never the reverse, the actual drop' of total 
heat — dH caiKnover exceed the equivalent of the available work 
— aVdP in any stage if no heat is lost externally. The two are 
equal in the limiting case of frictionless expansion, < when y = 1*8. • 

i8o. Application to Adiabatic Expansion and 
Throttling. It is difficult in practice to supply heat effi#>iently 
to the working fluid during rapid expansion. Moreover a quantity 
of heat supplied during expansion produces less useful effect than 
an equal quantity supplied before expansion. For both reasons 
adiabatic processes are most important in the operation of heat- 
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engines, since rapidity of working is an essential factor in the out- 
put of power. On the other hand, in experimental work on tlie 
properties of th» flpid, slow proccssejf are often recpiircd for the 
avoidance of friction apd the attairnient of t^iuilibrium of 
temperature. They maty also be postulalrc^in theoretical work ‘tor 
similar reasons. If the condition of no extcrjial loss or gain of 
heat is not satisfied, it is always possible to majwe 'allowance /of 
any actual loss or gain by including it in i|ie finidamental «;q\mtion, 
and making a suitable correction to the ob^eii c d heat-drop. If it 
is desired to distinguisli between extcrna^u*at siipj)ly'f^, and 
internal friction Q/, the general equation ma^)e written in the form 

d(ix + dll, = dll - (li dP (25) 

The following examples arc intended to illustrate the methods 
of integrating the equation for a finite range of (jxpansion in a 
few ideal cases, , 

Example UV Find the work available in ndiabatic ^iow from ‘ 
160 lbs. at 300° C. to - 40 Ibs.^ (The equations for dry 
steam apply to this case.) 

The integral of aVdP is found from the adiabatic equation 

([/ _ J))n+i ^ K, which gives the expression 

a (n + 1) P' (r- b) - rt (n + 1) P" (F"- b) i ab (P'- P"), 

for the integral, and (F"— b) = (F'— b) (P* for the final 
volume. From Table V, App. Ill, F'^ 3-7501, wlancc F'- />-3-7341, 
and F"~ b - 10-848. Substituting these values, the integral is 
found to be 73 09 cals. C. * , 

The expression for the integral is bbvicjusly the same tis that 
for the drop of //, by the formula // = a (f/ j P{1 b) 4 (ihP f P. 
The result may be verified by finding the final value ol //, corre- 
spondin^to F"= 10-864 at 40 lbs., by iiilerpolafiim in Table IV, 
wliich gives H”— 657*47. The initial value of // yt 300 C. and 
160 Ij^s. is H'*- 730-55, whence IP- IP' 73 ()8 cals. C. 

• As an altern^ive methcKi, the final temperatuj-e may be found 
from the adiabatic equation in the form ^ - A', which gives 

416-25, or 143-15° C. The corresponding values of //" 
and F^ arCrthen easily found by interpolation in Tables IV and V. 
But that of F" i§ not required for the solution of the problem. 

The easiest method of solving the problem is to find the final 
value of U” by interpolation in Table IV from the condition of 
constant entropy. The final value of H at 40 lbs. must divide the 
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interval to in the same ratio as the constant value of 4> 
divides the same interval in Table VI; which gives the result 
657*47 as before, * ^ c ^ 

The advaiftagc of using the condition of constant entropy is 
tKat it applies with sligl^t modification if the*final state of the steafti 
is wet. Thus if the expansion had been continued to 10 lbs., we 
/ind from Ttfbl^ II, 89*58° C., G"= 13*26, and the required 
value of, H” follows fr(jm the formula, //"= 6r", where 

4)'- 1-69523. 1 

It i^ instructive ^a mathematical exercise to verify the exact 
correspondence of th^^formulae, and the consistency of the nu- 
merical values given* by the tables, when different methods of 
calculation arc employed. But in practice when a numerical result 
is required, the easiest metlKxl would naturally be selected. 

• « 

Example 14. Find tke heirt generated by friction in a continuous 
• throttling process qt .constant // between the same limits of P 
starting at 300° C. 

When // is constant, \ve may emj^loy tlie expression for V in 
terms of //, namely aF = 3 (// - P)/13P + lOab/13, which gives 
for the integral of aVdP the exact formula 

3 (H - B) log, (P7P")/13 + lOab (P'- P")/13. 

The constant value of // is 730*55, and we find the result 85*42 cals. C. 
for the heat generated. If there W'ere no friction, the same quantity 
of heat supplied externally would siillice to keep II constant during 
the expansion, and the external work realised would be the equi- 
valent of the heat supplied 'during expansion. It follows from the 
general equation that the work done is always exactly equivalent 
to the heat supplied in frictionless How at constant //, but this 
condition cannot H>c realised in practice. 

In place (>!’ continuous throttling through a porous plug or 
long thin tube, the Iluid might first be expanded through an 
aperture or nozzle with very little friction, and thojpcsulting Idnetic, 
energy subsequently converted into heat. The friction in this case 
would be approximately equivalent to 73*09 cals, C. as calculated 
in the previous example (13) and would exactly suffice to ^aise H 
to its initial value at the final pressure. The final ^tate is the same, 
but the friction depends on the process employed, and may have 
any value between the limits 73*00 and 85*42 cals. C., if no heat is 
externally supplied. 
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Example 15. Find the heat absorbed and the external work 
done in frictionless flow at constant temperature, t = 800® C., for 
the same limits f>f 4 }i:fssure. 

Since V == ETjaP ~ c,-f 6 , the exprc'ssiou for ftie integral of 
df^dP at constant T is RT\o^^(P' ;P”) ~ a{c - h)(F- 
which gives 86*44 cals. C. for the thermal equivalent of the work 
done, taking c — h = 0*0847 at 300® C. , * • 

Since the \vork done in frictionless liov^at constant temperature 
is equivalent to the increase of the potential the same result 
may be more easily obtained by taking the (Wferenec of the values 
of G from Table VII, which gives the rcsuUrSG*4a eals. C. 

To find the heat absorbed, it is neeessar>^ by the general equa- 
tion (25) to add the increase of H to the integral of — aVdP. The 
increase of ll taken from Table IV^ is 51 J) cals. C.^ which gives 
91 *63 cals. C. for the heat absorbed. • * 

The heat absorbed at constant teifipeia^nre is also equal to the 
increase of entropy d) multiplied by the al »t>iute temper/iture T, 
This is easily verified by taking the increase of entropy, namely 
0*15988 from Table VI, and multiplying it by 573*1, which gives 
the result 91*62 eals. C. 

Weddle's Rule, When the proeesj^of expansion can be delined 
by an exact equation for T, as in the pree(‘ding (‘xamples, accurate* 
results for the work done can always b(^ obtaiiu'd by inl(‘grating 
aVdP, But in experimental work the observations may give an 
arbitrary curve which cannot easily be nrpresented by any sirniile 
formula, or merely a scries of isolated [)oints representing inter- 
mediate states. In cases of this kind it*is necessary to perform the 
integration by a numerical process in !he same way as in finding 
the mean effective pressure from an irtdicator diagram. One of 
the simplest and most accurate numerical mcth(Kls is that 
known dk Weddle’s rule, having been discovered by Thomas 
Weddle in 18J4. * 

Tq find th^ integral of aVdP (or any similar integral) by this 
pile, the pressui;^ difference is divided into 6 ecpial parts. The 
values of the volume Vq to are read from the cur\'e at the points 
of division, and the integral is given by the formu>a 

(^Po ~ Pe) (Fo + 5V, + V, + 6 F 3 -f V, f 5V, + Fe)/ 20 . 

• 

Example 16. In order to test the accuracy of the rule, take the 
values of the volume at 800° C. frt)m Table V, at 160, 140, 120, 100, 
80, 60, and 40 lbs., and apply the formula. The result found is 
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86*46 cals, C., which agrfees with that found by direct integration, 
showing that Weddle’s rule is very accurate in a case of this kind. 

• . • , • 

Example k7. As a further illustration of Weddle’s rule (in- 
cKaling a useful exereise in interpolation) find the required values 
of V at the same pressures under the conditions H eonstant, and 
eonstant, respectively, starting from 300° C., and deduce the 
value of the integral of aVdP» Thus to find the value of V at 
P = 40 rt)s. and O' ^ l-0lfe23, take the ratio O' - O 140 to Ojgo- O 140 , 
namely^ 390/1 239 fr^ Table VI, and multiply it by the difference 
Fjgo ~ Fi 4 o, namely (^90, from Table V. Add the result, namely 
0*091 to 1^14^, giving 10*804. Proceeding in this way we find 
the following values of V at constant O, 

P - UK) 140 120 100 80 60 40 

3.7501 ^*1540 4-675:i 5 :1765 6-3808 7-9574 10-864 

which on applying W|iddlc«s rule give the integral of aVdP as 
, 78*09 cals. C. as in hjx. 13. Similarly at eonstant JI we find the 
following values of V at the same pressures, 

:i-7rK)l 4-2840*4-9961 5-9927 7-4877 9-9797 14-964 
which give 85*44 cals. C. for the integral of aV dP at constant H. 
Both of these verify the previous rc'sults of direct integration so 
^exactly that it is evident that Weddle’s rule may be applied with 
conlidenee in cases where analytical integration is impossible. 

In tlu^ majority of tables of the jiropertics of steam, the values 
of II and O are deduced from experimental values of the specific 
heat by a numerical process of integration, and those of V arc 
based on independent observations of the volume. The results 
are necessarily to some extent inconsistent owing to experimental 
errors, which lead to material discrepancies in the practical use 
of th(^ tables, csjiccially in applying the laws of thermodynamics 
to experimental tests. The fundamental relation dh = aVdPf 
expressing th6 application of the first law to adiabatin flow, cannot 
be satisfied with any approach to accuracy. For example, Peabody’s 

Tables* (1912) are among the best known, and Wave been recently 

■ 

* The tables uf ^arks and Davis are based on the same methods as those of 
Feabody, and show aimilar discrepancies. If derivatives, such as the specific heat 8$ 
are compared in place of comjmring integrals or primitives, such as H, the discre- 
pancies from the laws of thermod 3 mamic 8 may exceed 20 pf»r cent, especially near 
the limits of the experimental range. Prof. H. N. Davis {Engineering^ voL 102, 
p. 233, 8opt. 8. 1916) has recently argued that such discrepancies cannot be avoided 
because they arise from the old difficulty Sf reconciling the expressions for H and V, 
Taking the author's expresrions for H and F, he has endeavoured to show that the 



I] THERMbDYNAMICAL RELATIONS 451 

revised in accordance with the latest German experiments. The 
value of the adiabatic heat-drop from 160 to 40 lbs. at O == 1’69, 
taken from Peabo^y^ Tables, is B.Th.U. or 73 05 cals. C., 
which agrees closely witli that above given, Ex. 13.* But the inte- 
gral of aVdP over the same range is I.*' B.'rii.U. by Weddle’s 
rule, showing a discrepancy of 1 per cent. In many eases the 
discrepancies are much larger, and lead to sejioTis trouble ifi 
practice (sec Engineerings June 9th, 191 6)^ . , 

Example 18. Find the eHicieney / of eo^a ersion at afty stage 
for dry steam if the expansion curve is^riven by the formula 
P(V—hy‘^ ^K, Find the ciricieney for *t‘aeh ‘20 lbs, drop of 
pressure from 160 to 40 lbs., starting at 300" C., and deduce the 
overall relative efTieiency F in terms of the adiabatic lu‘at-dro]). 

The actual cfricicncy / at any point, given Iw the formula 
dlljaVdP (see Ex. 1‘2 above), is (F3/3) ^;>/l*2) I a/^/l^r, and is 
constant throughout the expansion if h is Mileeted. 'fhe values of 
U at each poinf may be obtained from tho^t• of I' by interpolation 
in Tabl(‘s IV and V, or directly from Hie exj>ression for If, The 
integral of oFdP between any limits, when the index is 1‘‘2, is 
obtained from the formula 

GaP' (r- h) - GaP" (V"- h) l ah (/>' - /*"). 


n'^iulting values of the serond derivative (d'^VldT-),, caiiiud he n‘eon(il<'(l with tho 
cx|»n‘88ion for the variation of *S' deduced from II. I’hiw inetlnnl, dr}M ndir>g t'li xvvond 
derivatives, would be admirably adapted to exaggerati* tlu* ai)j«ireiit iujportanco 
of small diserepaneies in a vivid fashion. Unfort unalelv (as the editor •)! Kntjinreriny 
points out in a footnote). Prof, tlavis has omitted b) notice that his first J'xprcssion 
for S deduced from V give.s tlie result for tho \^riation of S in mechanical units, 
whereas that deduced from II i.s naturally expn*Hs«^l in thermal units. Tin? omission 
of the numi;ricai reduction factor from mechanical to thermal units inevitably 
leads to tho discovery of discrepancies which have no real existence*. In reality tho 
agreement#f the author’s expressions for 11 and 1' with Ix.th la^ sof thcrmoilynamics 
is mathematically exact, so that no discrepancies of the kind siigg^-stctl can possibly 
arise in any mailiicmatical r.'anijmlation provided that the w'ork is corn?ctIy i»cr- 
fosmed* The agreement necessarily extends to all the tluTimslynainical relations 
between the derivati]l%8, and numerical results for the same tpianlity deduced from 
different relations must always inevitably agree within the limits of error imjHjMxl 
by the number of significant figures employed in the calculation. Seeing that tho 
old difiSculty of reconciling the expressions for 11 and V with the laws of thermo- 
dynamicfthas been completely solved by the author’s rnetlnRl, which was fully 
explained in 1900, it ^uld appear to he a very retrograde step at tho present time 
to revert to the inconsistent empirical expressions employed by Prrjf. Davis. The 
employment of consistent therm^ynami^ expressions has the further advantage 
of smoothing out most of the purely experimental errors in the observations on 
which the numerical results are based. 
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The ratio of the heat-drop for each 20 lbs. to the corresponding 
value of the integral is nearly constant, agreeing with the ratio 
dHjaVdP within the limits *of numerical eProf »f calculation, as 
shown in the following table. But the overall relative efficiency P, 
obfained by taking the^ratio of the actual 'heat-drop to the adia- 
batic heat-drop 73*09, is appreciably higher, because the work 
Obtainable in*friptionless expansion is less than that actually done 
by the fbiid along the a|snmcd path including work done against 
friction. Part of thl heat generated by friction in the early stages 
is utilisdd in the later so that the whole of the work expended 

in friction is not completely wasted. The advantage thus gained 
by subdivision of thfi expansion into stages is more marked the 
lower the efficiency of a single stage, and the greater the range of 
expansion. ^ 

The results^ are s?ummarised in the following table. 

P 160 *140 • 120 100 80 60 40 

V 3-75(p. 4-190 4*762 6-540 6-670 8-471 11-870 

dUl^^dP 0-7234 0-7233 0-7231 0-7230 0-7229 0-7227 0-7226 

U 730-55 724*63 717-08 710-34 701-35 690-20 675*40 

//-drop 5-92 6-65 7-64 8-99 11-15 14-80 

\aVdP 8*17 9-20 10-58 12-41 15-45 20*49 

Ratio 0-724 0-T23 0-722 0-724 0-722 0-722 

Moan cfTiciciioy /, 160 to 40 lbs. - 55-15/76-30 - 0-7228. 

Overall relative efli<4ency F - 55-15/73-09 - 0-7546. 

The above is an ideal example intended to illustrate the 
theoretical relations. In practice the effieicncy is usually lower, 
especially in the early stages, and is not so nearly constant during 
the expansion. For ad(]il1onal examples, especially in the case 
of wet steam, see Chapter XII. 

i8i. General Expression for the Specific Heat. The 

fundamental reliRion S - (dUidT)p, for the specific heat at constant 
pressure {d(ildT)j, , is a special case of a more general expression 
for the specific heat under any condition in terms Qf'the variation 
of the total heat dlljdT taken under the same condition. The 
required expression follows directly from the gerfferal equation fot 
the first law in terms of //, by dividing the equation by dT, thus 

' dQldT « dHjdT - aVdPIdT (26) 

in which it is understood that both dlljdT ai^ dPjdT must be 
taken under the same condition as that for which dQjdT is required. 
For the specific heat at constant pressine dPjdT — 0, and 
(dqidT)p » (dR/dr)p. 
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Similarly for the specific heat%t constant volume we obtain 

(dQ/dTV- = (dHldr)y -•aVidPidT), (27) 

Unless the value of (dHIdT) under the re.|uircd condftiou is kno\\ 3 i, 
it is necessary to make a further subslitu.nm for dllldT from (*15) 
in terms of S and C. The value of (dnidT)y, fo^ instanee, 

S - SC (dPldT)y, which p[ivcs finally 

{dqidT)y = S - {SC + al'UdPlr), (28) 

« 

Saturation Specific Heat of Steam, The most interest in^r appliea- 
tion of the general formula (20) is to thr/ease of saturation, for 
whieh dpidt is known from observ'ation of the; saturation ])ressurc 
The value of dUjdT is generally taken from some empirical formula 
for the total heat at saturation, such as that of Re^^nault, which 
gives (dllldT)s ”• 0*.‘505; but bettiT results uiayTie obtained by 
calculating the value in terms of S and C fioin S - SC (dp/dt), as 
already explained, § 177. The speeilie heal hinjiiestion B(i'[>resents 
the quantity of heat required per degree rise of temperature to 
maintain unit mass of steam in tin' dry saturaled slate when the 
pressure is increased simultaneously wilh tlu; (emperature at the 
rate dp/dt. The specific heat measifred under this condition is 
called for brevity, th(^ saturation sjieeifie luat, and (hmoted by 
{dQldT)g. The reejuired value of T in the formula is the volume of 
dry saturated steam at the temperature considered. The formula 
becomes 

(dQ/dl\ - (dflldT), - qV, {dpidt) (*20) 

Taking the numerical values from tlxi tables at lOO"* (’., namely, 
(d///dT), = O lOl, F, = 20-70, -.0-.52a, a lit/1 tOO in 

F.P.C. units, we find the curious result 

# (dQldT), = O-iOi - M t7 - - 1 o ft, 

or the specific heat of steam at 100^ C., when maiiUained in the 
state of saturation, is negative and numerically greater than that 
of water. This is Jfitercsting historically as being tht? first and most 
important were result obtained by Rankine and Clausius in 1850 
by the application of the mechanical theory to steam. 

Thctneatiing of this result may be explained as follows. When 
saturated steam iS expanding under the condition of sternly flow, 
the term aV, {dp/dt), representing the thermal ecpiivalent of the 
external work done per degree All, will be equal to the drop of 
total heat dUjdT per degree, if no heat is supplied by friction or 
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otherwise. But its numerical value 1*447 at 100° C. is much greater 
than the drop of total heat 0*404 for dry saturated steam per degree 
fall. The steam will therefore become wet, or •ps^Hially condense, 
ui}less heat is supplied at the rate + 1-043 cats, per degree fall. 
Conversely, if dry satufited steam at 100°*C. is compressed, heat 
must be abst^cted from it at the rate — 1-043 cals, per degree rise 
to keep it saturated, otherwise it will become superheated. 

182. specific\seat of Water. The specific heat of water 
when hdated under an increasing pressure equal to that of satura- 
tion, is commonly tal^n as being efpial to the specific heat at 
constant pressure {dlf/dt)^, or else to the rate of increase of the 
total heat h under saturation pressure {dhldt)^. Neither of these 
assumptions is strictly correct. The exact expression for the specific 
heat of wat(‘r («/.//<//)>« in the state of saturation is the same in form 
as that for steam, and#is deduced in the same way with the sub- 
• stitution of v and h for V and //, thus 

(dqjdl), - (dhjdl), - av, (dpidt) (80) 

The quantity most easily measured by RegnauHAs method in 
the case of water above 100° C. is /?,, tlui total heat under saturation 
.pressure, from which the value of (d/i/dt)^ may be deduced by 
differentiation. The required value of the specific heat (dqldt)^ 
may then be obtained by subtracting ui;, (dpidt), which is accurately 
known. Taking -■ -01071 cv. ft. per lb., the value of this term is 
only -00090 at 100° C., which is an almost negligible fraction of 
the specific heat, but it becA)mcs morci imj)ortant at high pressures, 
amounting to -00S9 at 200 ♦C. It must also be taken into account 
in order to render the formulae thermodynamically consistent, 
especially in the deduction of the entroj)y of the liipiid, where it is 
commonly negleeted (see Chap. VH, § 66). . 

If we take the difference between the two ecpiations for the 
saturation sjiecifie heats of steam and water, i^lVserving that 
//. -- //, L. the latent heat of vaporisation, aiu^^substitutin'g L)T 
for a(V ~ v)^((lpldl) by Clapeyron’s equation (!Sfcond Law) wc 
obtain the equation as originally given by Clausius 

(dQ/dT), - (diildt), = dLldT ~ LIT ,..(81) 

which is commonly employed in estimating the <»aturation specific 
heat of steam, and may be directly deduced by applying the first 
and second laws to a simple cycle^bf infinitesimal range dt. But the 
equation in this form does not afford any clue to the saturation 
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specific heat of the liquid, ^\d the separate expressions for tlic 
saturation specific heats (though not given by Clausius) are in 
other ways moroiii^tfluctivc, because they follow quite simply fi*om 
the first law, and are independent of the second. 

• From the expression (20) for the first law in terms of.flie 
intrinsic energy, we may also obtain a general exjirt ssion for dQldT 
in terms of dE/dT, thus 

dQldT = dE/dT H aP'iV/d^ ,....(32) 

But this is less useful than the eorrcsjiondin/expn.ssion Jn terms 
of dllfdTf especially in the case of steam, because it involves 
coetlicients which are seldom required, aiifl dillieult to measure. 

183. General Expression for dQ in terms of P and 7 . 

If we write down the general expression for the variation of Q in 
terms of P and 7\ namely, 

dQ - (dQldT)j. dr -1 (dQ! fr)j, dP (33) 

we observe that the first coeirieient is simply the specif i(; heat S at 
constant pressure, but the second eoellicient (dQldl*)^^. rcpn stmiing 
the heat absorbed per unit increase of pressure at constant tem- 
perature, or more briefly the latent heat of compression, is less 
familiar and more diflicult to measure experimentally. If, howevei* 
wc substitute from (11) for dll in terms of S and C in t he < xpression 
dQ = dll — aVdP for the first law, wc find 

dQ = SdT - (SC f- aV) dP (31) 

Comparing this with the first expression for dQ, we observe that 
the latent heat of compression {(H^!dP)'f^ must be c<pial to 
— (SC -H aV), and is easily found from the known values of »S’ and 
C. The negative sign implies that heat will in general be evolved 
in isotliBrmal com})ression, unless SC is negative and greater than 
aV, as is the case for water at temperatures below -y ('. 

^ It will be observed that although both E and Q are (plant ities 
of energy mcayirable in calories per unit mass^ thf;rc is a most 
es.sential difference in their definition. The intrinsic energy E is 
the quantity of energy actually existing in a iKxly per unit mass in 
a givqp state reckoned from a standard state taken as defining 
the zero of E, "the value of E reckoned in this way is a property 
of the substance, which has a definite value for every state of the 
substance, and is always the same for any give n state. The change 
of E in passing from any given state to any other given state dc|>ends 
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only on the initial and final states an^ is independent of the process 
of transformation from one state to the other. On the other hand, 
the quantity of heat-energy ^ supplied per unit ^^,ss in any trans- 
formation fronr one state^to another depends essentially on the 
process by which the transformation is effected, since it includes 
the external work done id addition to the change of intrinsic energy, 
l^e external ¥/ork done in transforming a siibstanee from a state 
defined by state P”V” will have different values if the 

transform*ation is efwcteJ in different ways. Thus if the substanee 
is first heated at constant volume until the pressure is raised from 
P' to P", and then expanded at constant pressure P" from F' to 

the work done w® be given by the expression P" (F"- F'). 
But if it is first expanded at constant pressure P' from F' to F", 
and then heated at constant volume V" to the same final pressure 
P'\ the work dque w[ll be P' (F"— F'). There is an infinite variety 
of possible cases, each giying different values of Q. 

184. •Condition" for an Exact Diffei^ential. The 

mathematical distinction between K and Q is ecpialJy definite. 
Since E has a definite value in every state of the substance, it is 
theoretically capable of cxpre;»sion as a function of any two co- 
qfdinates, such as P and T, defining the stat(‘. The same is true of 
I/, since it differs from E only by the term aPVy whieh also has a 
definite value in every state. Taking the case of II as an example, 
this implies a simple relation between the partial coeflicients 
(dlljdT)p and (dllldP)tj,, both of Avhich must be derivatives of Vie 
same function representing Ih Since the order of partial differentia- 
tion is immaterial, we shall 'obtain identically the same result if 
we differentiate (dllldT)j, with regard to P at constant 1\ as if we 
differentiate {dll /dP)j, with regard to T at constant P. Denoting 
the partial coefiiciwits of II by S and — SC respectively, a* shown 
in (14), we obtain the simple and exact relation 

(dS/f/P)^ = - (d5^CVdr)p ' (3C) - 

which is the necessary and sufficient condition that dH should be 
an exact differenti^ql, or that II should be expressible as a function 
of the coordinates P and T defining the state, and shoulc^, be a 
proj^erty of the substance depending only on the^state and inde- 
pendent of the process by which the state has been reached. 

Even if we cannot find an exact expression for H itself in the 
case of any substance, the above relation between S and SC still 
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holds, and is capable of supping useful information. Thus if S is 
independent of P, dSjdP = 0, and it follows that SC must he 
independent ofiT^oi if S is constairt, as ass\imc'd by Zeuncr for 
steam, (dCldT)p must be zero, or C must be a function of the pres- 
sure only. Conversely, if SC varies wiHi temperature at consirfnt 
pressure, as was found to be the ease for^steam. it follows that S 
must show a corresponding variation with j)rcssuA^ at eonstawt 
temperature. This deduction has Ix rn descrilM’d by sonic writers 
as though it w-as purely a theoretical spcAilatjon, nvpiiring experi- 
mental verification by direct measurement of <S’ at various ]*ressurcs. 
But it rests only on the first law of thennotlynaniics, so that, if 
it had not been verified by experiment, I’lerc would have been 
grave reason to suspect that the experiments were wrong. 

Example 19. As a further example of the information obtainable 
from the condition that dll must bc/m exact differential, we may 
take the following relations quoted in ( ha})tcr IV (7), which ^ 
determine the possible variation of the eo. !^1cfents S mn^SC along 
a fine of constant //. • 

C (dSldT)fj = (dSldl% -- (dSIdPYr ! C (dSldT)p - .V (dCjdr)p . 

• ( 80 ) 

The first of the above relations follows from the dclinition of CT 
The second follows from the general expression for the variation 
of S in terms of P and T. The third follows by substituling for 
{dSjdP)T\U equivalent - (dSCld'l\Jnnn the eonditioii (.T5) that 
dH is an exact differential. The last ex])i*<;ssion shows that if 
{dCldT)p = 0, or if C is a function of lhe*j>ressure only, both dS/dT 
and dS/dP must also vanish Avhen // is eonstunl; in other words 
S must be constant along a line of consfaiit //, or must be expres- 
sible as a function of //. ^ 

Simffarly if we take the corresponding relations for *S6, namely, 

C(dSCIdT)a ^(dSCIdP)^ ^(dSCldP)^ + C(dSi 'ldT)p S (dCldP)p, 

^ * (37) 

/ • ^ 

which are obtained exactly in the same way as those for »S, we 

observe that if (dCldP)rp ~ 0, or C is a function ol* T only, SC must 
be con|ftant at constant //. This relation has many useful applica- 
tions in practice., 

A precisely similar relation holds between the partial derivatives 
of JB, or F, or any property of a substance depending only on the 
state. But a relation of this kind cannot be satisfied by the deri- 
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vatives of Q, though they have d^mite values, namely S and 
— {SC -f aV) res|>cctively, in any given state, because Q itself 
cannot be expressed as a fiiiAition of the co(iird|nates defining the 
initial and fim^ states, imjess the process of transformation from 
onft ‘State to the other is given. The general expression for dQ 
differs from dll by the term — aVdV, which cannot be integrated 
imless V is giv4^n as a function of P, i.e. unless the process of trans- 
formation^ is defined. This may be expressed by saying that dJQ_ 
is not an exact diffe\ntial, because the necessary condition 

• (dSldI% ~ (d {SC I aV)ldT)j, 

cannot be satisfu-d if ^(^.dition (;J5) holds in the case of H, But 
although dQ itself cannot be an exact differential, so that Q cannot 
be tabulated as a properly of I he substance, it is ])ossible to find a 
closely related* function called the Kntropy, which serves the same 
purpose. 

• 185. ^xpressianr for the Entropy <I). An, expression of 

the form given for dQ by the first law, namely, 

dQ SdT - {SC f aC) dP, (34) 

can always be (‘onverted into iw\ <“xaet differ(‘ntial by multij)lieation 
hy an appropriate factor. If A' is the r(‘<piired factor, the value of 
A is deterniinod by the (‘ondition already given for an exact 
differential, which reduces in the present case, remembering that 
{dSIdP)^ — (diST'/dT)/,, to the form 

S {dXldI% I- {SC f aC) {dX/dT),. f aX {dVldr)i. - 0. ...(38) 

Since it is css(‘ntial that the differential XdQ of the new function 
should be simply related tod^, we r('(|uirc only the simplest possible 
value of A satisfying this condition. Applying the condition to 
the case of an ideal gas, for which C 0, and (dF/d7’)^, - we 
have the simple solution, A l/7\ It follows from Carnot’s 
principle that the integrating factor A" must be tho same for all 
substanei's, and must be a function of the temperi^ure only. * ^ 

Putting 1/T lor A in the above condition (38^ ^ve obtain the * 
relation , 

{dQ!dP)T, - - {SC + aV) == - aT {dVldT)p, .J39) 

as a general expression of Carnot's principle, or Uie second law of 
thermodynamics, in a form applicable to all mhstances. The relation 
in this form is also the direct c.^pression of the condition that 
XdQ or dQjT should l)e the exact differential of some function ^ 
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of the coordinates P and T 4<^rinin^ the state. The function is 
called the Entropy, and is a property of the suhstanec capable of 
tabiilation for temperature and 'pressure, like, the total heat. 
The entropy 0 is the property which remains eousAmt in an adia- 
Latic transformation when no heat is snpnlied by friction or other- 
wise, and is therefore exlr(‘mely usernl in the theory t>f heat-engines, 
where adiabatic processes play such an importanj p?irt. . f 

The general expression for the entn>py ^f any substance is 
obtained by integrating the expression for or (iQjl\ namely, 
d<t) - (KilT S(rriT~a{>n\hlT),.iil\ .....'....(10) 
which is necessarily an exact diff(‘rentii»l if tin* expressions for 
tV and (dVldT)i, are chosen to satisfy the two conditions given by 
the first and second laws. These eonilitions e:m be expressed in a 
gr(‘at variety of ways in terms of other variabh's, siu'h as V and T, 
or P and V. Some of the simplest and n o^t fiscTuTof tlie resulting 
relations arc ct)lleetcd in the following • ? tion. 

Example Verify that th(‘ (‘xpression above givc^i for dQ/T 
is an exact differential. • 

We have evidently, (d^l^ldT)^. SjT, and 
(di\>ldP)r - a{dVldT)i„ 

These must satisfy the condition 

(1/r) (dSldP)r -aidHldT^^^ 

Rut this is identical with the eondi?ion 

{dsjdpy^, - aT{d^V!d'n)i, 
obtained from the expression for dll ht snlistitnling 
(iT (dVidT)f.-^ay 

for SC, from (30). 

Ernmple 21. If // - a {n M ) /' (V ~ M : nbP f /i, and 
V ~ RTjaP — c b, find the condition to be satisfied by the 
jjxpression fdr c as a function of T, 

From the expression for //, we have S - a {n^ \ 1 ) P {dV ldT)p. 
But from that for V we obtain, (dVjdT)p RjaP - {dcj(il)p, sc 
that S == (n + 1) If - a (n + 1) P ((lcldi)p. If ^ is a function o 
T on^, (dSJdP)^ — — a(n 1) (dcjdl). Rut this must be equal t< 
- aT(<PVIdT% or 4 aT (d^c/dP), Which gives for c the differ 
ential equation 

T ((PcjdT^) - (n + 1) (dcjdi) (41) 

the solution of which is of the form c - feT"** + h\ where k and j 
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are constant. This method* gives the right value of the index n 
representing the variation of c with temperature, but it leaves the 
constant h’ undetermined. ‘ * c • 

A more direfct method iH,to substitute iovV ~h in the expression 
iorH, which gives for (dj^f/dP)y the expression - a (n + 1) e + ab* 
But this must be equal to - aT{dVjdT)p + aV, which gives the 
condition T {dhjdlf) - - nc, showing that the only solution possible 
is c = if c is afc'unctjon of T only. 

If c may be a function of both P and 7\ the condition to be 
‘ satisfied, as explained in Chapter III, § 20, is that cP/T' must be 
some function of but the form of the function remains 

indeterminate. ‘ 

Example 22. Integrate tlic expression for with the values, 
of S and K, giv;en by the condition c 

The expression foV <I) is given in Chapter VII, equation (13). 
That for may be verified by differentiation of <!>. 

i86. Integration of the Expressions for <I>, and £. 

The values of ll and F at any temperature and pressure ean be 
determined by direct observation, but those of the entropy d> 
can be deduced only by ea!euh<(ion. The methotl usually employed 
iit tabulating values of O is a numerical })roccss of integrating 
(1S7T) d'r at each constant ])r<\ssure, starting from assumed values 
at the saturation jioint. This process necessarily gives results for 
O consistent with those for II if the same tables of S are employed 
for both. But since no account is taken of the term a(dV jdT)pdP 
in the expression ( tO) for the values of 0 obtained are very 
likely to be ineoiisistcMit with those of F, and may not satisfy the 
fundamental relation — (d3>/i/P)/’ « (dVjdT)p required by the 

second huv. 

In the Tables n't’ Marks and Davis for instance, the values of 
H and 0 reckoned from saturation appear to be based solely on 
tables assumed to represent the variation of the specific heat,* 
without direct nT«rcncc to Linde’s ecpiation, whichXs assumed for 
the volume. Thus the difference at 200° C. between the values of 
tabulated by Markk and Davis at 80 and 200 lbs. is 0-1177 which 

• This ia merely the iiivorao of the method adopted {/?. 19®0) in deducing the 
expression for // from that for V on the assumption that c was of the form kT‘~\ 
Prof. Davis (he, rtl.) recently adopted the method in the endeavour to show 
that the two expressions for H and V were inconsistent. He would naturally have 
failed to find any inconsistency but for his mistake in omitting a numerioal factor. 
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agrees closely with the difference 0*1175 given by the author's 
equation. But the value of tne same difference obtained by inte- 
grating a {dV I d3r)^tdP from Linde's ^equation is 0*1239, showing a 
discrepancy of 5 per cent. Similarly ut 250° the difference 
between the tabulated values of O at 200 and 500 lbs. is 0 1 21 /but 
the value calculated from Linde's equatfon is 0*1 57S, showing a 
discrepancy of 30 per cent. So large a discrepanef, obtaine(l Sy 
extrapolating Linde’s formula beyond the exp(‘riinental range, 
would no doubt be excusable if there ^verc^no laws oTf thermo- 
dynamics, and if Prof. Davis had not employed the same extra- 
polation of Linde’s formula (Chapter VI, 57) by iin erroneous 
method to demonstrate that his cxtrnpolKttj^l s alius of the specific 
heat in the neighbourhcKKl of 500 lbs. were mon^ relialile than the 
experimental values directly measured by 'fhomas. 

The simplest analytical method of d» .f'iejngk'UiVxjiression for 
0 consistent with the second law, to psome (1) an ('xpression 
for So (the specific heat at some convenient stiindard pressure PqI 
as a function oT T, and (2) a suitable form of cfiara(‘i eristic e(puition 
for V in terms of P and T, The vahie#of at any point P, 7’, is 
then easily obtained in terms of the standard valiu* d)„ at T^t 
by integrating (SqIT) dT from to T at constant pressure 
and adding the integral of - a (dVldT)i> dP at constant tempcratui;p 
T from Pq to P. This method may appear at first sight t«> neglect 
the variation of S with pressure, but in nality it takt‘s exact 
account of this variation in a maimer consistent with the funda- 
mental relation (dSjdP)^^^ - aT (d-Pld'n)j,, because it is tacitly 
assumed in the process that dd) is exact differential, A con- 
sistent expression for II is readily t)btained by integrating the 
expression for dll on the same assumptions. The values of the 
constants in the expressions for *V„ and P may then be diitermined 
to satisfy all the experimental data, such as Uiose for *V, and C, 
and //, and P, and p, and L, as closely as possible over the experi- 
mental range. If this cannot be done satisfactorily, the forms of 
j ^he expressions^chosen for Sq and V must be modified. It is theoreti- 
cally possible^to represent any experimental data within the limits 
of error of observation by making the expressions sufficiently 
complicated, but it is most important in practice to keep the 
relations as sim^jlc as possible by choosing expressions of a suitable 
form. Except in the neighbourhood of the critical point, very 
simple expressions for Sq and^F will generally suffice. In many 
cases, complications which have been introduced with the object 
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of representing a particular series experiments with extreme 
accuracy, are found on further investigation to be irreconcilable 
with other properties of the«substance, and«to^ b^ due to experi- 
mental errors m the original observations. 

* If an expression of the form V = F {P, T), giving V explicitly 
as a function of P and i\ cannot be found to fit the observations, 
tke^ procedure next in point of simplicity is to express P in the 
form F (V, T) as at function of V and T. The corresponding ex- 
pressions for (IK ancr d<I) fn terms of and ((IPjdT)y may then be 
' employed; but the cx[)rcssions obtained for II, S, C, and (dVjdT) 
are much less ef)nveiuent than in the previous case. No form of 
characteristic cciuatiow lias yet been found capable of representing 
all the properties of both licpiid and vapour. Many of the equations 
which have been proposed (;annot be integrated for both II and 
in finite term^J^ ai\d are otherwise objectionable even when 
apparently simple. Bu^ it is generally possible to find simple 
,integrable expressions to satisfy the experimental data with 
suftieient Accuracy over the limited range re([uircd in practice. 

The following table eo.itains some of the assumptions which 
have been made for S and V, together with the corresponding 
terms in the expr(‘ssions for If, d>, and K. The various terms in 
the first column may be combined in many different ways. The 
corresponding expressions for II, O, and E, arc obtained by adding 
the corresponding terms in the other columns, together with a 
constant <if integration, which is determined by substituting the 
known value of the <piantit v required at some standard temperature 
and prcvssure. It is eonvenieat to take as the limiting value of 
S at zero pressure, which gives *Vq — K for the specific heat at 
constant volume. The letter k stands for any constant, and c for 
a volume varying as 7'-". 

* i 

Table. Expressions for II, O, and E, on various assumptions. 

Assumed II «i> E" ^ ^ 

. ^ 

8,- coustiuit 8„T S„ log, T (/S. - if) 7" 

+ kT , iT »/2 + kT + t2r*/2 

+ k’lT + it'log,T - k'lT + t'log, T 

V = BTjaP 0 - if log, P 0 

+ 6 + aiP 0 0 

-e -o(n+l)rP - ancPjT * - ttncP 

- - a{n + \)rJi"P”lm - amk"P^lmT -ack"P^(n+ 1 -m) 

oP=.JlTf(V-b) +bRTI(Y-b) >- if log.(V - 6) 0 

- cifT/F* - (n + I)cif2'/F - (n - 1 ) cif/P - JicifT/F 
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Example 28. Find expresyons for //, O, and E, from Zeuner’s 
equation. 

In this case* •= 0*4805, a = 1^24, ck"- 192*5, n ~ 0, and 
m - 1/4. H = 0*4805r - l*816Pi/« 4 U, and • 

<D = 0*4805 log, T - 0*1201 log, P f 

Example 24. Find corresponding ■ xpressions^froin Lindo.’s 
equation. • * ^ 

In this case, n = 8, m 2, 0p2 (1^.M.C\), />• - 0*0052, 

c - 0*031 at loom, a - 10,000/427, 0*1103, and may he 

taken as desired (VI (10)). 

Example 25. Find an expression for C/fr^m Hankine’s (‘quation 
for COj, namely, aPV RT — cRTjV, taking eonstant and 
.ti-2(VIII(10)V 

The required exi)rcssions for S and S'' mtc ^l)t^l1ned by differ- 
entiating the expression for 11 given ^by th; auove table. 

Example 26. Find //, <I>, and E from Van der Wauls’ ecpiation,, 
VIII (27). • * * * 

187. Thermodynamical Relations depending on the 
Second Law. From the* exjU’ession (39) above given (“or S(! f aF 
or (dQ/c/P)'/., we obtain immediately the following, 

, ((1111(11% - - SC - a (T ((IFjdT),. - F), (42) * 

((lSI(ll% - - - ((ISCj(lT)i. r.. - aT((RFj(Cn)j (43) 

6V + (d(ild2% ■■ - {dQldP)r (dPIdT),, 

^ + aT{dVldT)j, (dPIdn,, ...(41) 

Sj. - Sy ^ (SC aV){dPjdT)y aT\wjdT)i. (dPIdT), (45) 

Similarly by substitution from the q lation 

(dVldT)j, - (dVI(U%(dPldT)y, 
and otjjer relations of the same type, we obtairi;, in terms of F and 
T as coordinates, 

midF% = i^QldP)j.(dPldF)j, == + aT(dPldT)y ' r(d*I>/dF)g,, 

, . («) 

{dEldV)r = (dQ/rfF),. -aP -^aT (dPldT)y - aP, ...(47) 

(dSyldV)j. = aT((PPjd'n)y, * (48) 

Sy=td(ildT)y = - {dqidP)j.{dPldTU = - ar(dPjdT)y (dF/dT).. 

• m 

Clapeyron’s equation may he regarded as a special case of the 
general relation (dQ/dP)y = aT{dPldT)y, as applied to a mixture 
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of the two states of liquid and vapour, since the general relation 
must hold for any state of the substance. The value of (dQ/dP)^ 
for the mixture is evidently ithe ratio of the»l£jte<it heat L to the 
change of voliwnc V ~ v in the vaporisation of unit mass at con- 
stftxt T, The value of (dPldT)y is the same as the rate of increase 
of saturation pressure, fcp/d/, so long as both liquid and vapour 


itnjain prcscifc. We thus obtain 

, * \ LliV - V) = aT (dp/dt) (50) 

From the two relations, (d<I)/dF) 2 - = a (dPjdT)yy and 
(d^ldP\y = - a (dVldT)p, 

already given, it is cas('^ to deduce two similar relations, 

(dTldV\,.^.~a(dPld^)y (51) 

by substitutii^r (d(J>ldl\, - (d<l^ldT)y (dT/dV)^, 

*(dr/dP),. = r/(dF/dcI));., (52) 

,by substituting (dO/dP)y ^ - (d^\>ldT)p {dl'IdP),^. 


These four simple and symmetrical relations arc often called 
“The Four ThenuodynamVcal Relations.** 

It would not be dillicult to make out a list of a hundred or more 
thermodynamical relations between the various coellicients. But 
there are only two laws of thermodynamics, and only two iride^ 
pendent thernuMlynamical rclalions, namely (2 t) and (39), or their 
equivalents, from which all the others arc readily deduced by 
purely formal transformation^. In the maze of possible combina- 
tions, it is important to keep this fundamental fact in mind. 

r 

Example 27. Verify thb general relation 
{dVldT)p(dPldl\ f- {^lPldT)y(dVldT\ 

(dPldT)y (dVldT)p, ...(53) 

Either side of V his equation when multiplied by aT ia an ex- 
pression for t ho difference of the specific heats at constant pressure 
and volume. 

Dividing the equation by the right hand side vjip obtaini 

(dPjdT)^ {dTldP)y h (dVjdT)^ (dTldV)p •== 1. ...(54) 
There are several symmetrical relations of this type which may be 
deduced by suitable permutations of the symbols, but such relations 
are of little use except as mathematical exercises. * 

Example 28. Verify the gener«^l relation, 

{dT/dF)^ - (dTldP)jj « aVjS. 


.(55) 
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This relation follows by ^le substitution of 

at^(dVldT)j.^^(dTldl\ 

• • 

(44), in the expression for SC, It sho\yN that the foolinjr-effect in 
^expansion at constant //, which is denolcjl by can never (^>fcee(l 
the cooling-effect in iscntropic expansion, at constant O, since 
and S are always positive. The two become ni^irl^^ cqua] irk Ac 
neighbourhood of the critical point when V h small aiyil S large, 
and coincide with dpjdt at the critical point, where S is infinite. 

Example 29. Verify the relation 

(dllldl\, = aT (dVldT)J(dPidT)„ 

Jor steam, according to the author’s ecpuitions, and numerically 
from Tables IV^ and V. 

The expression for 11 gives {dIIldT)f,^ a [n + }) P (dridT)i>. 
The adiabatic equation - A, gives (r//y//7’).,, (n -}• \)PjT,^ 

The relation may be veriliod numerically from tin? tables at any 
point by taking (dllldT)i, from Tablr 1\^ and {dy/dT)j, from 
Table V, and multiplying the latter by the faetor a (ii I 1) 

Example «‘30. Verify from Tablei V and VI the ri*lalion 

- (di\>ldl\. = -f a {dVjdT)i.. 

The mean values of these coelUcients taken from 80 to 100 lbs. at 
200® C., and from 190® to 210® at 90 lbs. respeelively arc 
0-0013C6 and 0 001302. The mean values will not agree exactly 
over such a large range of pressure ami temperature. The exact 
value of either at any point is given by the formula R/P -f ancjT, 
which gives 0*0013018 at 200® C. and ofl lbs. 

i8dt Direct Deduction from Carnot V Principle. It is 

of historical interest to remark that the general expressions for 
tj^e Iptept hcAts of expansion and compression were first given by 
*Clapeyron (Jovfnal de V£cole Polytcchniqucy p. 153, 1834. 
Translated in Taylor’s Scientific Memoirif, vol. i, part III, p. 347, 
1837) in terms of Carnot’s function, and were*dcduc(id directly 
from Carnot’s principle before the first law of thermodynamics 
had been disco^red or formulated. The method adopted by 
Clapeyron was as follows. 

According to Caniot, if a qfuantity of heat dQ is supplied to 
any working substance in a heat-engine at a temperature t, the 

30 
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quantity of work obtainable in a cyyle of range di is given by the 
equation (S6) 

where F' {t) a function of the temperature only (commonly 
knoym as Carnot’s function), and is the same for all substances 
at the same temperature 

? The heat supplied per unit mass of any working substance for 
a small expansion ((V at constant temperature t, when expressed 


in terms 6f the latent heiT: of expansion, is by definition 

dq^{d(ildV)j,dV (57) 

The work done in thevycle is measured on the indicator diagram 
by the product of the expansion dV by the mean effective pressure 
(dridT)y dT. Hence 

dW - (dPldT)r (58) * 

‘ ‘ • 

Substituting in Cariipt’s cq^uation, and dividing by the common 
, factor dVd2\ we obtaii^ the relation 

(dPldTlv-i^^'(t)(dQldV)r (59) 


which takes the form (dQldVy^, ^ 2' (dPldT)yy if heat is measured 
in mechanical units and absolute temperature T is defined as the 
^reciprocal of F' (<). ^ 

Clapeyron deduced the corresponding expression for (dQ/dF)^ 
by the substitution already given. He also obtained another of 
the most commonly quoted ^relations in the form of a general 
exprcvssion for F' (i), namely, 

1/F' (0 = (dqidV)j. ((iTldP)y - (dqidP)y (dTidV)p, ...(60) 


wliich follows immediately by s\ibstituting 

(dqidV)j, = (dQ/dF)p + (dq/dP)y (dPIdV)^, (61) 

in the first relatioh (59). 41 


It would appear that the first two thermodynamical relations 
might just as well be called Clapeyron’s relations, us the gepei^ 
expression for the latent heat of a vajx)ur which he gave at the, 
same time. Carnot had previously employed equivalent methods 
for calculating the numerical values of his function, but he had 
not given the corresponding analytical expressions in termy.of the* 
partial differential coefficients. 

W. Thomson (Lord Kelvin) adopted the first of Clapeyron’s 
relations as the general expression of Carnot’s principle in his 
development of the differential equations of thermodynamics 
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{Phil. Mag., 1852). He assunijed that Carnot’s function might be 
approximately represented by the reciprocal of tlic temperature 
measured from ^c^zft’o of the gas then nometer, b»it he retaiiMid 
the symbol for Carnot’s function in ipost of tli^ relations for 
^ater generality, because it was at that time unecTtain how* far 
the temperature by gas thermomett i* lould be identilied with 
the reciprocal of Carnot’s function. Kelvin a])pe^rs*to ha\'e bfidh 
the first to give the general expression (15) fAr tlu* difference of 
the specific heats, and to have been tlu‘ first to show how the 
variation of specific heat with pressure (IK) < ould be dedia'cd from 
the consideration that dP) was an exact differential {Phil. Mag., 
1852, vol. IV, p. 170). These relations afe«eommonly atiributed 
to Clausius, who gave them si>me years later in his paper {Pogg. 

• Ann., 125, p. 307, 1805) on the general cipiations of tjjic ineehanicid 
theory of heat, in which he refers to the pn \ioW» *fork of Kelvin. 
The identity of Carnot’s function with 1 1- K ciproeal of T had 
by that time been established by the expjnyuents of Joule and • 
Thomson, and *thc general adoption of Kelvin's absofute scale. 
Clausius was thereby enabled to give thc^elalions in greater variety 
in their modern form. Hut some credit is due to Clapeyron and 
Kelvin for having been the first to ^^^rk out the general princiides 
involved in these relations. When once the method lias bi‘en ex-* 
plained, it is comparatively easy to jiut tluj fundamental relations 
in a variety of different forms by purely mathematical manipula- 
tion. It is most important from tht? experimental standpoint to 
realise that the multiplication of mathematical transformations 
cannot lead to any fn'sh devclopmcfnt of [ihysieal knowledge, 
although the choice of suitable expressions may b(j a matter of 
convenience in the treatment of any special jaoblem. 

i 89 » Thermodynamical Potential G. The (lotcntial G may 
be defined for the present purpose as the functioiii 2’<I> - II, and 
it§ v^u§ is rehdily deduced from those of II and 0. It provides 
la convenient method of expression in many case% and is a useful 
quantity to tabulate, especially for wet steam, but it cannot give 
any information which is not otherwise obtainable from II and <I>. 

Th% equation of saturation pressure corresponding to any given 
assumptions emplpyed in deducing the expressions for II and <I>, is 
readily found by equating G for the vapour to G for the liquid. 
The simplest type of exprcssioil*for G in the case of the liquid is 
that alr^y given for water. 


30~2 
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Example 81. Find the expression for G from Van der Waals’ 
equation, and show that it gives the same equation of saturation 
pressure as Maxwell’s thcorrtn, if is the s&n^ for the liquid and 
vapour. • ^ 

* *811100 by the first law, dll = MO + aVdP, we have evidently 
^ dG = OdT - aVdP (62) 

Tlie fundamental # relation (d^ldP)j, - a (dVldT)p, is often 
deduced •from the consecration that dG is an exact differential, 
but this^s a circular method. 

Example 32. Verifv from the tables that {dGldT)p = O, and 
(dGldP).p - - aV. • 

It follows from the expression for dOy that the thermal equi- 
valent, - aVijlPy of the work done in isothermal How is equal to tflfe 
ncrcase of G. ^iifTihtrly the work done in adiabatic How is equivalent 
;o the increase of G diminished by 0 times the increase of 2\ or 
:o O tint's tlu^ drop «f temperature minus the drop of G. These 
jxpressions are often useful, cspoeially in Hnding the adiabatic 
Jroj) of ll for wet steam. 

From the expression assumed for G in the case of the liquid 
under saturation pressure, w^ have the following simple relations 


(dGIdn » log, (Tll\) - O-OOS/To, (63) 

T (dGldl\ - G, 0 003, (64) 


in which the small constants' are practically negligible. These are 
useful in considering the How of wet steam. 

By equating tlie values* of dGIdP for the liquid and vapour at 
saturation wc obtain Clapeyron’s equation in the form 

Ja {V - V) (dp/dt) - LIT (65) 

The foregoing summary, together with the examples and 
equations givyn in the body of the work, sufficiently illustrates 
the application of the laws of thermodynamics to the properties 
of a simple Hu\^ such as steam. There are many other thermo- 
dymunical relations which may be required in other branches of 
physics, but the«gencral principles remain the same, so that when 
the application to a simple case has once been mastered, the student 
should have less difficulty in following the development of more 
complicated relations. An index of coefficients, alphabetically 
arranged, is given at the end of<Appendix 111, pp. 521>526« 



APPENDIX n 

ON THE USE OF THE DIAGR4M 

190. On the Choice of a Diagra^. Many problems con- 
nected with the properties of steam can be readily solved by 
graphic methods with a degree of approximation snUieient for 
practical purposes. Th(i kind of diagram suited for any par- 
ticular purpose naturally depends to some extcMit on the nature 
•ftf the problem to be solved, but for general use it i^ desirables to 
employ a single diagram on which all the n-'iwiffd proper! i(‘s may 
be adequately represented in a manner suib ’di' for exact measure- 
ment. The diagram issued in connection wytl^this book has been 
selected with tfie special object of illustrating tlu‘ properties of 
steam, and facilitating the ineasunMu^its recpiired in practical 
calculations. It will be well, however, to consider brielly some of 
the other diagrams commonly empk^^cd, in order to ( xplaiii more 
clearly the requirements to be satislied and the conditions on whicln 
the choice depends. 

The Indicator orPV Diagram is primarily required for measuring 
the work done in the cylinder of a r/?eiprocating engine, for which 
purpose it is the only method available. It is also appropriate for 
exhibiting the results of experiment over, a limited range when the 
observed quantities are the pressure and volume, and has been 
employed most frequently in theoretical Vorks as a graphic method 
of illustrating the princi[)les of thermcKlynarnics. \\'ork, licat, and 
energy, •re naturally represented by areas, wliich Are troublesome to 
measure, but otherwise afford the most appropriate representation. 
T^je s^t]^ of the substance with regard to tcmpcTature and entropy 
jnay be represented by drawing families of isothcrrual and adiabatic 
curves. These •ciuwcs are instructive in relation to the actual 
expansion curves obtained by the use of the iitdicator, but are 
difficult to construct accurately, and intersect at inconveniently 
sharp angles, eveir in the best part of the diagram. The indicator 
diagram is essential to the scientific study of the steam-engine, 
but is in many ways most unsuitable for the representation of the 
properties of the working substance. Except for a limited range. 
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if any two coordinates are given denning the state, and the object 
is to determine with a fair degree of accuracy the numerical values 
of the remaining quantities,* the indicator diai^am is one of the 
most inapprojiriate that ^ould possibly be devised. The uniform 
scales of pressure and volume, which are essential for the measure- 
ment of work in terms o^f area, involve excessive inequality of scale 
fbi; all the o t ter ^ properties required, and preclude the attainment 
of uniform proporti\male accuracy — the chief desideratum in experi- 
mental measurement — even in the case of pressure and volume. The 
isothemrals and adiabatics become inextricably confused at high 
pressures and large volumes, and it is practically impossible to 
distinguish the lines f)f'constant total heat from the isothermals 
in the dry region. The dilTiculty of scale is avoided in the practical 
use of the incjicator by using many different springs with differeift * 
scales, but surti ft’]Troccdure would evidently be impracticable in 
using the diagram fortrepresenting the properties of steam over 
• an extended range. ^ , 

The 'tanperaiure Entropy^ or Diagram is also most in- 
structive for theoretical ^tirposes, but probably owes much of its 
popularity in practice to its great su])criority over the indicator 
diagram in point of suitability of scale over an extended range for 
<most of the (pmutitles required. The areas representing quantities 
of heat are of a convenient shape, and the drop of total heat, 
required in so many problems, is often estimated by measuring the 
appropriate area on the diagVam, The inconvenience of having to 
measure areas is commonly avoided by drawing lines of constant H 
on the diagram. T!\is is easily done in the wet region, but the lines 
are peculiar in shape, and change their direction abniptly in crossing 
the border curve. The san\c is true of the lines of constant pressure 
and volume, which intersect at sharp angles and are difficult to 
distinguish in tht dry region. There is no simple scale fc? either 
pressure or volume, so that, although the small volumes and the 
low pressures are not so crowded as in the PV diagraih, it is difficplt 
to read either accurately owing to the variability of scale in different 
parts of the diagram. The only uniform scales are those of tem- 
perature and enttopy, but the n\imerical value of the latter is rarely 
required. The chief advantage of the diagram is the ease of following 
adiabatic expansion, since the lines of cona^ant entropy are 
straight. 

The Mollier Diagram, A great practical improvement is 
effected by taking U as the ordinate in place of T, which makes it 
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possible to measure the adiabatic heat-drop in the simplest way 
on a scale of equal parts. An^additional advantage is that the lines 
of constant pr^s^r® cross the satumtion line without any abrupt 
change of direction, in virtue of the fundamental rcUtion 
•at constant pressure. But the scale of fircssurc varies considepibly 
from one end of the diagram to the other,*which makes it necessary 
to rule the lines somewhat closely, and precludes accurac^^*of 
measurement in locating the state- point unless* the pressure ls a 
round number. The cliicf defect of tlK*//(h diagram A that the 
lines of constant volume (the other quaufity most oftei; re(piired) 
cannot be inserted without risk of confusion with the lines of 
constant pressure. For this reason, a #e|^rate diagram is often 
employed for the volume. Mollier takes ![ and P as coordinates 
for this purpose, but the adoptioii of a scale of ecpial parts for the 
pressure involves the consequence that inc scales i/t* volume, tem- 
perature, and dryness, are so minutp in ll» ‘ n gion of low pressures 
that the diagram is useless where it is most re(inirod. 

The Diagram. In the diagram issued \vitlf the Steam 

Tables the logarithm of the pressure i^ipfakc‘n as abscissa with // as 
ordinate. This has the advantage that c([ual ratios «>f <?xpansion, 
which are of equal importance in practice, are represented by equal 
intervals. It also gives a more opeil scale for lh(‘ |)ressur(‘ than t^e 
Mollier diagram, and makes it possible to read the valia-s on a 
simple logarithmic scale with uniform proportionate accuracy in 
all parts of the diagram. The lincsiof constant \'olumc are readily 
shown on the same diagram, and the volumes can be read on the 
same logaritlunic scale with almost wpial east*, 'fhe adiabatics are 
no longer straight, but their curvatuw is slight, and they cross the 
saturation line without any abrupt clkimge of direcHon, in virtue 
of the fundamental relation dHjdP aV at constant O. It is 
almo^ as easy to follow adiabatic expansioi^ as in the entropy 
diagram. The essential point, however, is that jill the reejuired 
quantities *are accurately measurable on scales which do not vary 
materially in different parts of the diagram. 

191. Description of the Diagram. The scale of pressure 
employed is the familiar logarithmic scale of the 25 cm. slide- 
rule, which eveyy student possesses, in which the ratio 100/1 is 
represented by 25 cms., and other ratios in proportion to their 
logarithms. The lines of constant pressure, the fundamental co- 
ordina^ in the case of the steam-engine, are vertical straight lines, 
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of which very few need be drawn, since the pressures are read off 
with the slide-rule scale as easily as wfth a scale of equal parts, but 
with the additional advantage; of iinifom propoHii^fiMe accuracy. 

The lines of ^lonstant volume are slightly curved and inclined 
to thf vertical, but the scalb of volumes is so nearly the same as • 
that of pressures in all pdrts of the diagram that the volumes can 
behead on the tame logarithmic scale with nearly equal ease. 

The saturation* line, dividing the wet from the dry region, is 
nearly straight, and but sMghtly inclined to the horizontal. 

• The acj^iabatics, or lines of constant entropy, are diagonal 
curves (dotted) of nearly equal curvature and spacing, and are 
inclined at a favourably Ikiglc to the lines of constant pressure, 
temperature, volume, and total heat. In virtue of the fundamental 
relation (dlljdP) = aV at constant entropy, the adiabatics cross •• « 
the saturation hi?e ji^ithout any abrupt change of direction, since 
the change of volume is contiyuous. By using a set-square with 
a curved diagonal, as (fescribed below, it is almost as easy to 
follow adiabatic expansion as in the entropy diagram, but the 
new diagram has the advaitlygc that the initial and final pressures 
can be more accurately located. 

The lines of constant dryness are easily drawn in the wet 
region, but a few only arc inserted, because they are very seldom 
required when the volume and all the other quantities are shown 
on om diagram. 

Lines of constant temperature arc vertical straight lines in 
the wet region, but are not drawn, because it is easy to read the 
temperature, if required, from the scale of saturation temperature 
and pressure at the base of the diagram. 

It should be observed that the horizontal lines of constant 
total heat and the vertical lines of constant pressure, are not 
closely ruled (as is customary) throughout the whole lengtjb and 
breadth of the diagram, but a few only are inserted as reference 
lines. The reason of this is that it is more ex|)editious and accurate 
in practice to rcad^ the values from the nearest reference line with 
a millimetre or logarithmic scale placed on the diagyam than to 
refer continually t(j finely divided scales at the side. The constant 
volume lines are ruled about twice as closely as the pressure jines, 

, because the scale of volumes is not so accurately logarithmic. The 
temperature lines are ruled for each 20° in the dry region, to 
facilitate the use of a millimetre scalp for interpolation, as the scale 
is very nearly 2° per mm. The entropy scale is T mms. per unit 
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along a vertical in any part of the diagram, and is uniform along 
each vertical in the wet region? 

Auxiliary Cuxipes, A cur\’e of Lat<;nt Heat, L, is drawn in the 
wet region, from whicli the values of the latent heat any pressure 
may be read on the total heat scale. This* curve is ust ful in solving 
problems involving latent heat without K'ferenee to the tables. 
The heat of the liquid //, if required, ma\ be found vety aeeuratcl^ 
by adding to i the ordinate of the water-heat duAe, given in fhc 
lower right-hand comer of the diagram. '?hc curve of thc^ thermo- 
dynamic potential of water G ^ T(f> - //, shown in the saiye region 
of the diagram, affords the most ex])cditious method of caleulating 
the total heat of wet .steam in any state by tiie formula // “ G, 

when the temperature and entropy are given. 

192. Method of Using the Diagraifi with pivided Set- 
Square. Values .sulfieiently close for m;t!iy pur[)oses may be 
obtained by simple inspection, but in ordi r to obtain accurate 
results from thctliagram, it is most convenient fo lix it on adrawing- 
board, adjusting it carefully so that ^le straiglit edge of the 
T-square is parallel to the horizontal lines ol constant total heat. 
The T-square may be used to refer tin* reading ol total heat at any 
point to a scale at the side, and a stft-s(iuare may be employed to 
give the corresj)onding value of the pressun; by the scale at the 
top. Or the distances on the diagram may be measured with a 
pair of dividers from the nearest reference lines, and read oK on the 
millimetre and logarithmic scales of an ordinary 25 cm. slide-rule, 
But a more accurate and expeditious imthod is to employ a special 
set-square of transparent material, with a milliiiK lre scale divided 
on its under side along the vertical edge;, and a log. scale similarl> 
divided along the horizontal edge. The millim(*trc scale serves foi 
temperature and total heat, and the log. scalq for i)ressure ant 
volum? The diagonal edge of the set-s(piare is curved to lit th< 
mean adiabatic, and is useful for following adiabatic expansion 
of hddiftg the entropy. , 

To read th^tintrojyy. The only scale that is materially variabl 

in different parts of the diagram is that of entippy. In order b 
meet this, without confusing the diagram by drawing too man; 
lines, the isentropics or adiabatics are drawn only for each tentJ 
of a unit of entropy from 1-4 to 2*1, and the scale of entro[)y i 
divided to hundr^ths along e^h of the vertical reference line 
of the pressure scale. To find the numerical value of the entrop; 
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jorresponding to any given point on the diagram, mark the required 
point with a fine pencil, find the fart of the curved edge of the 
set-square (or of a paper teijfiplate traced and^ci^ to fit the mean 
adiabatic l‘7)fvhich corresponds most nearly in curvature with the 
nearest adiabatic, set the biirve to pass through the pencil dot anil 
divide the entropy scales equally on either side. By estimating 
ty»nths of a di^^'ision, the required value of the entropy can be found 
to*i, in the third place of decimals. 

I'd rehd the Total IleM at any Point. Read the vertical distance 
in mms. ,and tenths above the nearest reference line, and add the 
reading to the value marked on the reference line. 

I'o measure the Il(^it-^rop) between two given Points. Adjust the 
T-squarc to pass through the lower point, and slide the set-square 
until its vertical edge meets the upper point. The drop is given • 
the vertical s%ilc^^eading in mms.; but unless the T-square and 
drawing board are very^perfegt, it is usually better to measure each 
value of H from the nearest reference line, and take the difference. 

To re(fd the Pressure at any Point on the Diagram. Place the 
set-square on the diagrarftfiwith its vertical edge to the right, and 
the log. scale reading backwards from right to left, the divisions 
being on the under side. Slide the set-square along the T-square 
^mtil its vertical edge passei through the required point. The 
pressure is then read on the log. scale at the point where it is 
crossed by the 1, 10, or 100 lb. reference lines of pressure. Thus if 
the pressure is 157 lbs., the 100 line will cross the scale at 1*57, 
or the 10 line at 15*7. Similarly, to mark a vertical line on the 
diagram for any given pressure, say 157 lbs., slide the set-square 
horizontally along the T-square to the right till the division 1*57 
of the log. scale meets the dcdgc of tlic 1 00 lb. line, and rule a short 
vertical line with a fine pencil along the vertical edge of the set- 
square near the required temperature or entropy. Sinqe it is 
generally necessary to mark the pressure in this way with a short 
vertical line, it is most convenient to have the log.^scale reading 
backwards from right to left, which also suits best for reading^ 
volumes. ^ 

To read the Volume. Lay the log. scale across the lines of 
constant volume so that the numbers correspond. Thus,^if the 
volume is between 50 and 70, set the divisions 50 ^d 70, or 5 and 7, 
on the log. scale to fit as nearly as possible with the 50 and 70 lines 
of constant volume. The fit can usually be made exact by sloping 
the scale. If not, adjust the errors at cither end of the 50 to 70 
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interval by estimation in the same proportion as the whole interval 
is divided by the required pAnt. Read the required point on the 
scale, estimating tenths of a divisioi\ as usual. 

To read the Temperature for Superheuted Steam, Vhice the mm. 
'scale across the lines of constant teiAperatun^ sn that the, em. 
divisions nearly fit. Adjust the small enOrs at cither end, if any, 
proportionately to the division of tin; interval by the requijjM 
point. Read the point in mms. and tenths. Miltiply by 2, and*add 
the result to the temperature marked oA the lower line.* 

To mark the State-point, given P and T for Superheryed Steam, . 
Set the vertical edge of the set-square for the recpiired j)ressim% 
slide the square vertically till the enij* di, visions fit tlif lines of 
constant temperature near the reipiired point, mark the required 
temperature with a fine pencil dot by th«‘ aid of the mm. scale. 

To mark the Final State-Point, given P tmd djf Hule a short 
vertical for the final P to cross the, adiab 'Ht . Adjust Ihe curved 
edge of the set-square to the value of as s iously explained, 
and mark thCVcquircd point with a dot, or fty ruling {/short piece 
of the adiabatic. Or couversely, ruU* j>^iorl pieces ol‘ the adiabatic, 
and mark the re(p fired jircssure on it. 

To find P and II, when V and <I> are given. Huhi ti short piece 
of the adiabatic, adjust the log. sfcfie to lit the lines of constant 
volume, and cross the adiabatic at tin? given vuiluc of V. Hold a 
pencil or a divider point at the crossing whih* shifting the sct-scpiarc 
so that its vertical edge rests agai#isl the point jind its horizontal 
edge fits the nearest reference line of //. Ile.id the verlicjil scale for 
H at the point, and the log. sciilc for P where it crosses the 1, 10, 
or 100 line. 

To read the Temperature for Saiuwted Steam at anij Pressure, 
Reverse the log. scale to read from left tf) right, and lay it along 
the temperature scale at the base of the dijignpn. To find h for the 
liquid, add the ordinate of the h — t curve to the v{iluc of t, 

193, 1 o^nnd the Heat-Drop in Adiat^atic Expansion. 

The commoE^t use of the diagram is to find the values of any one 
of the properties P, P, //, V, or d), wh(‘n any other two are given 
defining the state. The solution of almost any problem may be 
worked out in Jhis w'ay to a fair degree of approximation without 
using the tables, by reading the required vahics at suitably selected 
points according to the data and conditions assumed in the problem. 

One of the most familiar examples is to find the efficiency of the 
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Rankine cycle, or the heat-drop in adiabatic expansion, which will 
be considered in detail as affording i good illustration of the use 
of the diagram in following adiabatic expansion ^iiv^e the adiabatic 
heat-drop depei|ds only on the properties of the working substance, 
thcfrpsult can be worked ouf theoretically to a high order of accuracy* 
from the tables or equations; the accuracy obtainable with the 
di^am is necessarily limited, but is greater than might at first 
sight be supposed*, on account of the use of the logarithmic scale 
for the pressure and voluunft. For instance, in the following example, 

• the initial^valuc of // can be found to the limit of accuracy of 
reading the millimetre scale for //, since the data for P and T are 
given. Thf error should^nofe exceed a fifth of a mm. or 0*2 cal. For 
the final state the pressure is only 1*70 lbs., and it might be thought 
that the decimals could be neglected, since the initial pressure* 
cannot be read^clo»er than about half a lb. But an error of a 
hundredth of a lb. in the final pressure is as important as an error 
of half a lb. in the initial pressure. Both correspond nearly in fact 
to an error* of a fiftlf ot a caloric in the heat-drop, as is easily 
estimated from the fundalHental relation (d///dP)^ := aF, which 
gives 0‘17 cal. for the error in II due to an error 0*01 lb. in P, 
under the condition O constant. The advantage of the log. scale 
of pressure is that it is just as l^asy to read to 0-01 lb. at the final 
pressure as to 1 lb. at the initial pressure. The resulting error in 
the measurement of the heat-drop (182-5 cals, in the present 
example) is seen to be of the older of 1 in 1000 only for an error 
1 in 176 in the final pressure. In general the results obtainable by 
the use of the log. scale are mnch more accurate than might appear 
to be the case at first sight. B\it it will readily be understood that 
this order of acc\iracy could not be attained without the use of 
finely divided scales, rendered possible by a proper choice of 
coordinates for the /liagrain. 

Example, Find the heat-drop in adiabatic expansion, and the 
efficiency of the llankine cycle, for the following experimental data.^ 

Initial temperature, 288° C., pressure, 142-5 lbs. (gauge), 
vacuum, 25-9 inches, barometer, 29-5 inches (14-5 Ibn.). Whence 
157 lbs. abs., F'- 1-76 lbs. abs. 

To locate the Initial State-point, Lay the set-square ABC on 
, the diagram, as shown in the annexed figure on ^ reduced scale, 
so that the division 1-57 of the log. scale lies on the 100 lb. reference 
line. The vertical edge then corresponds to 157 lbs. Mark a fine 
pencil dot on this vertical for t at 1*5 mms. above the 280° line 
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of constant /, which gives the initial state-point, ( 1 ) at 288® C. 
This point is found to be 21*8 mms. above the 700 reference line 
of //, whence IV = 721-8. • 

Read O' with the curved edge of the set-square, whence 0'=« 1*682. 

"Read F' on the log. scale between divisions 3 and 4, whence* 
r'= 8-69. * 

VTo locate the Final State-point, Set the square so that the 
division 1-76 of the fog. scale lies on the 1 lb. reference line. Rule 
a short line along the vertical edge at P = 1-76 to cross the adia- 
* batic 0 =^1-682. Mark the exact point of crossing by ruling a 
short piece of the adiabatic with the eurved edge. This gives the 
final state-point, 40, ii> tile figure. The required heat-drop can be 
read off directly on the vertical scale by setting the T-square to 
pass through the final state-point and sliding the set-square into**’ 
the position inotljc figure, to meet the initial state-point. But 
a more accurate result m^y be^obtained by measuring H" from the 
*,500 reference line, w^ieh gives //"= 539-3. Read V”— 169 
(expansion ^ratio 40) on the log. scale, and 49-6, on the 

scale at the base. W 

The required heat-drop is, //'- //"= 721-8 — 539-8 ~ 182-5. 

The work done by the feed-pump is a (P'- P") i;"=» 0-26. 

The heat supplied is, //'— /&"= 721-8 — 49-0 ~ 072-2. 

The efficiency of the Rankine cycle is 182-2/072-2 « -2710. 

The velocity due to reversible adiabatic expansion is found from 
the heat-drop by the formula, t7 — 300-2 — If )» which gives 

U = 4055 ft. /sec. A velocity scale is often given on the diagram, 
but the scale is no use for cl^cChges of velocity, and it is usually best 
to work the result on the slidb-rule. 

The initial and final volumes are not required in the above 
example, but are useful for other purposes, e.g, in the case of in- 
complete expansioi>, or for finding the appropriate dimensions of 
a cylinder or turbine, or the final section of a nozzle. 

w '■> 

194 . Incomplete Expansion. The expansion in the ideal . 
Rankine cycle is supposed to be continued down to the condenser 
pressure. In practice this would require cylinders of an excessive 
size, and would give very low mechanical efficiency. It is therefore 
I of interest to investigate the necessary loss of efficiency due to 
incomplete expansion, and to compare it with the actual gain of 
mechanical efficiency. There are other sources of loss in practice, 
such as leakage and cylinder condensation, but the loss due to 
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incomplete expansion can be separately investigated, and affords 
a good illustration of the use ot the H log P diagram, because such 
problems are difljpu^t k> solve with the^aMes, or the Mollicr diagram. 
In order to find the thermal equivalent A W’ of the wi^k done by the 
ifteam in the cylinder, when the expanston ratio is given, and^the 
steam is released at the end of the stroke at a jiressure P" greater 
than the condenser pressure Pq, wc ha\ e simply to aiW to the hej^- 
drop IP - IP' in adiabatic expansion from P' 4o*P'\ the therifial 
equivalent aV" (P”— Pq), of the work <4ue to the cxcAs of the 
release pressure over the back-presstire, Ihi's, 

AIV = 7/'- IP' ar' (P"- Po). 

^ • 

The heat-drop IP- II" for a given expansion ratio V”jV\ and 
•the release pressure P", are easily found by observing th(‘ inter- 
section of the adiabatic witli the volume !ii.« ! •, it is essential 
for this purpose that volume and entropx ^hould be shown on the 
same diagram as the pressure and total heat. 

Taking steam in the initial stale given in* tlTe pri ( (‘diitft example, 
namely, 1*682, P'- 8*60 and ivIVj^fing to tJu* same Fig. .*36, 
the pressures corresponding to 2, 4, (>, 10, and 20 expansions are 
marked by short vertical lines on the adiabatic 1*()82. Ihc 
values of the pressure P" and total ^eat II" are read off as already 
explained, and the remainder of the calculation ))roeeeds very 
simply as indicated in the following table. Ihe lirst line gixes the 
expansion ratio, or the reciprocal #1 the cut-off. Ihe second line 
gives the volume at release. The third line gives th(* pressure at 
release, and the fourth the total heat. Adding the prcxluct 
aV" (P"- Po) to the heat-drop IP •11" we obtain the thermal 
equivalent AW of the maximum work indicated, or obtainable in 
the cylinder per lb. of steam, given in line 7. The quotient 141 IjAW 
gives ^e theoretical minimum consumption in lb!>. pi^^r I.II.P.-hour, 
line 8, which reaches the limit 7*8 for tlu^ ideal Uaiikinc cycle when 
the expansion is complete, but does not at all represent the efii- 
^ciencies obtainable in practice, when the power is regulated by 
varying the eac pans ion ratio. 

Some idea of the necessity of incoiiii)letc wpansion (even il 
clearf^jice and other losses are neglected) is given by working out 
the brake efficiencies for a single cyUndcr of given volume. The 
volume is taken as 8-69 cubic feet, requiring 1 lb. of steam per 
cycle, under the initial conditions when the expansion ratio is 
unit y The equivalent of the indicated work i>er cycle is then 



480 


PROPERTJDES OF STEAM [app. 

Table showing effect of incomplete expansion. 
c 

Initial state, 288®, 157 lbs., r'= 3-69 ft.^, 721-8, 

1-682. 

Condenser^ pressure, = 1-76, cylinder volume taken ^ 
8*60 cubic feet. 




• ExpauHioftH 

1 

2 

4 

6 

10 

20 

40-3 

















(V" 

.3-69 

7-38 

14-76 

22-14 

36-9 

73-8 

169 

Final state -! P" 

157 * 

63-9 

27-3 

17-2 

9-76 

4-66 

1-76 

1//" 

. ...% . 

721-8 

673-4 

636-2 

617-8 

596-0 

668-5 

639-3 

H'- ir 

0 

48-4 

85-6 

104-0 

125-8 

153-3 

182-6 

aV'iP"- P„) 

5j8-4A 

46-0 

38-4 

34-9 

30-1 

21-8 

0 

I. AW/ll. 

68-4 

95-0 

124-0 

138-9 

155-9 

175-1 

182-5 

Lb8./I.H.P.H. 

24-2 

14-9 1 

11-4 

10-2 

9-1 

8-1 

7-8 

Actual Ib8./1.H.P.H. 

26-6 

17-9 

16-0 

16-3 

18-2 

24-3 

44-0 * 

I. illf/ovclo 

•58-4 

47-6 

31-0 

23-2 

15-59 

8-76 

3-94 

Brake AWIYo. 

54« 

86 

106 

111 

109-5 

82-5 

Xeg. 

Lb8./B.H.l'.H. 

26-2 

16-.5 

13-4 

12-7 

12-9 

17-2 

Inf. 

Actual lbs^B.H.P.H. 

•2if-8 

19-8 

18-8 

20-3 

25-0 

61-6 

»» 


found by dividing the indf&ited AW per lb. by the expansion ratio. 
The figures for the LAW per cycle arc proportional to the I.H.P. 
at a given speed. The mechanical losses per (;yclc may be taken as 
jbeing independent of the loadf and as ccpiivalent to 4-6 cals., which 
gives a mechanical elliciency of 80 per cent, at C expansions. 
Deducting this constant loss from the values of the indicated AW 
per cycle, and dividing by the lbs. per cycle in each case, we obtain 
the figures given in the next line lor the equivalent of the work 
done on the brake per lb# of steam. This reaches a maximum at 
about 7 expansions, but becomes negative before the expansion is 
complete. The figures given for the consumption in lbs. of steam 
per brake horsc-power-hour, arc much better than those attainable 
in practice with if single cylinder, owing to the neglect o? other 
losses, but suffice to show the necessity of incomplete expansion in 
practice. The indicated efliciency would vary with expansion "atio 
in a similar manner to the brake efficiency for a single cylinder, if 
account were taken of losses due to leakage and cohdensation, as 
indicated by the Values given in the line representing “actual” 
Ibs./I.H.P.H,, calculated by the method explained below, in the 
section on condensation and leakage. 

19 S- Regulation by Throttling. Another common method 
of regulation is by simple throtthng, with a fixed boiler pressure and 
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expansion-ratio. In this case the initial value of the total heat W 
remains constant while the initial pressure is varic'd. For any given 
value of P\ the init^ volume V' i^ read off on the lino IP, or 
calculated, if the sfeam is dry, by the eq.iation foj V in terms of 
fl and P. The final volume F" is found by multiplying V' by^Hie 
given expansion-ratio. The final pressure® P" is obtained on the 
diagram from the interseetion of the adiabatic throigh JPP' wjfli 
the volume line V'\ t • •* * 

The equivalent AIV of the indicated #vvork jxt lb. is»given by 
the same formula as in the previous example. When IP and V”jV* « 
arc given, it will be found that the heat-drop IP- //'^is nearly 
independent of P\ The variations of fi'— IP' in the following 
example are so small that it might have been taken as constant 
.and equal to 88 cals. 


Table showing effect of rcgulati<»n by throttling. 

Initial state IP- 700. Kxpansion ratio^P'/^ 5. 

Cylinder vofimic taken as 3*09 cubic Ject. Condonsel* pressure, 


2 Ibs./sq. in. 

Initial state 

Final state j p,. 

r)00 

1070 

ry35 

740 

3(K) 

1-78 

8-90 

43-7 

200 

2-()6 

1;|3 

28-9 

160 

364 

17-7 

21-4 

KM) 

6-30 

26-6 

141 

L'~ 

60 

KMM) 

63-0 

6-8 

20 

20-6 
1,32-6 * 
2-62 

aV'V'"- 1\) 


38-2 

36*7 

35-3 

32-9 

20-3 

8-6 

H'- H" 

88-8 

88-2 

8t#0 

87-9 

87-8 

88-0 

88-7 

LAW/\h. 

128-4 

126-4 

124-9 

123-2 

120-7 

114-3 

97-2 

Lb8./1.H.P.H. 

11-0 

11-2 

11-3 

• 

11-6 

11-7 

12-4 

14-0 

I.ilI^o.voIe 

88-3 

62-2 

.34-6 • 

’ 26-7 

1«9 

7-9 

2-7 

B-jUF/oyole 

83-7 

47-0 

30-0 

,21-1 

12-3 

3-3 

( ~ ) 

B.^r/lb. 

121 

116 

108 

101 

88-2 

■J7-4 

(0) 

Lb../B.H.P.H. 

11-7 

12-3 

13-1 

14-0 

16 0 

:ioo 

Inf. 

Actual Ib8./B.H.P.H. 

17-3 

18-3 

19-4 

20-7 

^3(1 

44-6 

- 


It will be^een that there is little loss of indicafl'd efliciency by 
throttllhg over a wide range of power. In practice, the variation 
‘would generally be less owing to increase of wndensation and 
leakage with mcrease of pressure. The tlirottling methexi has the 
advantage over the variable expansion method that these lasses 
are reduced at low loads. On the other hand, if the expansion ratio 
is fixed to give a fcir degree of efficiency at normal loads, the engine 
will not t^e a large overload ^thout a corresponding increase of 
boiler pressure, 
aa 


31 
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ig6. Effect of Condeasation and Leakage. Losses due 
to clearance, condensation, and leak&ge, depend rather on the type 
and arrangement of the enginj^ than on the pr^pert^s of the working 
fluid. For a giyen engine, working under given conditions of initial 
aift^, final pressure and temperature, these losses may often be 
represented roughly by* adding a constant quantity to the con- 
fAvnption pci^hour. For a given speed, the “missing quantity” 

measured in*lbc./cyclc, would also be constant. The “actual” 
consumption per cycle, or “cylinder feed,” would be -f VJV'\ 
in place of VJV", where is the cylinder volume, and V” the 
volume per lb. at release. The “actual” consumption per I.H.P.H. 
or per B^H.P.H., can \te estimated on this basis by multiplying the 
theoretical consumption already given by the factor (1 + MgV”IV^). 
With suitable values of Mg, this method gives figures for th«^ 
consumption ^orc^ncarly resembling those attainable in practice. 
But it is better to reverse the procedure, and to calculate the values 
of Mg for different engmes by comparing the theoretical with the 
observed performance.* The study of these losses* affords a very 
instructive exercise on tl^^thcory of the steam-engine, but is so 
varied in detail for different types of engine that it would be 
impossible to discuss it intelligibly in the present work as an illus- 
tration of the use of the diagram. The figures given in the above 
tables for the “actual” consumption in a single cylinder engine 
should be regarded merely as an illustration of the effect of as- 
suming (1) a constant value OilO lb. for Mg in the case of variable 
expansion, and (2) a value P'/ISOO, proportional to P\ in the 
throttling table, where the initial pressure is variable. For a 
detailed discussion of experimental and theoretical methods of 
estimating Mg, the student may refer to the paper previously cited 
“On the Law of Condensation of Steam” (Proc. hisL C. E., 1898). 
A general account, of the theory is also given in many textbooks, 
e.g. Dalby, Steam^Poiver, p. 282. * • 

Losses due to condensation and leakage cannot easily be 
represented on a diagram. The method is most appropr&t^' for 
representing continuous expansion, with or without, friction, as in 
a turbine or nozzle, by curves drawn on the diagram as in Figs. 28 
and*'82. The single copy of the diagram supplied with these Jables 
would be inadequate for long-continued use, and its accuracy is 
somewhat impaired by folding. Arrangements have accordingly 
been made by the Publishers for^supplying additional copies of 
the diagram at a moderate price. 
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Spedal scales for reading the diagram have been constructed. 
A set-square with finely divided scales in transparent celluloid may 
be obtained frwi^Mt W. H. Harlkig, t7, Finsbury Pavement, 
London, E.C., price 5s,y and a short millimetre tfnd logarithmic 
scale in celluloid, price Is. Prints of tfie set-squai-e and scalo^ on 
paiier similar to the diagram, may be hhd fmm Mr Harlinir for 
temporary use or Examination purposes. 

The steam tables contained in the followiifg 'Appendix III arc 
published separately, including an explanation of the diagram. 
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STEAM TABLES 

•1C 97. Units caijid Constants. Systems of Units. Values are 
tabulatedLon the followii^ three systems : 

F.P.C., or Foot-Pouiul-Centi^jradc, with pressure in pounds 
per square inch, volume in cubic feet per pound, and temperature 
on the Centigrade scale. ^ 

F.P.f., or Foot-Pound-Fahrenheit, with the same units of 
pressure and volume, but with temperature on the Fahrenheit 
scale. ^ 

K.M.C., or Kilogfam-Metrc-Centigrade, with pressure in kilos 
per sq. cm., volume in Cubic metres per kilo, and temperature on 
• the Centigrade scale.* * 

Reduction Factors. Th^ following reduction factors arc assumed 
for metric units ; ' 

One Foot ()-30480() Metre. One Pound - 0*453592 Kilogram, 
yhich give the following factors for the derived units: 

Density: 1 pound per cubic foot - 16*0184 kilograms per cubic 
metre. 

Pressure: 1 pound per square inch = 0*070807 kilo per square 
centimetre. 

Work: 1 Foot-Pound = 0*138255 Kilogram-Metre. 

The Intens^ity of Gramty In London at sea-level is taken as the 
standard for the tables, atid is assumed to be 1 in 2000 greater 
than the conventional value of the mean intensity in latitude 45®, 
namely 980*005 C.Ci.S., which gives , 

g = 9*8110 metres/sec.* or 82*190 ft./sec.* at London. 

The Boiling-Point of Water, 100® C. or 212® F., is defined Us 
the temperature of steam condensing under a pipsure of one* 
standard atmosphere, equivalent to 760 mm. of mercury at 0® C. 
at a^'placc where g « 980*665 C,G.S. ^ 

1 atmo, « 14*6890 pounds per sq. in., or 1*08274 kilos per 
sq. cm. (London). 

Units of Heat. The unit of heat on the F.P.C. system, with 
the pound as unit of mass, is the Pound-Calorie; on the KJM.C# 
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system, the Kilo-Calorie. But the numbers rtipn'sentinjy Total 
Heat, etc., in pound-calorie? per pound arc the same as those 
representing tha s^ntb quantities in kilo-calorics per kilogram. The 
total heat of water at 100° C. may be stated as 100 mean calorics 
'centigrade on either system, reckoned from 0° C. « • 

The Mean Thermal Unit is adoptofi id these tables as the unit 
of heat. The mean thermal unit on the centigrade s%le is 1/l^th 
part of the change of total heat of unit mass of water under satura- 
tion pressure from 0° C. to 100° C. Similarly the unit of Iteat on the 
F.P.F. system is taken as the Mean Hrilish Therimy Unit, or* 

B. Th.U., which is l/180th pact of the ([uanlity of heat retpiircd 

to raise 1 lb. of water from 32° F. to 21*#^ F* • 

fundamental Constants for Hater and Steam. Ihe following 
values, expressed in terms of the m(‘an specific ^heat of water 
between the freezing- and boiling-points iii*»unily, aie the 

same in all three systems of units: • 

Minimum specific heat of water, ms 0*900g0. 

Gas constant for stc^am per unit luaj^, It 0 11 01 2. 

Specific heat of steam at zero pressure, ♦V,, - 0- ITTIO. 

Ratio, SJR - /i + 1 - 13/3. Inde x, « - 10/3. 

The following fundamental coi^stants d(*pend on thc^ tempera^- 
ture scale; 

Latent heat of steam at B.P., L ^ 530-30 C. ■ 070-74 F. ^ 
Absolute temperature, T ^ t +#273-10° C. t t 450-58 h. 

Values of the Mechanical Equivalent. The absolute value of 
the mean gram-caloric C. is taken as Id 808 joules, or 4-1808 x 10’ 

C. G.S., from the results of experiments on the? total heat h of water 
by the continuous electric and continuous mixture nu fhcMls (Phil, 
Trans., A, 199, pp. 57-148, 1902; A, 212, pp. 1-32, 1012). 

•The corresponding values of the ecpiivalftiit ,/ of the mean 
thermal unit in gravitational units of work for ganvity at London 
«re^a%follows : 

• J - 1400 00 (F.P.C.), J = 777-8 (F.P.F.), 420-7 (K.M.C.), 

which must be increased by 1 in 2000 for gravity in latitude 45°. 

The reciprocal of J is denoted by A. The factor for rechicing 
a product of dimensions PV to thermal units is denoted by a, and 
has the following values: 

a - 144/1400 (F.P.C.l a - 141/777-8 (F.P.F.), 
a « 10000/426-7 (K.M.C.). 
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/! 198. Summary of Equations. Expression for the Total Heat 
pj Water h. The effect of the ice m(fiecules on the total heat near 
the freezing-point may be neiglccted in steato-pngine work. The 
effect of the steam molecules in the liquid is most simply repre- 
sent^ for water under safuration pressure by the equation 

St + vLKH, -v)- 0-008 « sf + (H,- St) v/V, - 0-008 --H.-L 

•V • 

where v and V, are the volumes of water and dry saturated steam 
at t. H, ahd L the total tlhd latent heats. 

The eqjropy of water under saturation pressure, 

<^ = 5 log, (T/Tg) + vL/T (V, - i>) - 0-000010. 

Expression for the 'fotal Heat of Steam //. The general expression, 
deduced from experiments on the specific heat S and the Joule-# 
Thomson “ cqying-fiffect,” C ~ (dTldP)ji for dry steam in any 
state, is as follows; ' 

Jf^SoT-SCP^B, 

where S = Sq -h an {71 + 1) cPjT^ and SC = a {n 1) c — ati, 

R is a constant deduced 'from L = 589-80 at 100° C., giving 
B - 464-00 cals. C., or 885-20 B.Th.U./lb. F. 

Clmracteristic Equation for Dry Steam giving V in terms of P 

»ndT. jtTjaP - c/wherc c = q (TJTy«l\ 

Rja = 1-07061, Ti = 878-10“, c, = 0-4218, b = 0-01602 (F.P.C.), 
fi/a = 0-59479, Ti = 671-58'“, = 0-4218, h = 0-01602 (F.P.F.), 

Bja = 0-004699, T, = 878-10“, c, = 0-02630, h = 0-00100 (K.M.C.). 

The “ CO- volume” h is taken as the volume of unit mass of 
water at 0° C., or 82° F. «. 

The “co-aggregation volume” c is deduced from the cooling- 
effect C, and expresses the diminution of volume from the idea^ value 
BT/aP due to co-aggregation or pairing of molecules. Values of 
c and F, in ciiblc feet per pound are tabulated for each 1° C. in 
Table III. Values of V for dry steam in terms of T and P ari' gfven 
in Table V. 

Expressions for^E and H in terms of P and V for Dry Steam, 

' £=. (10/8) aP(F- 5) -ffl, 

U^E + aPV = (18/8) aP{V-b) + abP i- B, 
which gives for V in terms of H an^ P, 

B)ll8aP + 105/18, 
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whence F =■ 2-2486 (H - 464)/P -f 0-0128 (F.P.C.), 

V = 1-2464 {U - 885-4)/P + 0-0128 (F.P.F.), 

V = 0-08084f (ff - 464)/P >0-00077 (K.M.C.). 

• General Expression for the Entropy <t> of Dry Steam at P and T, 
(P = 1-09876 log (T/r,) - --25336 log - a«cP/2' + 1-76300. 

where Tj, Pj are the values of T and P at the boiling-point. 

The Entropy is the same in all three systciAs of units. 
Adiabatic or IsetUropic Expaimon tff Dry Steam. ‘Adiabatic 
equation, 

P(V - 6)' ® = constant, or P (V - constant, 

or Pj'P-^!^ = constant, or (V - b) constant. 

Heat-drop from //g, Fq, in Ise ifropic Kvpansion of Dry 
Steam. 

(//o - HI, - (13/;j) aP, (Fo - b) (1 - t (P„ - P) 

= (ff„ - B - ahl\) (1 - Tr]\) + ,% (l\ - Pf. 

General Expression for Veloeitf U due to Heat -drop. 

u--.^(2Jgyi'^(H,-Hyr\ 

which gives U =-- 300-2 (H^ f H)'!^ ft./sec. (F.P.C ), 

or (7 = 223-8 (//o - ft./scc. (F.P.F.), 

or 91-51 (Ho - Hy!^ m./sec. (K.M.C.). 

Cross-section X of a Nozzle for Discharge of Mass M per second. 
X (in.*) - lUMVIU ‘(J-MM’. or F*), 

X (cm.*) - lOOOOMVjU^ (K.M.C.). 

Discharge M|X^ through a Nozzle per Unit Area of Throat Xifor 
Dry Steam. • 

MjX, (lbs./sec. in.*) - 0-8155 (1 + 0-27l6/F„) (P^Voyl\ (F.P.C. 

• • ♦ orF.) 

MjX, (kg,/s«d: cm.*) = 0-02090 (I -f 0--2746/F.) fPo/F„)'/* (K.M.C.). 
Throat Pressure^ Pt/Po = 0-5457 - 0-1895/Fl,. 

(llie b terms may be omitted in all the above formulae unless 
V is small.) ^ 

Approximate Formula for Volume F, of Dry Saturated Steam, 
ppiyi5 ^ 490 (F.P.C. orV.), pF - 1*786 (K.M.C.), 
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whence Discharge of Steam, initially dry and saturated, without 
condensation in the supersatiirated^state, 

MjXt = 0 (F.P.Cf dt P.), 

M/Xt = 001^598Po3i/** (K.M.C.). 

Approximate Equation {Zeuner)for Adiahatics of Wet Steam, 
2 ^^ 036+0.1* constant, where q = initial dryness fraction, 
whence Dischar^Je •of Steam initially dry, but with reversible 
condensafion, according the above formula, 

P^/P(^- 0*577, MjXt - 0 01646Po®^/ 82 (F.P.C. or F.), 

M/Xt = 0-01510Po*i/32 (K.M.’C.). 

Gibbe* Function or Potential, G ~ TO — n,for Steam in any State. 
For water or wet steam at t, 

G,^T<I>- H, = sT log, (TjT,) --St-- 0*003 //To, 

, a function of the teinjibraturc only, tabulated in Table III, for 
•eachl°C. * • * # 

The equation TO - ti G^, with II and O for dry steam, 
determines the saturation pressure p. 

The relation II - 7’0 — G^ is the exact equation for the adia- 
batics of wet steam when O is constant, giving II directly in terms 
6f t and O. It may also be writceii in the forms, 

//,-// T(0,~ O) (1 - q)L^ (1 - q) (II,- St) (I - v/V,) 

where II „ Oj,, V„, are for cjry steam at /, and II, O, V, for wet 
steam. The expmssions in ’tyrms of q are not required unless the 
hypothetical value of q is one of the given data, or unless a diagram 
is employed which gives q only in place of giving V directly. The 
expression for the adiabatic heat-drop (IP - II'\, is obtained by 
taking the differciicfe between the initial and final values of }/,* 

(w- ir\ «= (e- n 0'~ (G'- G'') - IP- //;'+ rv(o;'-- O')*, 

The first expressk)ii is general, and is most convenient for wet 
steam. The second applies only when the final state Is wet. 

Rankine Cycle hfid Relative Efficiency F, Thermal Equivalent 
AW of the work done in the cycle between limits p' and p" • 

« AW - (H'- IP\- a (p'- p") (/'- n O'- tG'- G") - Aw. 

Heat supplied, IP- h”- Aw, Efficiency, AWI{H*- N*— Aw), 
where Aw « The “Efficiency Ratio” is the ratio 
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of the indicated efficiency of the actual engine to that of the 
Hankinc cycle between the sahie limits of t and p. 

The “Rclat4^cJ5fficiency ** F may hv defined as the ratio of the 
indicated work per unit mass to the available wejk J (IV- U”\^ 
*in isentropic flow with the same limits'of t and which gi\'(^ tor 
the power and the consumption, 

Indicated horse-power = 2‘5i5MF (IF- Jl”)^ 

{M = mass-flow per sec.) l- WiMF (IF- IF')^ ^F.P.F.). 
Indicated kilowatts = l *5 t8A/)‘' (//'- //")^. (K.M.C.). 

Pounds per I.II.P. hour =- 14M.-3/F (// - II”)^ (F.P.C.). 

„ „ „ -:254()/F (//-//").„ (F.P.F.). 

Kg. per kilowatt hour =~ 8G0‘0/F (//'-* //'').,. (K.^^.C.). 

1 kilowatt " l‘fl4(K3 horse-power (London) l‘f‘3597 chcval- 
vapeur (lat, 45°). 

/^^99. Description of the Tables. |TabI(‘ I eontains thosc^^ 
projx^rties of sk'ani which are comparatively* seldom rctjnired, and 
arc tabulated only for each 10° C. of J:eniperatur(‘ i?i F.P.C. units. 
The (piantities most oft< ii required, namely y;. (logp), F, //, and 6r, 
are separately tabulated for each degree eeiiiigrade (or Fahr.) in 
Table III, and are also given, Jogether with the entropy <1^ 
in Table II, where the pressure is taken as argument, in all three 
systems of units. The use f>f the poterdial, (i T<f) — //, makes it 
unnecessary to employ //, <^, r, L, «iiid LjT for tinding the volume 
and the heat-drop in adiabatic expansion, and will l»e found to 
save a good deal of trouble in calcuhition. , 

If values of L are required for any othe r purpose, they may l>e 
found by interpolation, or may be directly ealenlaied with less 
trouble from the formula, L = (// - .s^ (1 

TJ.e ratio I’/F,, which (jccurs as a small eorrcjctlion in the formula 
for* the latent heat, L, and the heat of the liquid,^//, may be taken 
for this purpose as p/25000, where p is the saturation pressure in 
Ibs.*i:Srsq. in. • 

The weti^s fraction, (1 - q), if required very ticcurately, may 
be deduced by dividing the defect of total from the 

satu^ption value by H, — st, and adding the fraction vjJ^ g, or 
0*00004p, of the^ result. 

The quantity actually required in most cases is not the wetness, 
but the volume of the wet mixture, which is ticcurately deduced 
fixini ffq by the formula Fq « F, (//, — ~ si), without 
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calculating q or making any correction for v, or for the variation 
of the specific heat. • 

The external work of vaporisation, and the in- 

trinsic energy are very seldom required, but are easily found 
fronj the tables of p, F, and H, • 

The auxiliary quantities SC and Z ~ ancjT are useful in 
cftlfulating R%nd C, or 0 and S, respeetively, but are also easily 
obtftned from Tltble III (e), giving c for each 1® C., so that it 
is unnecessary to tabulate them more fully. The specific heat S, 
and the cooling-effect C, are so easily found from the table of 
total heat,* that it is unnecessary to tabulate them separately, 
especially as their chie^ uan is for calculating //. 

Table II contains the most important properties of saturated 
steam tabulated in terms of pressure for all three systems of units,* 
and will be /lie most useful table for general purposes. 

Except for pressures below J lb. jicr stj. in. (which are alto- 
gether omitted in many^steam tables) the intervals of pressure are 
graduated so that the corresponding intervals of terajierature shall 
never exceed 2° C. or fah Jbelow 1®C., which affords the most 
convenient scale for interpolation. The corresponding values of the 
pressure in kilos per sq. cm. in the second column are the exact 
equivalents to five significant ^figures of the pressures in lbs. per 
sq. in. in the first column. The values in both eases are for the 
latitude of London, and must be increased by 1 in 2000 if it is 
required to express them in terms of the conventional value of 
gravity in latitude 45°, This correction may generally be neglected, 
since it does not affect the relative values, and is beyond the limit 
of accuracy of most observations. It should not in any case be 
applied to individual obsorv'ations, but only as a final correction 
to the results of a series. 

The values of t|}e volume in the third and fourth columps^are 
given to four si^ificant figures, i.c. with a minimum accuracy of 
1 in 2000, corresponding to about 0-01° C. of temperature. More 
accurate values n^ay be obtained, if required for small differences, 
from Table III (F), for each 1° C. Owing to the great range of 
variation of the pressure and the volume, it is impossible to secure 
a ueftform degree of proportionate accuracy in tabulating |these 
quantities, except in the table of logp. ^ 

The values of the entropy in the fifth column are the same in 
all three systems of units. They ijre seldom required for small 
differences, and are often tabulated to three places of decimals only. 
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The values of tj H, and G, for satiiratecl steam are tabulated in 
both Fahrenheit and Centigrade systems, to save the trouble of 
reduction to oi^ fjpm the Fahrenligit scale, which is the most 
annoying feature of the British system of units, ^fhe values are 
‘given to 0*01° of temperature and 0 01 bf a heat \init resjwctiydy, 
because f, H, and G are most often rccpiitcd for small differences, 
especially in deducing the heat-drop and velocity.® It would JTAr 
this reason be inconsistent to tabulate thcniP(fls in many oTElier 
steam tables) with an order of accuracy anferior to thatVmploycd 
for the entropy. 

The case of saturated stcajn is most completely covered for 
practical purposes by Table II, but thm si 4 i>pleinentary .tables of 
p* logp, c, H, and G for each 1° C. will be found useful in cases 
* •where it is desired to solve, to the limit of necurac^, problems in 
which the elimination cannot be effected so^that ii^i^ necessary to 
proceed by trial and interpolation, .as is i.'<*nerally the cas(‘ in the 
solution of transcendental equations. Quadniiic and cubic em- 
pirical formute arc often employt'd in pr(‘fJ'renec to logarithmic 
with the idea of avoiding this dillicul^; but the advantage gained 
is fictitious, because it is generally much easier to solve ii logarithmic 
formula by interpolation, than to find the solution, even of a 
quadratic, without the aid of logaythms. ^ 

With the exception of the formulae for the saturation pressure 
and entropy, which cannot possibly be put in any form except the 
logarithmic if they are to satisfy th# second law of thermodynamics, 
the equations expressing the relations betw(‘cn the various pro- 
perties of saturated steam arc of thfc,simplcst p 9 ssible algebraic 
type, involving no powers or roots, dnd exccj)tionally convenient 
for practical calculations as compared* with the ordinary type ol 
empirical formula involving powers of the temperature. 

200, Tables for Superheated Steam. The simplicity of the 
jharacteristit equation and the adiabatic equation for dry steam 
makes it possible to solve the majority of pi^)blems for super 
heated or supersaturated steam as easily as for a perfect gas. Tabu 
iation is superseded for many purposes by diil*ct solution of th 
equations. The variation of specific heat Is too large to niglec 
even in rough wprk, and it is a great advantage to be able to talc 
exact account of the variation in so simple and consistent a mannei 
It is also possible to tabulate Ihe values of the required quantitie 
to a higher order of accuracy than is attainable with empirici 
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formulae without risk of introducing inconsistencies in any of the 
thermodynamical relations. The talllilated values are useful chiefly 
in finding the initial state, avhen the final •st^ta is wet and the 
simple adiabatip for dry steam does not apply to the whole range of 
ej^fnsion. They are also •useful in reducing experiments on the 
cooling-effect, and othe^ relations of superheated steam. 

•^*The majoftty of problems relating to superheated steam may 
be*solved with silfifcient approximation for practical purposes by 
the aid df the diagram, ^he tables serve chiefly as a method of 
verification, and supply more accurate values in problems where 
small differences are involved. The* arrangement of the tables, with 
the scal^of temperativc the left, and pressure along the top, is 
intended to correspond with the diagram. The practical limit of 
temperature in the use of superheated steam is in the neighbourhood * 
of 400° C., wkeh is«cj5mparatively seldom reached in the engine. 
The values tabulated for 450° .and 500° C. are of theoretical rather 
^than practical interest, ^ Initial pressures below 50 lbs. are so un- 
common, sftid below 2^0 lbs, so extremely rare, thathlosc tabulation 
by steps of I lb. down to lowest pressures (adopted in many 
steam tables) is quite superfluous in the case of superheated steam. 
The accuracy of the interpolation formulae given below makes it 
unnecessary to tabulate the values for intervals of less than 10 lbs. 
in any part of the range. Intervals of 50 lbs. suffice at the upper 
limit of pressure. 

Owing to the comparatively limited utility of tables for super- 
heated steam, it has not been considered worth while to duplicate 
them in terms of the Fahrepheit scale and metric units of pressure. 
Vahies on either of these systems can be obtained very readily, 
if required, by the aid of the Fahrenheit scale of temperature on 
the left, and the kilogran) scale of pressure at the top of each table. 
This arrangement has been found more convenient in pvvetice 
than duplicating the tables. 

In experimental tests, the practical datum is alwhys the tenv 
perature and not the superheat. If the superheat only is given, the • 
actual temperature of the steam must be found by adding the 
saturation tempertiturc which is given for each pressure at the 
bottom of the column. The saturation line in each table is indicated 
by a zigzag nile. Values below this line repre^nt the state of 
supersattiration, which is of great theoretical interest, though not 
permanently stable. These values eannot occur as initial states, 
but only as transition states; and are useful chiefly for the purpose 
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of estimating possible losses due to irreversible condensation, or 
changes of volume in rapid expansion whicli matcriiilly affect the 
discharge through ^rifices. 

201. Table IV. Total Heat ef Superheated Stejam. 

The most useful table for superheated steam is that of total heat //, 
which is the chief factor in determining the heat sdpply ])cr lydt 
mass of fluid. It is very easy to obtain aceumlfc values of //•by 
interpolation because the variation wi|h pressure at> constant 
temperature is small, and is accurately represented by the comiani 
difference tabidated for lOlbs.^of pressure in the thiref' column of 
the table. If the exact value of H is required at sonic intermediate 
pressure and temperature, it is generally best, for this reason, to 
•find (1) two values of H at the given pressure for tabulated values 
of the temperature immediately above the required 

point, and (2) to interpolate between tln .><‘*l‘<ir the recpiircd tern 
perature. But for most purposes ample •accuracy is secured bj 
adding simultaneously the appropriate fradtions of the pressun 
and temperature differences to the n(yif*st tabulated value of //. 

The table of II affords the most convenient method of findiuj 
the specific heat S at any point, or the mean specific heat over any 
range. Values of the mean siiccific heat for various ranges are often 
tabulated for calculating II when flic superheat is given, imt the 
opposite procedure is more accurate and convenient. The difference 
between any two adjacent values of // in the some v ertical column 
is 10 times the specific heat S at the nu‘an point, which is directly 
obtained to 8 significant figures. Th.s tlic value ,of S at 500 lbs. 
and 245“ C. is (684 01 - 677-22)/10 =* 0 079, and the mean value 
at the same pressure from 240° C. to 840° C. is 


(789-46 - 677-22)/100 - 0-6224. 

Another useful application of the tahlf is to find the ^ling- 
effect C at any point, which is obtained by dividing the different 
SfC*per pound, by the corresponding value of S obtained as already 
aes^bed. Thus to find C at 500 lbs. and 245° C., we h^e 
SC « 0-0611J2 by interpolation from the difference column, A * 0°67» 
already found, whence C « 0°0902°/lb. Similarly at 50 lbs# and 
160® C., S » 0-626, SC - 0-1218, C * 0'282'»/lb. 

The drop of temperature for a large drop of pressure at cotutant 
total heat, may be obtained by finding the temperature by inter- 
pdaticHi at the lower pressure required to give the initial value of 
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the total heat. Thus H at 200® and 200 lbs. is 678-07, which is the 
value given by interi^lation at 176® and 22-69 lbs., or at 20 lbs. 
and 169-48®. It is very easy.to traec lines #f ^oystant total heat 
in this way. 

t 

202 . Tables V, VI, and VII. Interpolation for V, 

^,»and G. ^Vhcn the final state in adiabatic expansion is dry, 
T, * 1 /, and V are*eSsily calculated from the adiabatic equation in 
the same*way as for a perfect gas, but the required result may 
» often be obtained with less trouble from the tables by inter- 
polation, Sf exact values are required. When the final pressure 
P” is giyen, find T" ^y kterpolation in Table VI at P". Thence 
find IP' by interpolation in Table IV, and deduce V” from R" 
and P'', or by interpolation in Table V. * ■ 

Accurate values «t any point intermediate between the tabu- 
lated values may generally b<i obtained with a small slide-rule by 
simple proportion in the usual way, provided that the differences 
involved efre small, tut this rule is insulficiently^exact for some 
purposes in the case of F, and G, when the pressure differences 
are considerable. The following rule is exact in the case of V at 
constant temperature, for any pressure difference, however large. 

^ If V\ F" arc tabulated yalues of the volume at the same 
temperature T, corresponding to pressures P\ P" (of which P'' 
is the larger) to find the value of F at any pressure P intermediate 
between P' and P", find the value of the difference 

F - (r- F") (P - P')/(P"- P') 

by simple proportion in thctusxial way, increase it by the fraction 
(P"- P)/P of itself, and subtract the result from V\ 

In the case of 0 and G a similar rule applies, but the corre- 
sponding difference. O, or G'— G, found by simple proportion, 
must be increased oy the fraction (P"— P)/2P of itself (wShr2P 
in the denominator in place of P) before subtraction from O' or G'. 

« t • 

Table VIIL * Adiabatic Heat-Drop to i Ib.^ This table is * 
fully explained ai^ illustrated in Chapter IX, § 92, but has l^een 
pla^ with the other tables to facilitate reference. / 
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oompletod after ffle*author^iad left McGill University. 

(14) “On the Thermodynamical «CoiTeotion of the Gas-Thermometer,” Phil. 

» Mag., Jan. 1903, pp. 48-95; Explaining the application of the characteristic 

* equation (Jfi. tL, 1900) to othcf gases, and the deduction of the rt^quired coefficients 
from observations of the sixicifio heat and cooling-effect, and /giving tables of cor- 
rections to bo appli<'d in rt'ducihg observations with various gas-thermometers to 
the absolute thermodynamic scale. ^ 

(15) “On the Osmotic Prt^ssure and Vapour- Pressure of Strong Solutions,” 
Proc. R, S., 1908, vol. 80 A, pp. 466-500. Giving the general theory of the variation 
of the vapour-pressure of a liquid with capillary pressure, which is the cause of the 
phenomena of supersaturation, with f applications to aqueous solutions, by the 
methods of the isothermal circuit and cycle. 

(16) “First Repirt of the Committee on Gaseous Explosions,” Brit. Assoc. Rep., 
1008, pp. 1-33. Ihscussing later experimental results with regard to the variation 
of the spooifio heats of gases and va])oifN. 

(17) “On the Sixjcific Heats of Air and ('arhon Dioxide at atmospheric pressure 

^ the continuous electric method ol 20® C. and 100® C.” By W. F. G. Swann, Phil. 
IVanx., 1910, vol. flO A, pp. 190 -238., These results were of groat imiK>rtanoe in 
relation to the sjx^cific heats of steafh and carlxjn dioxide, as explained in Chapters 
VI and Vlll. , 

(18) “On the Variation of the Specific Heat of Water, with Ex|)eriments 1^ a 
New Methcxl,” Bakerian Loctuw, Phil. Trans., 1912, vol 212 A, pp. 1-32. The 
variation foiuid by the continuous electric method had betm disputed bv later 
experimentalists, but vma closely confirmed by the continuous mixture method 
described in the abop paper. 

(19) “On the Steady Flow of Steam through a Nozzle or Throttle,” Proc. 

InH. Mceh. Kng., Feb. 1915, pp. 53-77. Giving equations and formulae 'iof the 
dieoharge of steam, ^lith siiecial reference to the effects of su^rsaturation and • 
hdoti^. * ' 

(20) “ On the Spedffio Heat of Steam at Atmospheric Pressure between 104* 
and 1|^* C.” By J. H. Brinkworth. Describing the results of experiments by the 
oontinuotts electric method, with a quartz-glass vacuum jacket in which a vely high 
vacuum was continuously maintained, reducing the external heat-loss to a very 
small fraction, in some cases only 0*1 per cent of the heat supiffy, PhU. Trane, B, 

191d» vol. 216 A, pp. 400-438. With a preface by the author [tM. cit,, pp. 383-^300), 
summiurising the results of previous wo» on (he specific heat and the oooling-efleot 



TABLES J/-'IX 



< 

liXU l.-iOXn.UBY TABLE FOB SATUBATED STEAM OF QUANTITIES 
' SELDOM BBQUIRED, IN TERMS OF TEMFERATUBE OENTIOBADE IN 
FOOT-POUND UNITS. (F.P.C.) * 


t 

h ! 

L 

AfF 

E 

r— 

0 

a 

V 

SC 

1000 ^ 

0 

0 1 

694*27 1 

. 30*063 

• 

564*21 

0 

2*17602 

0 6 

0*01602 

\ 

0*6296 

1*496 

10 

• ^-98 ; 

689*03 

31*156 

667^85 

0*03685 

2*11649 

0*01603 

0*4696 

1 * 280 ’ 

20 

r 9-94 

683*78 

32*243 

« 7 l *48 

0*07046 

2*06221 

0*01605 

0*4181 

1*102 

80 • 

29*91 

678*44 

33*324 

675*07 

0*10393 

2*01247 

0*01609 

0*3736 

0*9526 

40 

’; a 9*89 

673*16 

34*396 

a e 

578*64 

0*13631 

1-96688 

0*01614 

0*3351 

0*8276 

50 

49-88 

« 667 * 7.6 

35*465 

5 g 217 

0*16770 

1*92490 

0*01621 

0*3016 

0*7221 


69-87 

662*29 

36*498 

585*60 

0*19815 

1-88621 

0*01629 

0*2723 

0*6327 

69-88 

fV ) 6*72 

37*623 

i 58 !) *07 

0*22774 

1*85039 

0-01638 

0*2466 

0*6666 

80 

79-90 

661*06 

38*526 

i 592*41 

0 * 25 p 52 

1*81712 

0*01648 

0*2240 

0*4914 

90 

89*94 ^ 

645*25 

39*502 

t 

j 6 < V ^*67 

0 * 281.54 

1*78619 

0*01659 

0*2039 

0*4354 

too 

100*00 

539*30 

40*448 

mm 

0*31186 

1*76732 

0*01671 

0*1861 

0*3871 

110 

110 - 0 !) 

633*17 

41 .361 

601 *86 

0 * 338.53 

1*73027 

0*01684 

0*1703 

0*3452 « 

120 

120-52 

626 

42 - 2.36 

604*78 

0-36460 

1*70485 

0*01698 

0*1661 

0*3087 

180 

130-40 

620-!^2 

43 - 0 ‘ 2 - 

607-.58 

0 * 39()11 

r 680!)2 

0*01713 

0*1435 

0*2768 

<40 

140*62 

613*67 

43-864 

010*23 

0-41511 

1*65831 

0*01729 

0*1321 

0*2489 

150 

160*91 

506-56 

44-6fr 

< 612*73 

0 * 4,3963 

1*63689 

0*01746 

0*1219 

0 * 224.5 

160 

161*26 

4 i ) 9-29 

45 311 

6 y >08 

0*46373 

1*61657 

00 r 765 

0*1126 

0*2029 

170 

171*69 

401-76 

45-962 

617*47 

0*48743 

1 *.59724 

0*01785 

0*1042 

0*1838 

180 

182*21 

483-93 

46 -.564 

619*30 

0*51078 

1*57884 

0*01807 

0*0966 

0*1668 

190 

192*83 

475-82 

47*115 

621*10 

0*53381 

1*50128 

0*01831 

0*0897 

0*1517 

20()b 

203*65 

467*41 

47*617 

622*91 

0 * 5 . 56,54 

1*54453 

0*01856 

0*0834 

0*1383 

210 

214*40 

458*69 

48*070 

624*48 

0*57904 

1*52851 

0*01885 ! 

0*0777 

0*1263 

220 

226*37 

449*09 

48*474 

625*93 

0*60128 

1*51326 

0*01914 

0*0725 

0*1156 

230 

236*49 

440*38 

48*831 

627*23 

0*62332 

1*49868 

0*01946 

0*0677 

0*1060 

240 

247*74 

430*81 

49*147 

628*43 

V )*64517 

1*48480 

0*01980 

0*0633 

0*0973 

250 

259*16 

420-96 

49*419 

6 *> 9*53 

C 

0*60887 

1*47161 

0*02016 

0*0592 

0*0895 


Notation and PouMDiiflij Fop thk Vauioub Quantities in Table I. 

h ■■ Total Hoat of Water under saturatiim pressure p, in moan calories Centigrade. 

o» •< -f vL/{V — r) 5= st -t (H — st)v/V U — L, in which the symbols denote ; — 

H w Total Heat of Dry Ste4m at p, in moan calories Centigrade =s SqT — -|s464. 

8 mm Minimum SpecifiOjHeat of Water =» 0*99C66. sf s=t f — f/3(X). 

V Volume of Water, V =* Volume of Dry Steam, at p in cubio feet (per pound. 

The Ratio o/r*- ^25000 (nearly) if p is in pounds per sq. inch absolute.' " 

L Latent Heat of Steam in mean calories Centigrade » [H — sf)^ — v/V). » 

AW*» Thermal Equivalent in mean calories Centigrade of External Woi^ of Vaporisation fT. 
« ap{V^v), where 1/J « 1/1400, and a « 144/1400, for (F.P.C.) units. 

B -i Intrfhsio Energy of Dry Steam at p in mean cals. C. «» H — apV * onplV— 6)+ 464, 
^ =• Entropy of Water at p in oals./deg. »« s log,(r/273'l) -f vL/T{V — o). ** 

im Entropy of Dry Steam at p in caU./deg. ^ + L/T. %, 

SC Product of Specific Heat S of Steam and Cooling Effect C, in cals, per lb. preasnia. 
■.o(n-f l)c-a6, where 6 - eo-0 01602, iC-0•4al3(873•l/T)^ and «- 10/3. 

Z m anc/T. 5 — Sq + (n + IjZp, iSq« 0‘47719 -» (n + 1)R. Ra-OllOia mean oaLi./deg. 

498 



tABU n.— FBOPEimits or satuiutbi) stjeah im tbbxs or rsKasoBi (f) 

rOB KILOOBAUUBTBB AND FOOT-POUND UNITS, OBNTIOBADB AIND 
FAHRENHEIT. (KAtO,), (F.P.C.). and *(F.P.F.) * 


PreMurep. 

Volmns r. 

Entropy 

Tenipsrsture t, Total heat B, and Pciantial 0, 

Poundi 

Kilos 

r"W-^ — 

Ou. ft. ! Ch. m. 

0 

Caifljgr.»4e units. j 

Fahrvnhalt units. 

8q>1ii. 

8q. ct». 

Pouua 

Kilo. 

C. or F. 

‘ 1 

•i/ 

Q 

t 

It • 

a 

0*08922 

0 00627 

3276 

204-6 

2-1700 

0® 

e 

694-27 

0 

#32® 

1009-70 1 

1071^0* 

0 

0-1 

0-00703 

2040 

183-5 

2-1662 

1-59 

695-03 

0^ 

34-86 

0-009 

0-2 

0-01406 

1524 

95-17 

2-1068 

11 09 

59<jL81 

<i()2-77 

0-246 

63 ‘04a 

1079-00 

0*443 

0-3 

0-02109 

1038 

61-78 

2-0727 

17-99 

0-58 

04-38 

1084 99 

1*04 

0*4 

0-02812 

790-7 

49-30 

2-0482 

22-00 

0t>4 .j; 

0-91 

72-7^ 

1088-95 

f%4 

0*5 

0-03016 

040-5 

40-01 

2-0*299 

*20 41 

0(H(-73 
098 19 < 

1 23 

79-64 

1092-12 

2*21 

0*6 

0-04218 

539-1 

33-00 

2-0148 

29-5-4 

1 53 

851 7 

1094-74 

2*75 

0*7 

0 04921 

400-2 

29-11 

2 -00 18 

32-25 

< •>99 41 

182 

90-05 

1090-99 

3*28 

• 0*8 

00.>625 

411-1 

25-00 

1 OlHMi 

34 -<15 

«il0-.55 

2 10 

94-30 

1098-99 

3*78 

0*9 

0-06328 

307-9 

22-97 

1-9810 

30 83 

.il, 

237 

*• 

^8-30 

* • 

lf00 84 

4*27 

1*0 

0-07031 

333-1 

20-79 

1-9724 

38*74 

01* . • •. 

‘2-<’>l 

101-74 

1102-43 

4^ 

1*1 

0-07734 

301-5 

19-01 

1 9010 

40*62 

013 A 

2 .85 

104-94 

1 103 90 

<fl3 

1*2 

0-08437 

280-0 

17-52 

1 9575 

42*17 

0l4-(4 

^•9S 

107-gl 

1105-27 

^-54 

1*3 

0-0iH4() 

200^ 

10-21 

l-9.*i09 

43 71 

0iy75 

3-31 

110-08 

1100-66 

5-96 

1*4 

0-09843 

242-7 

15-15 

1-9449 

45-14 

615-41 

9 

3-62 

113-26 

1107-74 

6-33 

1*5 

010i>16 

227-4 

14-19 

1 9392 

40-49 

010-02 

3-73 

116 09 

1108-84 

6-71 

1*6 

0-11249 I 

214-0 

' 13-30 

1-9339 

47-77 

010-01 

3-93 

117 98 

1109-90 

7-08 

1*7 

0-11952 

202-2 ' 

12-03 

l-92iK) 

48-98 

on 10 

; 4-13 

120-17 

1110-89 

,7-44 

1*8 

0-12655 : 

191-0 

1 1 -90 

1-0244 

50-13 

017-09 

4-32 

122 23 

1111-85 

7*78 

1*9 

0-13358 

182-1 

n-37 

1-9200 

51-22 

018-19 

4-51 

124-20 

1112-74 

8-12 

2*0 

0-14061 

173-5 

10-83 

1-91.59 

52-17 

018-07 

4-09 

120-08 

1113-01 

8*45 

2*2 

0-15408 

158-7 

9-900 

1-9081 

54-24 

019-55 

5-03 

129-04 

1115-20 

9*06 

2*4 

0 10874 

1 10-4 

i 9-140 

1-9010 

50-00 

4120-30 

5-37 

132-92 

1110-05 

9*67 

2*6 

0-18280 

135-0 

8-400 

1-8947 

57*75 

«y2ri4 

6 09 

^36 94 

1118-05 

10*24 

2*8 

0-19680 

120-6 

7-897 

1-8888 

59-34 

021-80 

0-00 

138-82 

1119.35 

10-80 

3*0 

0-21092 

118-6 

7-401 

1-8833 

60-83 

022 53 

0 30 

141-60 

1120-,W 

11-34 

1 

3*2 

0-22498 

Ill-O 

0-907 

1-8780 

62-24 

<»23 10 

0-68 

144-04 

1121-09 

11*84 

3*4 ^ 

ttr23904 

105-4 

0-582 

1-8731 

63-58 

023-70 

0-^0 

140-44 

1122-77 

12-35 

3*6 

0-25311 

99-93 

0-238 

1-8085 

64-85 

024-32 

7-13 

148-73 

1 123-78 

1283 

3*8 

0-20717 

;)5-00 

5-930 

1-8641 

60-07 

0-24-87 

7-39 

1.50-92 

1124-77 

13-30 

4*9 i 

(b28l23 

90-54 

5-662 

1-8000 

67*23 

625-38 

7-04 

• 

163-01 

1125-60 

13-75 


+ 27810® CJentlgrade. T * « + 459*58^ Fahrenhflt. — 

Adiabatic Heat-Drop. - fl" » {f ~ r)0' - («' - O") - 
Tbi sofGLx ,ln H",, V,, or denotes the tabulated saturation value at t or p. 
To find H and F^or wet steam, given 0, and ( or p, 

T(0t - 0), or H — T0 — O, 

F, - F - F,(H; - - «0 - »(t - 82)) Friir. 


A»0 


32-4 



TABIl n.— PBOPBBTIES OP SATtJBATBD STEAM IN TERMS OF PRB8STJBB («) 
• FOB KILOGRAMMETRB AND FJOT-POUND UNITS, CENTIGRADE AND 
FAHRENHEIT. . 


Preasure p. 

Voluma V. 

Entropy 

-ifinperature t, Total heat H, and Potential 

G. 

Pounds 

Kilos 

Cu. ft. 

Cu. ra. 

, 

Centigrade unitf. • 

1 Fahrenheit units. 

iiq. In. 

8q. cm. 

Puundl 

Kilo 

C. or P. 

• 

t 

n 

Q 

t 

H 

.G 

4-0 . 

' e 

0-28123 

{)0-jU 

6-062 

f-8600 

07-23 

626-38 

7-64 

163-01 

1126-69 

13-76 

4-2 * 

^•29529 

86-50 

6-400 

1-8561 

08-34 

025-87 

7-89 

166-01 

1126-67 

14-20 

4-4 

IT-30935 

82-80 

^-14i9 

1-8624 

69-40 

020-34 

8-12 

156-92 

1127-41 

14-02 

4-6 

0-32341 

79-42 

4-958 

1-8489 

70-43 

620-79 

8-36 

158-77 

1128-23 

15-05 

4*8 

0-33747 

70-31 

4-704 

1^455 

71*42 

627-22 

8*59 

160-66 

1129-00 

16-46 

5-0 

0-36164 

^3-44 

4-585 

1-8422 

72-38 

027-04 

8-81 

162-28 

1129-75 

15-80 

6*2 

0-3l56«0 

70-80 

4-420 

1-8391 

73-30 

028-03 

9-03 

103-94 

1130-40 

10-25 

.5-4 

0-379011 

68-34 

4-200 ( 

l-fc«01 

74-19 

028 42 

9-25 

105-54 

1131-16 

10-05 

5-8 

0-39372 

00-06 

4-123 

1-8331 

75-00 

028-81 

9-40 

107*11 

1131-80 

17-03 

5-8 

0-40778 

03-91 

3-990 

1-8303 

75*90 

029-17 

9-06 

108-02 

1132-61 

n-iji 

6-0 

0-42184 

614)1» 

3-80* 

1-8277 

76-72 

029-52 

9-80 

170-09 

1133-15 

17-75 


0*16700 

67-44 

3-580 

1-8214 

78-07 

63037 

10-34 

173-00 

1134-07 

18-01 


0-49216 

63-69 

3-340 

>-8160 

• 80-49 

031-15 

10-81 

170-88 

1130-07 

19-40 

T9 

0-62730 

^0-24 

3-130» 

V8101 

82*21 

031-88 

11-25 

179-98 

1137-38 

20-25 

8*0 

0-66240 

47-30 

2-953 

l-^§ 

83-84 

632-57 

11-09 

182-91 

1138-03 

21-04 

8*5 

0-69701 

44-09 

2-790 

1-800H 

85-38 

0-33-23 

12-10 

186-08 

1 139-82 

21-78 

9-0 

0-03270 

42-30 

2-044 

1-7960 

80-84 

033-85 

12-50 

188*31 

1140-94 

22-50 

9-5 

0-00792 

40-27 

2-520 

1-7914 

88*24 

03-1-44 

12-89 

190-84 

1141-99 

23-20 

10*0 • 

0-70307 

38-39 

2-397 

1 -7874 

189-58 

036-01 

13-20 

193-25 

1143*02 

23-87 

10*5 

0 73822 

30-08 

2-21H) 

1-7830 

90-87 

035*54 

13-03 

li)5-57 

1143-98 

t 24-54 

11-0 

0-77338 

35-11 

2-192 

1-7799 

92-10 

030-05 

13-99 

1 197-78 

1144-89 

25-18 

11*5 

0-80863 

33-08 

2-103 

1-7706 

413-29 

030-65 

14-33 

1 199-92 

1146-79 

! 25-79 

12*0 

0-84308 

32-37 

2-021 

1-7731 

94-44 

037-02 

14-07 

201-99 

1140-04 

20-40 

12*5 

0-87884 

31-16e 

1 -946 

l'76i^f 

95-55 

037-47 

16-00 

‘203-99 

1147-45 

27-00 

13*0 

0-91399 

30-03 

1-876 

r7069* 

?)002 

o,-n-9i 

15-32 

205-92 

1148-24 

27-57 

18*5 

0-94914 

28-99 

1-810 

1-70^0 

97-00 

038-.35 

16-03 

1 207-78 

1149-03 

28-13 

14*0 

0-98430 

28-02 

1-749 

1-7011 

98-00 

<)3S-77 

15-94 

209-59 

1149-80 

28-09 

14*5 

1 1-0195 

27-11 

1-693 

1-7684 

99-04 

039-10 

10-25 

211-34 

1 150-49 

29-25 

14*689 

1-0327 

26-79 

1-^2 

1-7673 

100® 

639-30 

10-36 

212® 

1156-74 

29-46 

15*0 

1-0646 

20-27 

1-040 

1-7557 

100-58 

639-63 

10-64 

213'05 

1161-16 

M-77 

16*0 

1-1249 

24-73 

1 644 

1-7506 

102-41 

640-26 

17-12 

210-34 

1165-48 

30*82 

17*0 

1-1962 

23-37 

f-469 

1-7458 

104-14 

040-96 

17-08 

2«)-46 

1153-72 

31^2 

18*0 

1-2065 

22-16 

1-383 

1*7414 

106-79 

641-60 

18-20 

22f-42 

1164*88 

32*76 

190 

i 1-3368 

21-00 

1^15 

1-7373 

107-36 

642-22 

18-72 

226*24 

1156-00 

33-60 

20*0 

wool 

20-08 

1-253 

1-7333 

108-87 

042-82 

19-22 

227-97 

115J-08 

34-69 


% 

T - i + 273-10® Centigrade. T « < 4* 469-68® Fahrenheit. 

AdiaUtio Heat-Drop. B' -- IT' ^ (t' - <'0 0* -»(G'- O") « (B^ - H*,) + T(0\ - 0'), 
The ioffix g in , 7^, or 0^ denotes the tabulated saturation value at t or p. 



TABU n.— PROPERTIES OP SATURATED STEAil IN TERMS OF PRESSURE (|^ 
FOR KILOORAMMETRE AND FOOT-POUND UNITS, CENTIGRADE AND 
FAHRENHEIT. • 


Preiaure p. 

Volume f. 

Entropy 

|l Temperaltire t, ToU5 )n.«t II, and Pt.teniiai Q, 

Pound* 

Kil<M 

Cu. ft. 


0 

Centicmie unit*. 

• 

1 ‘ F»hrtnhc)t uiiiu. 

rtq. in. 

• 

Sq. cm. 

Pound 

Kilo 

C. or F. 

t 

H 

tv I 

1 ( 

// 

0 

20 

r-UKil 

20*08 

1*2.53 

1*7.3,33 

108*87 

012^2 

19**22 

227*97 

11 5? *08 

:U’69 

21 

1-4 TiU 

19*18 

1*K)7 

1 *7*25)4 

110 32 

043*39 

19*71 

€30.58 

115K'10» 

36-48 

22 

1 •.54(i8 

18*37 

1*147 

1*7258 

111*71 

043 92 

20*18 

23.3*08 


30 32 

23 

10171 

17*02 

IKK) 

1*7223 

113*05 

644*43 

A*Sl 

235*49 

1159 98 

3716 

24 

1*0874 

10*93 

1 057 

1*7189 

114*34 

64.^93 

21-09 

237 -SI# 

1100*88 

37*66 

25 

1*7077 

10*25) 

1*017 

1 *7157 

115.59 

045*39 

21 ,53 

240^5 

1101-70 

3?^76 

26 

1*8280 

15 71 

0*9801 

1*71*20 

410*80 

04.5*85 

21*9.5 

24-2^4 

1102 53 

39-61 

27 

1*85)83 

1.5*10 

0*5)404 

1 *7)J5)7 

117*5)7 

(i.,1 V’ 

*2*2*37 

214*35 

1103:18 

40-27 

28 

1*1)080 

14*00 

0*9145) 

1 *7009 

119*11 

0I0 74* 

22*78 

210*40^ 

110414 

41-00 

. 29 

2*0389 

14*18 

0-8S.5-1 

1*7042 

120*21 

047*15 

23*18 

248*38 

1104*88 

41-72 

30 

2*1()92 

13*74 

0*8577 

1*7010 

121-28 

<vr. ..i 

23-.50 , 

?.50*3() 

*105*58 

42-41 

31 

2* 179.“. 

13*33 

0 8319 

1 05)5)1 

122.33 

or 2 

23*95 

•2*2 15) 

1100*20 

43-11 

32 

2*245)8 

12*94 

0*HO7«i 

r05))’.<i 

123.3#. 

(it-, 

21 *.’.3 

2.5103 

1100*94 

4MU 

33 

2*3201 

12*57 

0*7847 

1 *«,5)43 

124-33 

048*00 

21(.9 

2.55*79 

II07-00 

^l44 

34 

2*35)04 

12*22 

0*7031 

1 *r,919 

125*31 

(i 19*62 

2.5*07 

257^0 

1108-24 

46-12 

35 

2*4007 

11*90 

0*7420. 

1 *085)7 

1-20 *2.5 

^649.30 

•25*43 

2.59*25 

1108-80 

46-77 

36 

2*5311 

1 1 51) 

0*7234 

!**.874 

127 17 

045) 05) 


200*5)1 

1109 44 

40*38 

37 

20014 

11*25) 

0* 70.51 

1*08.52 

12807 

0.50 <»2 

•2)il2 

•>i;.>. .yj 

1170*04 

47-01 

38 

2 0717 

11*02 

0*0h7O 

1*C.831 

128 5)0 

0.50.34 

•20 4.5 

•20-113 

1170*01 

47-01 

39 

2*7420 

10*75 1 

! 

0*0711 

1*0811 

129*8*2 

050<..5 

1 1 

20*79 

205*07 

117117 

»48-22 

40 

2*8123 

10 .50 ; 

0*f 5.5,54 

10, 792 

1 

130*07 i 

; 0.50 5)5 

27 12 

207*21 ‘ 

' I17I 71 

48-81 

42 

2*5)525) 

10 03 

0*0201 

1*07.54 

132 31 

0.51 .53 : 

27*70 

•270*10 

1172*70 

49 97 

44 

3*05)35 

1) 0(>3 i 

0 .5994 

1 0719 

133*^51 

(m2 08 

•28- 10 

•273 (H) 

! 1173 74 

51 12 

46 

3*2341 

9*212 

0*57.50 

1 *008.5 

13,5 11 

0.5*2 (,| 

29 IH) 

27.5*74 

1174*70 1 

0220 

48 

3,3747 

8*8.53 1 

i 

0.5.527 

r)>05i 

130*88 

c 053* 12 

29*59^ 

•278*38 

1175*02 

63*20 

50 

3 5154 

1 

8*520 j 

0*5319 

1*0020 

138,30 

0,53 Cd) ■ 

30*10 

280*94 

1170*48 

54-20 

52 

3*0.500 

8*213 1 

0*5127 

1 0589 

135)*07 

6,5408 1 

30 72 

283 11 

1177*35 

65 29 

54 

3*7900 

7*928 

0*4945) 

r 0.501 

141 01 ^ 

0.51 53 ; 

31 27 

285*82 , 

1178*15 

50 28 

56 

3*9372 

7*003 

0*4784 

1*0533 

142 31 ; 

054 5)5 ! 

31*81 

288*10 

1178 91 

.57*26 

58 

440778 

7 415 

0*4029 

1*050)3 

143.57 

j 05,5*37 1 

1 


290*42 

1 1179*07 

5821 

60 

4 2184 

7*J84 

0*448.5 

1*6479 

144 79 

1 1 

; 055*77 ! 

.32*H.T 

1 

292-01 

1180*39 

59-13 

62 

«4«590 

0*900 

0*4:UH 

1*0453 

145*98 j 

0.50*10 1 

33*30 

294-70 

IIHI 08 

(i005 

.64 

4*4990 

0*701 ! 

0*4221 

1*0^129 

147*14 i 

0.50*. 55 

33 110 

‘25)0*85 ] 

1181*79 

(H)*93 

66 

4-0402 

6*571 i 

0*4102 

1 <3405 

148*27 

1 0.50*91 

34*34 

298*88 

11 82 44 

01*81 

68 

4*7809 

6*388 i 

0*3988 

1*0382 

149 .38 

0.57*20 

.34482 

.300*88 

118.3*07 

02*68 

70 

4-0215 

• 

6*218 ! 

0*3882 

1-0359 

150-46 

067*01 

35-30 

302*83 

1183*70 

63-64 

i 


To ftnd H and f for wet stoaxn, given 0, and i or p, 

T{(P, - 0), or H- T<p ~ O. 

r, - y - y,(H, - - •tr'Cent. - H)/{n, ~ B{i - 82 )) Fahr. 
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f AVLl lx— PBOPBETIBS OF SATUBATBD 6TBAM IN TEEMS OF PEESSUBE 
• FOE KILOORAMMBTEB AND FOOT-POUND UNITS, OBNTIGEADB AND 
FAHEBNHBIT. * 


THmnnp. 

Volttine V. 


1 

i 

eat H, and Potential 0. 

Foondfi 

Kllof 

Cu. ft. 

Cu. m. 

D 

^ Centigrade units. * • 

a Fahrenheit units. 

fiq. Id. 

8q. om. 

* 

Pound 

^Ello 


t 

H 

G 

t 

H 

0 

.70 

« 

4*0216 

6*218 

0*3882 

i-Aso 

160-46 

667-61 

35-30 

302-83 

1183*70 

63*64 

72 

•6;p621 

6*060 

• 0*3781 

1*6337 

lM-61 

667-94 

35*76 

304-72 

1184-29 

64*36 

. 74 

^1*027 

5*902 

0-3685 

1*6315 

162*65 

658-28 

36-22 

306-60 

1184-90 

66-18 

76 

6-3433 

6-767 

0 3594 

1*6204 

163-56 

658-59 

36-(i7 

308-40 

1185-46 

66-01 

78 

6-4830 

^018 

0-3607 

1-6F76 

154*55 

658-90 

37 11 

310-19 

1186-03 

66-80 

m 

80 

6*6246 

6*487 

0-3425 

1-6256 

165*62 

659*20 

37-64 

311-93 

1186-66 

67-67 

82 

6-7662 

6*362 

0-3348 

1-6237 

166-47* 

659-49 

37*97 

313-66 

1187-08 

68*34 

84 

6-9068 

^•241 

0-3272 

^ 62K 

157*40 

659*77 

38-.39 

316-32 

1187-59 

69*10 

*86 

6-0464 

6-J27 

0-3201 

1-6200 

158-32 

660-06 

38-81 

316*98 

1188*11 

69-86 

88 

6-1870 

6*018 

0-3133 

1-6183 

160-22 

660-33 

39-22 

318-60 

1188 60 

70;60^ 

90 

• 

6-3276 

4*013. 

*0-3067 < 

1-6166 

160-00 

6(>0-59 

39-62 

320-16 

1189-06 

71-30 

92 

6-4682 

4-813 

0-3004 

^*6148 

160-96 

6<K)-85 

40-02 

321*73 

1189-63 

72-04 

h 

6-6088 

4-717 

0-2045 

1*9131 

1A1*82 

661*11 

40-42 

323-28 

1190-00 

72-76 

96. 

6-7406 

4-024 

0-2887 

J-6116 

162-66 

661*36 

40-81 

324-79 

1190-43 

73-46 

98 

6-8001 

4-656 

0*2831 

1-6098 

163 48 

661*69 

41*20 

32(5*26 

1 100-86 

74-16 

100 

7-0307 

4*451 

0-2770 

1*6082 

1164*28 

6(U-82 

41-68 

327*70 

1191-28 

74-84 

105 

7*3822 

4-251 


1-6044 

166*25 

662-38 

42-50 

331 25 

1 1192*29 

76-50 

110 

7-7338 

4070 

0-2541 

1-6(X)7 

168*15 

662-93 

43*40 

334 (57 

1193*27 

78*12 

116 

8-0863 

3-903 

0-2437 

1*5072 

169-98 

(563-44 

44*28 

337-96 

1 1194 19 

79-70 

120 « 

8-4368 

3-761 

0-2342 

1*6938 

nd-75 

663-02 

45*13 

341-16 

1195-06 

1 81-22 

185. 

8-7884 

3-600 

0-2254 

1*5006 

17347 

(564-40 

45*07 

344*26 

1195*92 

82-76 

180 

9-1300 

3-479 

0-2172 

1-5875 

17^13 

664-83 

46-78 

:}47-23 

1196-69 

84 20 

185 

9-4014 

3-358 

0 2006 

1-5846 

176-74 

(565-27 

47*50 

360-13 

1197-49 

86-66 

140 

9-8430 

3*245 

0-2026 

1-5818 

178-31 

6()5(50 

48-37 

352-06 

1108 24 

87-07 

145 

10-196 

3-140 

(^1060 

1-5701^ 

•170-83 

(5(56-10 

49-13 

355-69 

1198*98 

88*44 

150 

10*646 

3-011 

0-1898 

1-6765 

181-31 

666-49 

49-89 

368-36 

1199*68 

89*80 

165 

10-898 

2-049 

0-1841 

1-5740* 

182-75 

666-86 

50-62 

360*95 

1200*35 

91*12 

160 

11-249 

2-862 

0-1787 

1-6715 

184*16 

667-22 

51-34 

363-48 

1200*99 

92*41 

165 

11-601 

2-781 

0-1736 

1*5691 

ISS-.'U 

667*66 

52-06 

365*97 

1201-61 

93*60 

170 

11-962 

2-703 

0108f 

1-5666 

186*88 

667-90 

62-76 

368-39 

1202-12* 

94*96 

175 

12-304 

2-631 

0-1042 

1*6643 

188-19 

668*22 

63-43 

370*7< 

1202*79 

96*17 

180 

12*665 

2-602 

0-1600 

1*6620 

189*48 

668-63 

64-10 

373-06 

1203^ 

9V-38 

185 

13-007 

2-496 

0-1658 

1-6598 

190-74 

668-83 

64*77 

376:33 

1203-89 

98-99 

190 

13-368 

2-435 

0*1620 

1-6677 

191-97 

669-13 

65-42 

377-66 

1204-44 

99-76 

195 

13-710 

2-376 

0-14S3 

1-6557 

193-18 

\wmTm 

mm 

379-72 

1204*94 

100-93 

200 

14*C|ll 

2-320 

0-1448 

1-6638 

194-36 

669-69 

56*69 

381-83 

1206-44 

c 

102-04 


• « 

r«i I + 87310® Centigrade. T + 469*68® Fahrenheit. 

AdiabaUo Heat-Drop. JT - H*' « (i' - r)0' - - G") - (H' - H",) + !r(0" - 00- 

The anffiz g in B„ r„ or 01 denotes the tabulated saturation value at t or p, 

502 



TABU n.~PB0PSBTIB8 OF BATUBATED STEAM IN TSBMB OF FBBB80Bm(p)* 
FOB KILOGRAMMETRB AND FOOT-POUND UNITS, OENTIORADB «AND 
FAHRENHEIT. 


PreMure p. | 

Volume V. 1 


Pounds j 
8% in. 

Kllot 
Sq. cm. 

Cu. ft.* 
Pound 

• ^ 

Cu. ni. 
kiiu 

0 

C. or y. 

200 

um 

2-320 

OM448 

1-5538 

205 

U'4l3 

2-266 

0*1415 

1-5,520 

210 

14-7(i4 

2-216 

0-1383 

1 5502 

215 

15- 116 

2-167 

0-1353 

1.5483 

220 

15-468 

2-120 

0 1324 

1-5465 

225 

15-819 

2-076 

0l29»i 

1 ,5447 

230 

16171 

2-034 

0-1 270 

1 5429 * 

235 

16-522 

1-993 

0 1244 

1-.5412 

240 

16-874 

1-954 

01220 

1 5395 

• 245 

17-225 

1-916 

0-1196 

1 5379 

250 

17-577 

1-880 

01 173 

1.5362 

260 

18-280 

1 811 

0-1 131 

1-5332 

270 

I8“98:i 

1-748 

O-KHM 

1-5.303 

280 

19-6S6 

1 -689 

0-1055 

1-5274 

290 

20-389 

1-634 

0 10-20 

1-5246. 

300 

21-092 

1-583 

0-0988 

1-.5219 

310 

21-795 

1-531 

0-0<».‘»S 

1 5192 

320 

22-498 

1-489 

. 0-(«>30 

I-5I67 

330 : 

23-201 

1 446 

0-(KM»3 

1-51 42 

340 

1 23-1HI4 

l-4or. 

: 0-0878 

1-51 Oil 

350 

24-607 

1-368 

i 0-0854 

l-.50<>6 

360 

25-311 

1.333 

00832 

1 5074 

870 

26-014 

1-298 

00811 

1-5053 

380 

26-717 

1 -2r»6 

U-0790 

1 .5032 

^0 

27-420 

1-235 

1 0 0771 

l-5til2 

400 

28-123 1 

1-206 

0-0753 

1 4991 

410 

28-82<) 

1-178 

, 0-0736 

14971 

420 

29-529 

1-152 

i 0-0719 

r 49.52 

430 , 

JlO-232 

1-127 

: 0 0703 

1-4933 

440 

.30935 

1-102 

j o-o<mH 

1-4915 

4§0 , 

31-6.38 

V079 

j 0-0674 

1-4897 

460 

.32-341 

1 057 

' 0-0660 

1-4880 

'470 

33 044 

1-636 

! ()-0*>47 

1-4863 

480 

33-747 

r-oi6 

; 0-06.34 

1-4846 

490 

34-460 

0-996 

1 0-0622 

1-48,30 

500 

^5-154 

0-977 1 0-0610 

J ^ 

1-4814 


Temperature (, ToUl lieat II, and )*otonttal 0. 


c^t 

UmJe uiilu. 1 

Vahrenheit unita. 

' 1 

11 

i; • 

1 

11 

0 

194-35 ' 

*-.61*69 

5<i69 

3.SI 83 

# 

1205-44 

102-04 

19.5- .52 

669-95 

.57 32 

^383-94 

I205t:9l 

103-18 

196 66 

»»T0 20 , 

*7^4 

385-98 

ILHlf^ 

104-20 

197-77 

670 46 

.58-.53 

387-98 

1206-83 

I05‘3d 

198 87 

OH) 70 ' 

59-13 

3S9-lf7 

1207-26 

100‘43 

199 95 

670 95 

59-7*2 

.31U-9I 

1207-71 

Vo7fiOg, 

201 02 

671-19 

(H) 31 

393-84 

1208-14 

108-66 

202-0«) 

#71 tg 

6H> 88 

395- 7 W 

1208-56 

100-58 

203-(K> 

6.71 iVl 

6,1-45 

397-56, 

1 ‘208-95 

110-61 

204-10 

671-86 

6-2 02 

399-38 

1209-35 

111*63 

-205-10 

67-2 '>7 

6,2-.5}f 

• 

MH'iH 

• 

1200-73 

112*04 

207-nl 

♦i ', * •> 

6,3 -6,6 

404 67 

1210-47 

114-60 

2081k1 

67l,*8S 

6,4-72 

408-08 

1211-18 

P&49 

210-77 

67:^-'2i*e 

6.5 77 

411-39 

1211-85 

•118*38 

212-.57 

673 61 

66- 79 

4ll63 

1212-50 

120-22 

214 32» 

6.73 96 

67- so 

417-78 

1213-13 

122*0^ 

216 (>2 

674 29 

6,8-79 

4-20H4 

1213 72 

123-82 

217-68 

674 6.2 

6 , 9-75 

423 82 

1214-32 

126 66 

219 30 

674-93 

70-70 

4 ‘26 74 

1214-88 

127-26 

220 89 

6,75-23 

71 64 

4‘29-6it 

1215-41* 

128 05 

222-45 

I 67.5-52 

72 57 

432-41 

1 1215-94 

•130-63 

•22:V97 

I 117 5 80 

73-47 

435-15 

1216-44 

132-24 

2*2.5 45 

! 676. 07 

74-36, 

437-81 

j 1216 93 

133 86 

2-26.-91 

6,76-34 

7.5- ‘24 

440-44 

; 1217-41 

135*43 

'22§34^ 

, Ci7«i-59 

7609 

44301 

1217-86 

136-00 

229-75 

J 0 i6'H4 

76, 90 

445-5.5 

, 1218-32 

138-68 

231-13 

♦‘.77-07 

77 SO 

44804 

1218-73 

140-04 

2.32-49 

6,77 30 

78 6,3 

450-49 

1 1219 14 

141-63 

233-82 

677. 53 

79-44 

452-88 

j 1219-55 

14209 

-2,35-13 

677-76 

^0•26 

4.55-23 1 1219-97 

144-46 

2.36-42 

677-97 

81-(H', 

457-55 I 1220-35 

146*00 

237 69 

678-18 

8^85 

459-84 

I 1220-73 

147*33 

238 93 

678-38 

K‘2-6,3 

462-08 

1 122109 

148-73 

240-16 

6,78 58 

83-40 

464-29 

: 1221-44 

150*12 

241-37 

6,78-78 

: &-16 

46,6-47 

!r 1221-80 

151 ‘48 

242-57 

6,78-97 

; 84-92 

468 63 

I lg22’15 

15286 


To find H and V for wet steam, given 0, and t or p, 
h,~b=t{ 0,-0), ot a a. 

r, - F - F,(H, - - »t) Cent. - F,(f/, - H)/(H, - «(t - 82)) Faht. 
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ruu ni.-PB0I-I»Tni8 OF SATUBATED STEAM IN TEEMS OF TBMPEEATUBa 

nl*fol— SiTDBAHOK PbMSUB* f OF SlEA^I » POOHDS PBB Sg, IS. (LOSDON) fob EiCH 
► * Deobes C. from 0® TO 269® 0. 


‘empeimturo. 

0. F. 

0® 

1® 

2® 

8® 1 

• ' 

0 

4® 

6® 

— • 

6® 

• e • 

7® 

8® 

9® 

0 

32 

0*08922 

0*09589 

0*10299 

01K)66 0*11862 

0*12720 

0*13632 

0*14601 

0*15631 

0*16724 

10 

60 

017883 

0'19112 

0*20416 

q*21797 0*23260 

0*24810 

0*26449 

0*28182 

0*30014 

0*31949 

20'* 

68 

0*33993 

0*36167 

0*38433 

0*40834 ,0*43366 

0*46034 

0*^844 

0*61804 

0*54916 

0*.58190 

80 

86^ 

1^61618 

0*65236 

0*69037 

0*7:1030 0*77222 

0*81624 

0*86234 

0*91075 

0*96150 

1*0147 

40 

m* 

?b703 

1*1286 

I 4 I 496 

1*2534 ; 

1*3202 

1*3900 

1*4031 

1*5393 

1*6187 

1*7020 

RO 

122 

1*7888 

'l*8793 

1*9738 

2^723 ' 

2*1750 

2*2820 

2*.3935 

2*5096 

2*6305 

2*7564 

fib fio 

2*8873 

3*0234 

3*1651 

3*3123 

3*4653 

3*6243 

3*7896 

3*9611 

4*1392 

4*3240 

,70 

168 

4*5156 

41144 

4*9205 

5*1343 

5*3560 

5*5857 

5*8236 

6*0700 

6*3253 

6*5893 

80 

m 

6*8627 

7*1451 

7*4;i77 

7*7392 

8*05!^ 

8*3763 

8*7100 

9*0554 

94122 

9*7805 

90. 

m 

10*161 • 

10553 

10*958 « 

ll*?176 

11*806 

1 

12*2.52 

12*710 

13*182 

13*670 

14*172 

100 

212 

14*689 

15*222 

1 15*770 

16*335 

' 16*916 

17*515 

18*131 

18*765 

19*417 

28086* 

110 

230 

20*777 

2r48fi 

•22 214 

22*964 

237:13 

‘24523 

25*336 

26^170 

•27*027 

27*006 

120 

248 

28*808 

29*74:1 ' 

:io*6»i!:^ 

31*658 

:12*658 

33*684 

31*735 

35*813 

36*920 

.*18*052 

130 260 

39*213 

40*403 

41*621 

42*869 

^4*147 

45*456 

46*797 

48*169 

49*674 

51*011 

140 

4t84 

52*482 

53*986 

55*525 

.57*098 

58*709 

60*355 

62*038 

63*759 

65*516 

67*313 

150 

302 

69*150 

7l**025 

•e 

7*2*941 

7V,898 

76*897 

78*9:19 

81*021 ^ 

83*160 

85.322 

87*5.39 

160 

320 

89*800 

92*106 

94*460 

06*861 

99*314 

101*81 

I04*:i6 

106*96 

109*61 

I12*:'a 

470 

338 

115*00 

117*86 

120*72 

123(i:f 

126*60 

129*62 

132*70 

i:i5*83 

139 03 

142*28 

Tso 

360 

145*59 

148*95 

152*:18 

155*87 

1.59*43 

163*04 

166*72 

170*46 

174*27 

178* 14 

190 

374 

182*08 

186*08 

190*16 

194*29 

198*50 

202*78 

207*12 

211*55 

210*04 

220*<)0 

200 

39i 

225*24 

229*95 

2 : 14*73 

239*59 

W4*52 

249*53 

254*62 

2.59*79 

265*05 

270*:i8 

210 

410 

*275*78 

281*26 

286*82 

292*47 

298*20 

.304*01 

:109*91 

31.5*90 

;i2l*97 

:i28*13 

220 

m 

334*38 

:140*71 

:147*14 

353*66 

36)0* 26 

36()*96 

373*76 

380*64 

387*63 

394*70 

280 

446 

401*89 

409 12 

416*46 

423*89 

4«l*0l 

439*06 

446*79 

454*62 

462*56 

470 60 

240 

464 

478*74 

486*95 

49527 

.503*69 

512*21 

.520*85 

.529*59 

538*43 

.547*38 

556*46 

250 

482 

566*63 

574*87 

584-22 

593*69, 

603*26 

612*96 

622*74 

632*67 

642*70 

6.52*84 

• 

0 

iS 

3-6 

1 540 

1 7*2 

1 

9'0 

108 

1 

j 126 

14’4 

16-2 


KQOIVALKNT DkUREKR .\NI) decimals Faiihrnheit. 


To reduce to kg/sq. cm, (London) multiply by 0*070307. 

To reduce to Letitudo 45® &d<4 1 /2000th p^xrt. 

To reduce to mros. of mercury (Lat. 45®) multiply by 760/14*689. 

Beduotlon ia beat effected by the aid of tho table of logarithma of the preaaure given on the 

^^^^e valuea ol p are calculated from the therinodyuamical equation — H, to be 

oonsletett with those of H and 0. They agree very closely with experiment from 0* to 200® 0. 
Beyond 200® 0. tho experimental results become leas certain, but the error of the formula m 
oertalnly less than 1® 0. at 250® C. r 
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TJLBIB in.-*PROPERTIES OP SATURATED STEAM IN 
TEMPERATURE. 


OP 


III. (log |)).~LOO„ P WOE EACH 1 ® C. FEOM 0 * TO 


Temperaturf. | 

\ 



— « 




0^ 1 

- 

r 

3^ 

4“ 

C. 

K. 

' 

• • ' 



• 

• 

0 

32 

95046 t 

98175 

01280 

04359 

074 1« 

10 

60 

25244 ■ 

28130 

.30995 

33839 

:ir.66i 

20 

. 68 

63139 

558 U) 

58471 

61102 


80 

86 

78971 

81449 

83908 

86350 

88774 

40 

104 

02950 

05253 

07539 

09809 

I20ti3 

50 

122 

i 

25256 ' 

27400 

29530 

31644 

j 3:1745 ^ 

60 

140 

4r)050 i 

48050 

.50039 

52013 

53974 

70 

158 

65472 

67:143 

69*201 

71(^8 

72884 

80 

176 

83649 

85401 

87144 

88874 

‘K).59:i 

90 

194 

00692 , 

02337 

0.3971 

05595 

0721* 

lOO 

212 

16699 ! 

18246 

1978.3 

21312 

228.31 

110 

230 

31759 i 

3.3215 

:U663 

36104 

37535 

120 

2 IS 

45951 i 

47324 

486<M) 1 

.50049 

51:199 

130 

266 

59343 1 

6(XV4l 

61931 

6,3214 

t9U 

140 

284 

72tJOl ■ 

j 

73228 

74 4 49 

7,5662 

76870 

150 

302 

1 

8.3979 i 

V»m 

8r.*297 

87447 

1 SS.59li 

160 

320 

95328 

i 9»1429 

97.525 

986.15 

1 •I970I 

170 

338 

mm 

07i:i7 

98177 

09212 

Hft42 

180 

356 

16313 

1 17305 

18294 

19277 

20257 

190 

374 1 

26027 

! 26971 

j 

27911 

28845 

•29775 

200 

392 

35265 

3616,3 

370.56 

37947 

*38832 

210 

410 

44057 

44911 

4.5761 

46>608 

i 47450 

220 

428 

52424 

532:19 

54050 

.548.58 

^ 5.5661 

230 

446 

60410 

61185 

619.57 

62725 ' 

' 6:i41M) 

240 

464 

68010 

• 68748 

69484 

70216 

70945 

250 

482 

75253 

I 75957 

1 

766.58 

773.56 

7«A).50 


0 

1 18 

36 

5’4 

7-^ 


9^0. 


hV44<J 


iniK2 


25832 I 
5..i»22 ' 
7 4 70S 
02305 
0J%I0 


Wll 

) •• 

80720 
00770 
11207 
21230 
30702 ; 

i 

30713 

4H2S‘> 

5<V402 

04252 

710-: 

78743 


90 


r 

r 

8" 


• 

1:1456 

16440 

11K199 

22333 

4-2241 

44997 

^7733 

50446 

68S1I1 

714:i6 

731Hi9 

76485 

935<i8 

9.5mo 

1^295 

mm 

•16527 

18731 

5^917 

23097 

371H44 

• 

:1996I 

42004 

44034 

578.59 

.59782 

61692 

•63588 

76519 , 

^78319 

80108 

81884 

94(H»2 

9.5691 

97.369 

9iM)36 

1 04 13 

1 l!i98 

13576 

15142 

2.5843 

27.3:i5 

28819 

30293 

i 403^1 

4178(T 

43179 

44569 

! .54*07/ 

.5.510^4 

56726 

58038 

: 67022 

6,8277 

69525 

^766 

79266 

80454 

81635 

^2810 

' 9OH60 

a 

91986 

93106 

04220 

1 01853 

02921 

o:i983 

05041 

' 12*287 

1 3:101 

14310 

15314 

22199 

23163 

24122 

26077 

; 31623 

.*12.54 1 

33453 

34361 

1 

40.5'.M) 

4116.3 

4233^ 

43107 

49123 

49955 

50782 

51604 

572.59 

58052 

58842 

' 59627 

6, .50 10 

6.5765 

60517 

6726f 

72394 

7.3113 

73829 

7454S 

794.31 

• 

801 18 

80800 

B148I 

i I0’8 

12-6 

14-4 



EQUIVAI.KST DeGREKH and r>EClMAT.H AlIRF.SKETT. 


Log|) « 21-07449 - 2903*39/2' - 4*71734 log T 0-4057(cr- h)p/r. 

To reduce to kij/eq. cm. add log 0*070307 =* 2*84000. To rwluce bo mnw. of mercui 

(Lat. 45«) add 1 71382. • . , . 

The oharacteriBtio of the logarithm Is omitted, and must be Hupplied by iiwpeotloii of t 

table of f on the opposite page. 

The logarithm of tj^e pressure is the quantity directly given by calculation, anj| most 
often required for other purposes. It should be used, when possible, in preference to p itsel f, 
because this procedure permits a more ^iform degree of proportionate accuracy. 
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m ni.-^PS^TIES OF SATUBATED STEAM IN TERMS OF TEMPERATURE. 

« 

f XII. (7).— Yolums 07 Satubatxo Steam xe Cubic Feet fee PtuHD fob each 
1 1® 0. FBOM 0® TO 269® C. 


npenture, 

F. 

0® 

1® 

r 

8® 

4® 

6® 

• . 

7® 

8® 

9® 

0 

32 


3059 3 

2858*5 

2672*6 

2499*9 

2339*6 

2190*9 

2052*6 

1924*2 

• 

1804*8 

iO 

60 

1693*8 

1590*5 

1494*1 

1\04*3 

1320*4 

1242*2 

1169*2 

1101*1 

1037 3 

977*87 

so 

" 68 

'022* 19 

869*92^ 

821*13 

775*45 

^32 59 

692*41 

05<I-84 

61936 

586*18 

554*98 

so 

86 

«^*8l 

498*25 

47^3 

447*94 

424*99 

403*33 

382*98 

363*77 

345*64 

328*56 

U) 

104 

312*45 

297*24 

21&*87 

209*28 

2.56*45 

244*30 

232*81 

221*96 

211*69 

201*93 

MS 

m 

192*72 

183*97 

175*65 

• 

167*84 

160 37 

153*30 

146*58 

140*20 

1.34*15 

128*38 

SO 

140 

122*91 

11T72 

112*76 

108*06 

103.58 

99*307 

95*238 

91*364 

87*673 

84*156 

to 

m 

80*804 

77*?k)6 

74*558 

71*644 

m-m 

66*204 

63*669 

61*244 

58*926 

66*71.3 

BO 

176 

64*596 


60-633 


47*007 

45*303 

43*677 

42*115 

40*620 

39*187 

00 

194 

37*815 

36*498 

36*235 

*'34*024 

32*860 

31*743 

30*670 

29*642 

28*651 

27*702 

« 

00 

212 

26*78q 

25*911, 

26*067 

24*2.56 

23*476 

22*724 

22*001 

21,306 

20*636 

19-902 

10 

230 

19*370 


,1819’(, 

17*641 

17*105 

16.590 

16*002 

15*612 

16*149 

14*702 

20 

248 

14*271 

13*855 

13*4.5^4 

^ 13*066 

12*692 

12*330 

11*980 

11*643 

11*316 

11*001 

80 

906 

10*696 

10*401 

10*116 

1^8404 

6*5737 

9*31.56 

9*065-4 

8*8236 

8*6894 

8*3627 

40 

2 ii 

8*1431 

7*9304 

7*7245,1 

7*5252 

« 

7*3317 

7*1443 

6*9625 

6*7864 

6*6168 

6*4502 

ISO 

302 

6*2895 

0*1.339 

5*9828 

,5*8361 

5*6939 

5*.5.5.59 

5*4218 

5*2916 

6*1662 

6*0124 


320 

4*9232 

4*8076 

4*6951 

4*586(t^ 

4*4795 

4*3763 

4*27.58 

4*1782 

4*0836 

3*0911 

175 

338 

3*9015 

3*8143 

3*7*295 

3*6469 

3*5675 

3*4884 

3*4123 

3*3383 

3*2661 

3*19.59 

ISO 

356 

3*1275 

3(MMl 

2*9962 

2*9331 

2*8714 

2*8115 

2*7531 

2*6962 

2*6408 

2*5867 

190 

374 

2*6339 

2*4826 

2*4324 

2*3838 

2*3362 

2*2896 

2*2444 

2*2001 

2*1670 

2*1148 

200 

392 * 

2*0738 

2*0337 

1*9948 

1*9.566 

*9193 

1*8830 

1*8474 

1*8128 

1*7788 

1*7468 

BIO 

41 Q 

1*7134 

1*6819 

1*6511 

1*6210 

1*5916 

1,5629 

1*.5348 

1*5073 

1*4804 

1*4642 

B20 

428 

1*4285 

1*4034 

1*3788 

1*3.548 

1^3314 

r:«)84 

1*2860 

1*2639 

1*2424 

1*2214 

B80 

446 

1*2007 

1*1807 

1*1611 

1*1419 

1^230 

1*1046 

1*0864 

1*0688 

1*0566 

1*0344 

840 

464 

1*0178 

1*0017 

0*9858 

0 9702 

0*95-19 

0*9400 

0*9253 

0*9110 

0*8969 

0*8830 

850 

482 

0*8695 

0*8564 

,0*84;i4 

0 8306® 

0*8183 

0*8060 

0*7940 

0*7822 

0*7707 

•3*7694 


0 

1-8 

3*6 

• 

5-4 

7*2 

9'0 

10'8 

126 

14-4 

16-2 


Equivalent* DbqBbeb and Dkciwalh Fahrenheit. ** • 


Formula 7, » 1*07001 T/p - (c - 6). 

Where T « t + 273 10® 0., he. 0*0160, and c « O*4213(973*l/70'°/*. 
p in lbe./sq. in. London, o and b in cubic feet per pound. 

To reduce to oubio metres pei* kilogramme divide by 16*0184 (or divide by 16 and tubtraol 
HX)116o!thereflplt). ^ 

To find 7 for wet steam, given f, and H or find Hi from Table *111., p. 80 (and B 
Irom £riK«T0 — (?, Table III., p. 81, if 0 only is given), and mbstitata In the fonnuli 

7.~7-7.(J3,-N)/(Hs-i<). 




fAXM Ht-PROPEBTIBS OP SATURATED STEAM IN TERMS OF TEMPERATURE. 

III. (c).— OO-AOQBIOATXON VOLDHB C GtJJlIO FbBT PXB POUMD FOB KAOH 
1® C. FBOM 0® TO 259® C. 









ju iii.-Vropbutibs of saturated steam in terms op temperature 

II (H).— Total Heat H, of Satubated STmkM in Mean Oalobibs 0. from 0® to 259® C. 
• ' ' '* I fob each Dbqbbb. 


mperature. 

3. V . 

0® 

— r 

1“ 

2® 

3® 

« 

9 

4 ® 

5° 

• • • 

T 

8® 

9® 

0 

32 

594*27 

694*75 ^ 

‘696*23 

695*70 

696*18 

696*65 

697*13 

697*60 

598*07 

698*64 

10 

60 

699^01 

699*49 

699*96 

680*43 

600*90 

601*37 

601*84 

602*31 

602*78 

603*25 

20 

*68 , 

,603*72 

604*1% 

604*66 

605*13 

606*60 

606*06 

60(^63 

607*00 

607*47 

607*94 

20 

86 

6(^*40 

608*87 

6(to*33 

609 80 

610*26 

610*73 

611*19 

611*66 

612*12 

612*68 

M) 

104 

*6ra04 

613*60 

6i4^*t6 

614*42 

614*88 

615*34 

615*80 

616*26 

616*72 

61718 

50 

222 

617*63 

6*18*09 

618*54 

6li*00 

619*45 

619*90 

620*36 

620*81 

621*26 

621*71 

60 

W 

622*16 

622*61 

623*06 

623*50 

623*95 

624*39 

624*84 

625*28 

625*72 

(526*16 

10 

168 

026*60 

627^>4 

627*48 

627*91 

628*36 

628*79 

629*22 

629*65 

630*09 

630*52 

BO 

176 

630*95 

631*38 

631 80 

632*23 

632*68 

633*08 

633*60 

633*93 

634*35 

634*77 

90 

>104 

635*19 

ni36*6l 

636*02 

•636*%4 

636*85 

637*26 

637*67 

638*08 

638*49 

638 00 

00 

212 

639*30 

639*71 

640*11 

640*51 

640*90 

♦541*30 

641*69 

642*09 

642*48 

(42*87 

10 

230 

643*2(t 

643*6^. 

644*(H 

644*42 

644*80 

645*18 

(545*56 

645*94 

646*32 

(46*70 

20 

248 

647*07 

647*-#4 

^I47*8r 

u 648* 18 

648*55 

(48*91 

649*28 

(49*64 

650*00 

650*36 

80 

m 

650*72 

661*07 

651*43 

661 78 

(i;>2*13 

652*48 

(552*82 

653*17 

(56361 

653*85 

40 

m 

654*19 

664*53 

664*86 

(ft5*19 

655*52 

655*85 

(55(5*18 

656*61 

666*83 

(557*15 

60 

302 

657*47 

65*70 

658*10 

* • 

65a*4i 

658*72 

(559*03 

659*34 ' 

' (559*66 

669*95 

(560*25 

.60 

320 

660*55 

660*85 

661*15 

661*44. 

661*73 

662*02 

(562*31 

(5(52*60 

662*88 

6(53*16 

fO 

338 

663 44 

663*7*2 

664*00 

664*27^ 

6<14*54 

(5(54*81 

(5(55*08 

(565*35 

(566*62 

(5(55*88 

iSO 

366 

666*14 

666*40 

(Ui6*66 

666*91 

667*17 

667*42 

(5(57*67 

667*92 

668*16 

(5(58*41 

190 

374 

668*66 

(i68*89 

669*13 

669*37 

669*60 

669*83 

670*06 

670*29 

670*62 

670*74 

SOO 

392* 

670*96 

671*18 

671*40 

671*62 

(f7l*83 

672*04 

672*25 

(572*4(5 

672*67 

672*88 

110 

410 

673*09 

673*29 

673*49 

673*69 

673*89 

(574*09 

674*28 

674*48 

674*67 

674*87 

220 

43^ 

675*06 

675*26 

675*44 

67562 

675*80 

(575*98 

676*1(5 

(576*35 

676*63 

676*70 

230 

446 

676*87 

677*05 

677*22 

677*39 

677*56 

(577*73 

(577*90 

678*06 

678*22 

678*39 

240 

464 

078*55 

678*71 

678*87 

679*03 

679*19 

(579*36 

(579 50 

679*66 

679*81 

679*97 

260 

482 

680 12 

680*27 

680*42 

• 

680*57, 

• 

, 680*72 

1 • 

(580*87 

(581*02 

681*16 

681*31 

jj81*45 


0 

I'S 

36 

5*4 • 

7*2 

9'0 

10-8 

126 

144 

162 


Equivalent^ Deobres and Decihalb Fahrenheit. « 


Equation H* «* SqT — (a(n + l)c — ab)p 464*00. 

V^here Sq ** 13 x (1*11012/3, and p « saturation pressure in lbs. per sq. in. 

a -144/1400. c « 0*4213(T/3731)'«/*. 6 *=0 0160. 

To reduce to British Thermal Units, multiply by 9/5. (Subtract a tenth and multiply by 2.) 
No reduction required for Metric Units 0. ^ 

To find H for ^et steam, given 0 and t H « T0 — G. 

To«x4 H for wet steam, given V and f. Find 7, from Table HI. (7)*?. 28, and suUtitute in th 
formula, 7. ~ 7- Vs{H, ~ H)/(H, - st). 

When 0 and 7 are given, proceed by trial and interpplation. 
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MBtB m.— PBOPBBTIIBS OF SATURATED STEAM IN^ERUS OF 
TEMPERATURE. 


III. (G).— Thebmodynamig Potential G, = T0^ - J/, of Saturated Steam in 
M aAN,CALOBIEa O.^FOB EACH 1“ FROM 0® TO ‘iSOj 0. 


Temperature.! 


•i’* 1 

2^ 

1 

3’ 1 

• 4 

6’ 1 

6' 

7' j 

8^ j 

9^ 

a 

F. 
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. 

1 









1 

^ j 




0 

32 

0 

0-002 

0-007 

0-010 

0029 

01)40 

OOOfi; 

0-090 

,0 110 

0-140 

10 

69 

0-181 

0-218 

0-259 

0-304 

0 3r/2 

0405 

0-4.59' 

0 517 

0 579 

1^045 

20 

68 

0-714 

8-79 

0-80 

0-93 

1 01 

rio 

l-ft) 

1-28 

I:i8 

1-48 

80 

86 

1-58 

1-09 

1-79 

1-90 

20-2 

-2U 

2-20 

2-:i9 

^.11 

204 

40 

m 

2-78 

2-92 

3-00 

3-20 

335 

3-50 

3' 0.5 

:i-8i 

• 

3-97 

4-13 

50 

122 

4-30 

4-47 

4-04 

4-82 

499 

5 17 

5-30. 

5 - 5.5 

5-74 

.21-93 

60 

Ui) 

C-13 

0-33 

0-53 

0-74 

095 

7 10 

7 -.17 ^ 

7 -.59 

7-81 

8-03 

70 

158 

8-28 

8-49 

8-72 

11-90 

9 20 

9 4 4 

9-OS • 

9-93 

10-17 

10-43 

80 

176 

10r)8 

10-94 

11 20 

11-40 

11 *1 

L23)o 

12-27 

12i54 

12-82 

13; 10 

90 

m 

13-38 

13-07 

13 90 

14 25 

14-.54 

14-84 

1.V13 

15-43 

15-24 

10-05 

100 

212 

lfi-30 

10-07 

10-99 

17*31 

17-03 

iT-a-, 

lS->7 

IS-OQ 

18-93 

10-20 

110 

230 

19-()0 

19-94 

-20-28 

20-02 

20 97 

•!W:32 

24 -O'. 

•22 02 

•22- 38 

22-74 

120 

248 

23-10 

23-40 

2383 

-24 20 

-2 4 -.57 

■-J'i5 

•25 33 

•2.57I 

•20-09 

20-47 

130 

266 

2r.-83 

27-25 

-27-01 

-2804* 

28-41 

28 Si 

-.>9-24 

29-04 

:io-(>4 

J)-4r) 

140 

284 

30-811 

31-27 

31-08 

:i-2 10 

i 3-2-52, 

:42i94 

i 33-37 

I t 

:t3-80 

34-23 1 

•3400 

150 

302 

35- 10 

35-54 

35-98 

30 4-2 

3p-8<’» 

:i7-3i 

1 37-70 

:18-21 

.'18-00 

39 12 

160 

320 

39-.“)8 

40-0^4 

j 4J)-50 

40-97 

il-44 

41-91 

42-38 

42-8.5 

43-:i3 

43-81 

170 

338 

44-29 

44-77 

1 45-25 

45-74 

40-23 

40-72 

. 47-22 

47-72 

48-22 

48 - 7 / 

180 

356 

49-22 

49-73 

■ 50-24 

50-75 

51-20 

.51 77 

1 52-29 

.52 Hi 

53-:i3 

53-85 

190 

374 

54-38 

54-91 

55-44 

55-97 

,50-.50 

.57-04 

! . 57 -.58 

1 

.58 12 

.58-00 

a 

59-20 

200 

302 

59-75 

00-30 

00-85 

< 

01-40 

01 90 

02.52 

! 03-08 

03-01 

04-20 

04-70 

210 

410 

05-33 

05-90 

00-47 

07-04 

07-02 

OS-20 

1 OS-78 

09-.30 

09-94 

• 70 53 

220 

428 

71-12 

71-71 

72-30 

7-2-8't 

73-49 

741)9 

i 74-09 

75-29 

7.5-89 

70-.50 

230 

446 

77-11 

77-72 

78-33 

78-94 

79.50. 

80-18 

j 80-80 

81-42 

82-04 

8207 

240 

464 

83-30 

83-93 

84-50 

8.5-19 

8.5-82 

80-40 

87-10 

87-74 

88-38 

89-03 

250 

482 

89-08 

90-33 

90-98 

91-03 

§1528 

92-94 

9 : 1 - 00 , 

94 20 

94-92 

95-59 

•»> 

0 

rs 

j 3’6 

5-4 

f 

72 

Off 

fU8 

liC 

1 

li'4 

IG‘2 


* Equivalent Deobeks and DECiMAife Fahueniieit. 


Equation G- =* sT log^, T/Tq --st — 0 003 //7’„ * 

9 » 2-2949r logio 7’/2731 - 1 + t/'^ ~ 0 003 V273-1 
where 8 «» 0’99666, and Ts* <+ 273*10. * , . i. i j 

To reduce G to Britigh Thermal Units, multiply by 9/5, or subtract a tenth and 


mulfiply by 2. , 

No reduction ri^uirod for Metric Units Centigrade. 

The value of G is the same for water and saturated steam at the same temperature or 
pressure, and for a mixture of wat^r and steam in any proportions. 
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TA8LI JV.~^rOTArlHi5AT B OB' SUPERHBATBJD OB SUPEBSATUBATED STEaM 
IN MEAN CALORIES CENTIGRADE. 


Tanperatore. 

Differ- 

V 

PreMure In pounds per sq. in. (Kg. per sq. etn. in italics.) 


10 lbs. 


30 

40 

BO 

f 60 

7(f 

80 

90 

100 

0. F. 

10S.C. 

vtmi 

i'lOUS 

fSlSS 

s-5m 


POSIS 


6-sm 

7-0307 

















% 



9 " 




600 m 

0-1492 

832-61 

^2-46 

8.32-31 

832-16 

832-02 

831-87 

831-72 

831-67 

83V42 

480 S42 

0!904 

808-67 

^8-48 

808-2» 

808-10 

807-91 

807-72 

807-63 

807-34 

807-15 

400 752 

0 2404 

784-70 

784-45 

78i-20 

783-96 

783-71 

783-47 

783*22 

782-97 

782-73 

890 7U 

0:2196 

779-90 

*779V)4 

779-38 

779-12 

778-86 

# 

778-60 

778.34 

778-08 

777-82 

880 716 

0-2740 

775-10 


774-56 

774-28 

774 00 

773-7.3 

773-46 

773-18 

772-91 

870 698 

0-2892 

77^-30 

77001 

769-72 

769-43 

769-14 

768-85 

768-66 

768-27 

767-98 

860 680 

0-3056 

765-49 

766 19 

764^8 

764-67 

764-27 

763-96 

763-66 

763-35 

763-06 

850 oef 

0 3232 

760-68 

700-36 

760-04 

769-71 

759-39 

769-07 

758-74 

768-42 

758-10 

840 644 

0-3420 

755-87 

755-53 

755-19 

754-85^ 

754-61 

7.54-16 

753-82 

753-48 

7.53-14 

880 626 

0-3620 

7RI-06 

760-70 

■160-3f 

749-98 

749-61 

749-25 

748-89 

748-53 

748-17 

820 608 

0^840 

746-25 

745-86 

745-48 

745-09 

744-71 

744.33 

743-94 

743-56 

743-17 

810 590 

0-4072 

741-43 

741-02 

740-61 

740-21 

739-80 

739-39 

738-98 

738-58 

738’ir 

800 572 

0-4324 

^730-61 

> • 

•.736-17 

• 

736-74 

• 

736-31 

734-88 

734-44 

734-01 

733-58 

733-15 

890 5Sd 

0-4596 

731-78 

731-32 

7\) 86 

73^-40 

729-94 

729-48 

729-02 

728 56 

728-10 

280 539 

0-4888 

726-95 

726-46 

72.f 97 

725-48 

724-99 

724-50 

724-02 

723-53 

723-04 

870 51^ 

0-5204 

722-4 

721-59 

•f2l407 

720-55 

720-03 

719-61 

718*99 

718-47 

717-95 

260 500 

0-5544 

717-27 

716-72 

716-U5 

715-61 

715-06 

714-50 

713-95 

713.39 

712-84 

860 4S2 

0-5920 

712-43 

711-83 

711-24 

.710-65 

% 

710-06 

709-47 

708-87 

708-28 

707-69 

840 464 

0-6324 

707-57 

706-94 

1 706-31 

706-68 

706-04 

704-41 

! 703-78 

703-15 

702-51 

880 446 

0-6764 

702-71 

702-04 

! 701 -.36 

700-69 

700-01 

699-3.3 

698()6 

697-98 

697.30 

880 42S 

0-7244 

697-85 

697-12 

696-40 

695-67 

694-95 

694-23 

(593-50 

692-78 

692-05 

810 410 

l)-7768 

692-97 

692-19 

691-42 

691^6.1 

689-86 

689-09 

688-31 

687-63 

686-76 

800 592^ 

0-8340 

688-08 

(187-25 

686-42 

685-58 

684-75 

683-91 

683-08 

(>82-26 

681-41 

190 574 

0-8968 

683-19 

682-29 

681 -.19 

680<60 

679-60 

678-70 

677-81 

676-91 

676-01 

180 356 

0-9656 

678-28 

677-31 

676,35 

675-38 

674-41 

(57.3-45 

1 672-48 

671-62 

670-55 

170 338 

1-0422 

673-36 

672-31 

■ 671-27 

4570-23 

669-19 

668-16 

1 667-10 

666-06 

66i-02 

I 

1 

1-1256 

668-4 b 

6(^-29 

666-16 

• 665<H 

66.3-91 

662-79 

661-66 

1 660-64 

669-41 

150 302 

1-2187 

003-46 

662-24 

661-02 

650-80 

658-69 

667-37 

656*16 

654-93 

653-71 

140 284 

1-3208 

058-48 

657-16 

665-84 

654-62 

663-20 

651-88 

650-66 

649-24 

647-92 

180 266 

1-4345 

653-48 

652 06 

6.50-61 

649-18 

647-75 

646-31 

644-88 

643-4^ 

642-01 

180 248 

1-5615 

648-46 

646-90* 

6-46-3-4 

64.3-77 

642-21 

640-65 

639-09 

637-63 

636-97 

110 230 

1-7027 

643-40 

64b70 

640-00 

638-30 

636-59 

634-89 

633-19 

631-49 

629-79 

100 212 

1-8008 

638-31 

636-46 

a 

6,34-59 

632-73 

630-87 

620-01 

627-16 

626‘2% 

•62»-43 

• 


] H. 

642-82 

647-51 

650-95 

653-60 

656-76 

667-60 

. 

659-20 

660-69 

661-82 

sataratloB 

C. 

108-87 

121-28 

130-67 

138-,30 

144-79 

150-46 

156-52 

160-09 

164-28 

tMBperaturs. 

j F. * 

227 97 

250'3i 

26721 

28094 

29262 

302 83 

31V93 

m 

32019 

32771 


Formula B - S^T - SCP + 464 00. Sq « 0-47719. 

To reduce to B*Th.U. Fabr., subtract a t|ntb and multiply by 
No reduction required for Metric Units (K.M.C.). 

Values below tbe black zigzag Lino represent supersaturated steam. 
Rin 


TiJLI I?.— TOTAL .HEAT H OP SUPERHEATED OR SUPERS1TURa1®D STBAU 
IN MEAN CALORIES OENTIOBADB. ^ , 


Pressure in pounds per sciuaro inch. (Kg. per sq. cm. in ital^s.) 


120 

140 

160 

• 180 

20% 

250 

; 300 

350 

f*00 

460 

500 

^•iSSS 

91^90 


J3‘6SS 

nm 

r r.:7 

31-093 

ei-007 

’SS-I33 

91 -ess 

' 6- m 

831*12 

830*82 

9 

830*62 

1 t 

830*22 

829*93 

e 

829*18 

1 

828-43 

827*69 

826 94 

820-20 

826*46 

&6*77 

806*39 

806 00 

805*62 

805*24 

804 29' 

803. *14 

80i-39 

801-43 

800-48 

799-63 

782*23 

781*74 

781*25 

780*76 

780*26 

77903 

#77-80 

i 776*57 

1 

775-33 

(774*10 

772-87 

777 30 

776*78 

776-26 

*775*76 

775*23 

• 

773-93 

; 772-03 

' 471 .?3 

770-03 

J68-74 

767*44 

772*.'»0 

771*81 

771*20 

770*71 

770 17 

768 80 

7(»7-43s 

^(>() 06 

764-69 

^6S*32 

761*95 

767*40 

760*83 

766*25 

765*07 

705*09 

763-64 

7(i2-20 

760-75 

759 31 

757-86 

766-41 

762*44 

701*82 

761*21 

7iK)*60 

759-99 

7.58-46 

•756-93 

755-41 

7?>3-88 

752-35 

760-82 

767*45 

750*81 

756*16 

755-51 

754*87 

753*25 

751 *63 

750-02 

748-40 

746-79» 

746-17 

762*45 

751*77 

751*09 

750*40 

749-7f 

748*01 

74(>-.30 

744 59 ' 

742-88 

741 17 

739*46 

747*44 

740*72 

745-09 

745*27 

744*55 

742-74 « 74(193 

739 12 

73f 31 

735 50 

733*69 

742*41 

741*04 

740-87 

740*10 

739*33 

737 41 

735 49 

733-57 

731 (55 

728*73 

727*81 

737*30 

736*64 

735-73 

734*91 

734*10 

732*0(' 

730-03 

727-99 

725-95 

72392 

721*88 

732*28 

731*42 

730*65 

729*69 

728*82 

726 (»(> 

72450 

722-3ft 

720- P7 

718-01 

716*85 

727*18 

726*20 

725*34 

724*43 

723*51 

7j>l 21 

7l.'^9l 

716-61 

714*31 

712*02, 

709-72 

722*06 

721*08 

720*11 

710-13 

718*15 

715-71 

7*13-26 

710-82 

708*37 

705-03 1 

703*49 

716*01 

715*81 

714*83 

713*79 

712-75 

710*14 

J07«.'M 

704-94 

702*34 

699*74* 

697*13 

711*73 

710*62 

709 '51 

708-40 

707*29 

7«)4-52 

^701-75 

()9S-98^ 

'(i96-21 

693-43 

6iH)-66 

700*61 

706*32 

704*14 

702-95 

701*77 

(iU8-8l 

# 

695-85 

692-89 

689*93 

086-97 

(584-01 

701*25 

099*00 

098 72 

697*40 

096*19 

693*03 

689-87 

(►86-70 

(>83*54 

080*38 

677*22 

096*05 

694*00 

(i03*24 

(i91*89 

090-54 

687*16 

683-77 

680-39 

677-01 

1 673-63 

670*25 

090*60 

689*10 

687*71 

686-20 

684*81 

(►81*19 

677 *.’>6 

1 (;73-94 

670 32 

666-go 

063*08 

685*20 

083*65 

082*10 

680-54 

678-99 

(‘►7 5* 10 

(HI 22 

■ 667 -;i4 

('►63-45 

669-67 

056*68 

679*74 

678*08 

076*41 

674*74 

673-07 

668*00 

064*73 

6(»0*5() 

1 

65(>-39 

662-2i 

648-05 

674*22 

072*43 

070*03 

668*84 

667*04 

f 

6()2-56 

658*08 

1 (553-59 

649-11 

044-62 

6<40*14 

6^*62 

666*69 

664*70 

662*83 

660*90 

65607 

(}5r2l 

1 646 41 

(m*r>8 

0:J6-76 

031-93 

662*94 

660*85 

658*77 

(556-69 

! 654*60 

(W946 

(>44*19 

1 6jJ<-98* 

633*77 

028-66 

623*30 

667*16 

654*91 

652*06 

650-41 

048*16 

642*53 

(};j(>91 

; 63J-28 

(325*66 

020-03 

614*40 

661*28 

648*84 

646 41 

043*97 

041*53 

635 44 

(►29-35 

i ()23-26 

1 i 

617-17 

611*08 

604*99 

646*28 

642*64 

040*00 

637*36 

634*72 

028-12 

621-52 

1 

614 92 

608*32 

001*72 

696*12 

639* !4l 

» 636*27 

633*41 

630*54 

627*07 

620*50 

613 3.*^ 

(KXilO 

608*99 

691*82 

684*65 

632*85 

629*73 

626*61 

623*48 

620*36 

612*56 

mi5 

596-95 

589-16 

581*34 

673 64 

626*38 

622*98 

,619*67 

616*17 

612*77 

604*26 

m'r> 

587-24 

678*73 

670*22 

661*71 

m-H* 

615*99 

612*27 

t 

608 56 

604*83 

595*52 

586-22 

576-92 

• 

667*62 

658*32 

549 01 

663*92 

666*69 

• 

667*22 

668*63 

669*69 

672*08 

673 97 ’ 

675*52 

i 

676*84 

677*97 

078*97 

171*75 

, 178*31 

184*16 

189*48 

194*36 

205*10 

214*32 i 

222*45 

229*76 ; 

236*42 

242*87 

84V16 

3S2 96 

363-49 

37307 

33V85 

401-19 

417-78 

432-41 

44666^ 

467-S6 

468-63 



m 











Formula K - “ ^CP + 464 00. 5o «» 0-477 19. 

To reduce to B.Th.U.'^Sahr., subtract a tenth and multiply Iqr 3. 
No reduction required for Metric Units (K.M.G.). 

Values below the black sigaag line represent supersaturated steam* 



n>U T.-VOL^MB F OP SUPERHEATED OR SUPERSATURATED STEAM 
IN CUBIC FEET PER POUND, 


nnpersture. 

C. F. 

^ PreMure In pounds per sq. In. (Kg. per sq. cm. In italics.) 

20 ^ 

(Wl) 

30 

s-m* 

40 

s-siss 

50 

$‘515/, 

CO. 

U'tm 

70 

, 

80 

00 

6'3m 

100 

7HW 

100 . 

9^ 

41 30:i 

27-/|59 

20-671 

J6-.532 

13-774 

11-803 

10-325 

9-1764 

8-2568 

450 

'S42 


25-775 

19-324 

15-463 

12-872 

11-029 

9-6466 

8*5714 

7-7111 

400 

752 

« 

35-988 

2:ia78 

• * 

17-975 

14-3p 

11-967 

10-252 

t 

8-9648 

f 

7-9640 

[ 

7-1632 

890 


35-450 

23-618 

J7-702 

14-152 

11-786 

10-096 

8-8281 

7-8421 

7-0533 

380 

7m 

34-912 

23-258* 

17-431 

13-936 

11-004 

9-9396 

8-6910 

7*7200 

6-9430 

870 

G9H 

:u-37^ 

22-897 

17160| 

13-717 

11-422 

9-7833 

i 8-5537 

7-6976 

6-8326 

860. 

6S0 

33-8:u 

22-537 

16-889 

13-600 

11-240 

9-6266 

8-4162 

7-4748 

6-7217 

850 

662 

33-295 

^22-177 

16617 

13-282 

11-058 

9-4698 

8-2785 

7-3620 

6-6107 

840 

644 

32-755 

21-816 

16-J45 

•13-(Mi3 

10-875 

9-3125 

8-1403 

7-2287 

6-4994 

830 

6^6 

32 215 

21-454 

1 16-073 

12-846 

10-692 

9-1551 

8-0020 

7-1062 

6-3878 

320 

60S 

31-675 

21-092 

15-800 

12 626 

10-509 

8-9973 

7-8634 

6-9815 

6-27()0 . 

810 

590 

3W135 

2(A-730 

15-528 

12-406 

10-326 

8-8391 

7‘7243 

6-8572 

6-1636 

800 

572 

30-594 

20-368 

1.V264 

12-187 

10-141 

8-6806 

7-6848 

6-7327 

6-0509 

29(C 

554 

30-052 

20-004 

14 984 

1 l-96b 

9-9.569 

8-.5216 j 

7-4449 

6-6076 

6-9378 

280* 

536 

29-510 

19-641 

li-J06 

11-746 

9*7718 

8-3620 

7-3045 

6-4821 

6-8241 

270 

51S 

2S-967 

•19-277 

14-431 

11-624 

9 .5863 

8-2019 

7- 1636 

6-3560 

6-7100 

260 

500 

28-425 

18-913 

14-156 

' ll;.303 

9-4002 

8-0413 

7-0221 

6-2296 

5*5953 

250 

4S2 

27-881 

18-547 

13-880 

ll^iSO 

9-2134 

7-8800 

6-8799 

6*1021 

5-4798 

240 

464 

27-337 

18-181 

1.3-603 

10-857 

9-0260 

7-7180 

6-7370 

6*9741 

6-3637 

230 

446 

26-791 

17-814 

13-32ii 

10-632 

8-8376 

7-5.561 

6-5933 

5-8462 

6-2467 

220 

mi28 

26-246 

17-447 

13 048 

10-40^ 

8-6483 

7-3913 

6-4486 

6-7166 

6*1289 

210 

410 

25-69t) 

17-078 

12-768 

10-182 

8-4582 

7-2267 

6-3031 

6-6848 

6-0101 

200 « 

• 392 

26-160 

16-700 

12-488 

9-9552 

8-2668 

7-0609 

6-1664 

5-4629 

4-8901 

190 

374 

24-601 

16-338 

1 

12-206 

9-7269* 

8-0743 

6-8938 

6-0085 

5-3199 

4-7690 

180 

356 

24-050 

15-965 

14-923 

9-4974 

7-8805 

6-7265 

6-8592 

5*1866 j 

4-6465 

170 

33S 

23-497 

J5-621 

11-6,38 

9;266I 

7-6860 

6-5665 

6-7083 

5-0495 j 

4-62^ 

160 

320 

22-944 

15-216 

11-352 

9-0534* 

7-4878 

6-3838 

6-5668 

4*9118 

4*3966 

150 

302 

22-388 

14-838 

11-063 

8*7984 

7-2886 

6-2101 

5*4012 

4 7721 

4-2687 

140 

2S4 

21-829 

14-458 

10-773 

8-5613 

7-0871 

6-0341 

6-2443 

4*6301 

4*1386 

180 

266 

21-268 

14-075 

kO-479 

8-3217 

6-8832 

5-8557 

6-0860 

4-4856 

•4*0061 

120 

248 

20-705 

13-691 

10-183 

8-0791 

6-6762 

5-6742 

4-9227 

4-3382 

3*8706 

no 

230 

20-138 

13-30j 

9-8840 

7-8332 

6-4661 

5-4896 

4*7572 

*4* 1875 

3*7318 

100 

212 

10-567 

12-910^ 

9-6809 

7*6837 

6-2622 

5*3001 

4-5878 

• 

4*0331 

j 

•2f58& 

• 

Saturation \0. 

108-87 

121-28 

4 

130-67 


144-79 

150-46 

155*52 

160*09 

164*28 

TemperaturajF. 

4^27'97 

250 31 

267 21 

280-94 

292-62 

30283 

311-93 

320-16 

t327‘71 


To reduce to cubic metros per kilogram di?ide bj 16‘0184 (divide bj 16 and subtract 
0-00115 of the result). « 

Ko reduction required for F.P.F. units. 
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UXJt VOLUME V OF SUPERHEATED OR SUPERSATtluTED STEAM 
IN CUBIC FEET PER POUND. ^ 


PrcMUw in pound* per »q. in. (Kg. per sq. om. in iulic*; 


120 

140 

160 

—jg 

180 

200 • 

250 

300 

360 

II 1 1 — 

/ 4 OO 

460 

600 

s-^aes 

9‘kSSO 

IVikB 



la^ss 

WOCil 

17. >77 

ti-oin 



arasH 

as'Uk 

6«763 

6*8910 

6*1620 

4*5772 

4-1173 

• 

3*2897 

2*7379 

2 .34.37 

2*0481 

1-8182 

1*6342 

0*4209 

6*4993 

4*8081 

4*2705 

384(H 

:V0<)62‘ 

2*5501 

2*/8l5 

1*9050 i 1*^9CH) 

i*5179 

6*0009 

6-1043 

4*4609 

3*9il05 

3*6601 

2 83 )5 

• 

2*3591 

2 0159 

1*7586 ^1*5584 

1*3983 

6*8701 

6*0260 

4 3911 

3*8982 

.3*5037 

2*7937 

2*3205 

f*9825 

1*7289 


1*3739 

6*7776 

4*9462 

4*3209 

3*8363 

3-4469 

2*7477 

2*281 5* 

4-9486 

1-6988 

f-5O40 

1*3402 

6*6860 

4*8653 

4*2606 

3*7725 

3*3899 

2*7014 


1-9146 

116687 

1 4774 

1-3244 

6*6921 

4*7852 

4*1800 

3*7093 

33327 

2*6549 

1-8803 

1*6:182 

1*4490 

1*2993 

6*4989 

4*7048 

4*1091 

3*6459 

32753 

2*6081 

2-1635 

1*8458 

i 

1*8109 

1*(K)75 

1*4222* 

1*2740 

6*4054 

4*6240 

4*0379 

3*6821 

3*2176 

2*5i5Il^ 

2*1235 

1*5765 

1.3941 

1-2483 

6*3117 

4*6430 

3*9665 

3*5182 

3*1594 

2*5137 

2-0.1*13 

1-77.58 

1*,'?4.52 

1*3659 

1*2224 

6;2177 

4*4618 

3-8948 

3*4639 

3*1011 

2*4i>6| 

2*0128 

1-7404 

1-5136 

i*ii7ar 

1*1962 

6*1232 

4*3800 

3-8226 

3*3891 

3*0423 

•2*4179 

*2 iK)I8 

1-704^1 

1*4816 

1*3082 

1 1694 

6*0281 

4-2980 

3-7501 

3*3240 

2 9831 

2*3696 

i ‘.9:05 

» 

l-(^68.3^ 

I- 441 T 2 

1*2788 

1*1424 

4*9330 

4*2153 

3*6771 

3-2585 

2*9235 

2»3*206 

i 

1:9187 

1-6317 

1*4164 

1*2480« 

1-1149 

4*8372 

4*1323 

3*6036 

3*1924 

2*8631 

2*2712 

1-876.5 

1*.5945 

1*38.30 

1*2185* 

1*0869 

4*7409 

4 0487 

3*5295 

3*1258 

2*8027 

2-2212 

t-sS;?? 

J -.5.5681 

» 1 .3491 

l*187(r 

1*0.584 

4*6441 

3*9646 

345.?0 

3-0587 

2 7416 

•2- 1709 

•1-7894 

1-5186 

1-3148 

1*1562 

1*0294 

4*6465 

3*8798 

3*3797 

2*9908 

2*6797 

2*iyi6 

1*7463 

l-479»i 

1*2796 

1*1240 

0*0990 

# 

4*4481 

3*7942 

3*3037 

2*9222 

2*6171 

2*0677 

1*7015 

1*4.399 

1*2437 

1*0911 

0*9691 

4*34{)0 

3*7078 

3*2269 

2*8529 

2*5536 

2 0149 

r(>5.5{» 

i 1 3994 

1 2071 

1*0574 

09377 

4*2490 

36205 

3*1492 

2*7826 

2*4893 

*9614 

1-IKK)4 

1 1*3580 

1*1695^ 

l*02r3 

0*9055 

4*1481 

3*6324 

3*0706 

2*7114 

2*4241 

1*9008 

1*5620 1 

1 1-3158 

I-1.3I0 

0*9874 

0*8724 

4*0459 

3*4430 

2*9908 

2*6390 

2*3576 

18511 

• 

1*5135 

$ 

1-2723 

1-0914 

0*9.5(/^ 

0*8381 

3*9427 

3*3624 

2*9097 

2 5655 1 

2*2900 

1*7941 

1*4637 

1*2276 

1-0505 

0*9128 

0*8026 

3«380 

3*2606 ' 

2*8274 

2*4iK)6 

2*2210 

1*7»>0 

1*4126 

1^816 

1*008.3 

0*87:16 

0*7658 

3*7317 

3*1670 

2*7434 

2 4140 

2*1.504 

1*6,60 

1 -.3.598 

l*l.3;«f 

0-9<>45 

0*8.327 

0*7273 

3-6238 

3*0718 

2-6578 

2-3358 

2*0782 

1*61 1/> 

1 30.54 

, 1-0816 

' 0-9190 

0*7902 

0*(i872 

3-6138 

29746 

2*5701 

2*2555 

2*0039 

1*5508 

1 2489 , 

1-0332 

j 0 8714 

0*7456 

0*6449 

3*4016 

2-8751 

2*4802 

2-1731 

1*9273 

1*4851 

1*1902 

0-9796 

1 0-8217 

0*6984 

0*6005 

3*281^9^ 

' 2*7731 

2*3878 

2*0881 

1*8483 

1*4167 1 

l*l29f 

1 0 9235 

0-7694 

0*641»5 

0*5636 

3-1791 

2*6^81 

2*2924 

2 0(K)1 

1 7663 

1*3454 

1(8149 

: y-8645 

0-7141 

()*.5972 ! 

0*6037 

3-^82 

2-6599 ' 

' 2*1937 

1*9089 

1*6810 

1-2708 

0*9975 

0-8022 

0-6557 

0.5417 

0*4500 

2-92^* 

<> 

2*4480 

2*0913 

• 

1 8140 

1*6920 

1-1926 

0*9203 

0-7461 

» 

0-5934 

0*4826 

0*3037 

171*75 

178*31 

184-16 

189*48 

194 36 

205*10 

i 

1 214 32 

222*45 

j 229-75 

236*42 

242-57 

34116 4 

. 352 96 

363 49 

373 07 

38185 

40119 

4/7’78 

4324/ 

1 44555^ 

45756 

468‘63 


Valiias below the black zigzag line represent supersaturated steam. 
Formula l-OTOeiT/P - + O OlGO, 

where T— 278 10 + t Cent., and Tj » 378 10®. 


513 



eItROPY OF SUPERHEATED OR SUPERSATURATED STEAM 
JN THBRMitti UNITS PER DEGREE, CENTIGRADE OR FAHRENHEIT. 


PreMora in ponnda par 14 . in. (Kg. per sq. cm. in italics.) 


Teinparatnra. 

0. F. 

l‘i061 

30 

t'lm 

40 

t'HitS 

60 

S'BUk 

C50. 

k'tm 

70 

' 80 

6'6m 

00 

6'St76 

ioo 

vosorj 

500 

932 

07640 

oai58 

99974 

a 

97600 

96466 

03762 

92274 

90960 

8978i 

450 

*842 

04439 

9S)52 

96762 

*94283 

92262 

90534 

89040 

87721 

8664( 

^ "filV 

400 

•i* ^ 

792 

01003 

96508 

g . 

93310 

90823 

• 

8ijB784 

87058 

85666 

84229 

smi 

390 • 

m 

00284 

967?/ 

92687 

90098 

88067 

86320 

84825 

83496 

8230f 

380 

he 

99555 

950.55' 

91853 

89362 

87319 

85589 

84082 

82761 

8156fi 

370 

m 

08513 

94310 

91101 

88613 

86667 

84836 

83.326 

81993 

80797 

360 

680 

98061 

93557 

9035(f 

87863 

85805 

84071 

82559 

81223 

80026 

3S0 

662 

97294 

% 

92787 

89577 

87078 

86028 

83290 

81776 

80437 

79236 

340 

644 

c 

96515 

92006 

88792 

^86200 

• 

84236 

82495 

80978 

79636 

784.32 

330 

626 

95724 

91211 

8'«)95 

86489 

83432 

81688 

80168 

78822 

77615 

320 J 

^608 

94919 

90402 

87182 

84673 

826 J 3 

80865 

79341 

77992 

76781 

310 

590 

94099 

89.578 

86364 

83841 

81777 

80025 

78497 

77144 

7.5929 

300 

672 

•932f>4 

S8J39 

85611 

• 

82993 

80924 

79168 

77636 

76278 

7.5059 

SCO 

654 

92416 

87886 

\ 

846.5jl 

82134 

80057 

78296 

76769 

75397 

74173 

2^0 

636 

91551 

87016 

83778 

81260 

79171 

77405 

75863 

74495 

7.3266 

270 

618 

9066V 

86126 


80349 

78264 

76492 

74944 

73671 

72.336 

260 

600 

89768 

8.5221 

81970' 

79431 

77.340 

75562 

740^17 

72027 

71386 

250 

482 

88860 

84296 

81038 

78^92 

76393 

74607 

73046 

71660 

70411 

240 

464 

87914 

83352 

80087 

77532 

7.5426 

73633 

72064 

70670 

69413 

.280 

446 

86957 

82386 

' 791 12 

76.549 

74434 

72632 

71054 

69651 

68386 

220« 

428 

85980 

81399 

78116 

7.5.543 

73418 

71607 

70019 

68607 

67332 

210 

410 

84979 

8o:;88 

77(«)4 

7451(f 

72375 

70.553 

68955 

67531 

6624 f 5 

2QQ 

392 

83957 

79354 

76048 

73462 

71305 

69471 

67861 

60426 

65128 

190 

374 

82012 

78295 

74975’ 

72366* 

70206 

68.358 

667.34 

65280 

63975 

180 

366 

81839 

77208 

73873 

71249 

69073 

67210 

f)55T2 1 

64108 

62782 

170 

338 

80740 

7(JOj)2 

7274t) 

70«99 

67906 

66026 

64371 I 

62890 

61647 

160 

320 

79612 * 

74944 

71573 

ciinia* 

60702 

64803 

63128 

61628 

60266 

150 

m 

784.54 

73766 

70372 

6;(>90 

65467 

1 63536 

61840 

60319 

58935 

140 

284 

77264 

72.5.50 

69133 

66427 

64170 

62225 

60504 

58958 

57560 

130 

266 

76038 

71297 

67862 

65118 

62832 

60859 

59111 

67637 

.564P^ 

120 

248 

74776 1 

70002 

66625 

63709 

61442 

69437 

57666 

6()060' 

54583 

110 

230 

73473 1 

686f,3 

65149 

62347 

69993 

67962 

66134 

rvJ492 

62988 

100 

212 

72127 

67276 

« 

1 63720 

60876 

58479 

56396 

54638 

52852 

• 

5180V 

Saturation \C, 

108-87 

121-28 

* 130-67 

138-30 

1 

144-791 150-46 

156-62 

160-09 

164-28 

Temperature iF. 

f 

227-97 

250-31 

267-21 

280-94 

292 62 j 302-83 

311-93 

320 16 

32172 


characteristic (or fi^ro before the decimal point) and the decimal point are 
omitted. The characteristic is always unity, exc^t for the first four values under 
SO lbs., and the first only under SO lbs., for which tCe characteristic is 2. 

The entropy is the same in all systems of units. 
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tuu Ti.— BimtoPY 0 or supebhkated or supersatIbatbd steam 

IH THBBMAIi CNITS FEB DBOBEE, OENTIQBAOE OB VAHRENHE^T. 


PreMure in pounds per sq. in. (Kg. per sq. cm. in iuilicsj 


120 

140 

160 1 

180 

20# 

250 

300 

350 


450 

500 

8'iS68 

9‘Ui30 



ikoet 

:-:r.77 

ti-m 

sk-m i 



xrm 










1 is US 

1 ‘ 







• 





" 

87744 

86014 

84611 

83180 

81987 

79448 

77357 i 

i 7.5.y8 * 

\ 74024 

72647 

71403 

84488 

82747 

81233 

79891 

78687 

7612(f 

74(H>2 

72f)r> 

; 70(514 

(59207 

67938 

80972 

79216 

77085 

76327 i 

75107 

72.500 

• 

H)342 

684 J), 5 

(5(5874 

(«H27 

64fl8 

80233 

78472 

76938 j 

75570 

74352 

71735 

(595(57 

(^710 

(56079 I 

(5.^524> 

63303 

79482 

77716 

76177 1 

74811 

73583 

70955 

(5877(5 * 

|5)51H)8 

(552(5(5 

6;ft98 

62468 

78716 

76946 

75102 1 

74031 

72798 

701.58 

! (579.57 

(5(5087 

( 544 : 1.3 

62953 

61611 

77939 

70164 

74616 1 

73239 

72001 

69349 

%7 14.5 

(5.5253 ! 

: (53.58(5 

(52094 

(50739 

77144 

76363 

73810 

72428 

71184 

68.518 ; 

6(5300 

(54394 ' 

1 

! (52713 

1, 

(51207 

09838 

70334 

74547 

72987 

71599 

70349 

676(57 

(5.5434 

(5:{512 

(51816 

60294 

0 

1 

76610 

73717 

72150 

70755 

69499 

(56800 1 

(>4,r»l 

(52)) 12 

; (509^) 

.59:1(51 

57961 

74670 

72868 

71295 

69893 

68(529 

(559 1 3 i 

(5.-9545 

' (51(589 

.59958 ! 

584j5^ 


73809 

72(KK) 

70419 

G90(M) 

67737 

6.5(»(‘r ! 

(52713 

(•)0737 

j 5.S!»8(5 ; 

57409 

55971 

72930 

71113 

69523 

68104 

66823 

(540(55 

(•1755 

» 

597.5^ , 

• < 

57984* 

5638(5 

54925 

72035 

70208 

68608 

67180 

6.5890 

113108 

/ 

(507 7.5 

58733 

56957 

55335 

43851 

71117 

69280 

67669 

66231 

64930 

(52121 

.'>1)7(52 

57714 

5.5891 

.54242 

,42732 

70176 

68327 

66705 

(55255 

63943 

61106 

1)8T1?5 

.5(5(54 1 

^>475)0 

53113 

‘hi 574 

69213 

67351 

6<?717 

64254 

62929 

(50(M5() 

h ,57(540 

.5.5.531 

.53(548 

519.39 

50368 

68224 

66348 

64699 

(53222 

61883 

,58918 

9 

5(5.523 

54378 

52460 

50715 

49109 





* 


1 




m 

67210 

65319 

63654 

62161 

60807 

57863 

55369 

53186 

51228 

49444 

1 47799 

66166 

64257 

62576 

61065 

59693 

.5(5706 

54168 

1 51941 

49949 

48113 

46424 

66093 

63165 

61464 

59934 

58513 

^5.508 

52922 

1 .50(547 

48.598 

46723a 

44986 

63985 

62036 

60313 

58763 

57350 

.542(51 

51(522 

i 49-294 

47191 

45262 

43472 

62844 

60870 

59123 

57549 

56112 

529(54 

• 

5(*2(54 

» 

4787)5 

45713 

43725 

'41874 

61604 

59663 

57890 

56288 

54825 

51(509 

48843 

. • 

46:i87 

441.58 

42103 

40185 

60440 

68410 

66606 

54975 

55181 

.50?90 

47348 

4^17 

42512 

40379 

38388 

60171 

67107 

55270 

53604 

5207(5 

•48T(ib 

45774 

431.57 

' 40767 

38550 

36473 

67862 

65750 

53874 

62170 

50604 

4713^ 

44110 

4 1:599 

:18914 

:i(5(5(ll 

34428 

66478 

64332 

52413 

50660 

49057 

4.54 78 

42:148 

.39527 

i :i69:i4 

:14514 

32232 

66044 

62849 

50881 

49085 

47428 

4372(5 

4(«474 

;i7532 

3181(5 

32274 

29872 

93^ 

61289 

49266 

47413 

45700 

418.59 

:iHl67#! 

3538(5 

i :1253I 

298.50 

27307 

61967 

19643 

47555 

45639 

43863 

.398(51 

:i(5310 

3.3071 

i 3)X)57 

27214 

24513 

60290 

479(f3 

45742 1 

43754 

41903 

3772(» 

3.3988 

:<l».5(53 

i 27367 

24:145 

21400 

499^6 

46063 

43809 

41736 

39803 

3MJO 

31467 

27835 

• 

j 24429 

1 

21194 

18102 

171*76 

178-31 

184-16 

189-48 

194-36 

20.5- 10 

1 

214-32 

222-45 

i 229-75 

2.36-42 

242*57 

341^5 

352-96 

■ 

363-49 

373-07 

381-85 

401-W 

4177S 

432-41 

' 4iry55 

^457-56 

46863 


Values below the black zigzag line represent supersaturated steam. 
0 » 1*09876 log {T/Ti) - 0*263fi6 log {P/Pi) - ancP/T + 1-76300, 
where 2*1 « 878*10®, Pi - 14*6890. and the logs arc to the base 10. 
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T^T« TO—THilMODyNAMIO POTBNTIAIi, O^TO-B, OP SDPERHBAm 
pB SUPEBsItUEATED S1®AM, in mean 0AL0EIE8 CENTIGEADE. 


PruMure In pounds per iq. In. (Kg. per sq. cm. In Italics.) 


Temperature. 


so 

• t'lOdS 

40 

60 

«o 

70 

* 80 

90 

100 

C. 

F. 

l-mi 

t-sits 

S‘5m 


k'm5 

% 


6'sm 

7'0SO7 






• 


w 

«' ’•* 



500 

932 

772*65 

738*16 

713*69 

694*71 

679*20 

666*11 

654-75 

644*75 

636*81, 

460 

842* 

669*63 

637*^ 

614*51 

men 

682*27 

570*03 

559*42 

550*07 

641*72 

4O0 

752 

#68*20 

538*24 

516*97e 

500*47 

486*99 

476*62 

465*75 

467*07 

449*31 

890^ 

734 

JUS* 18 
15;28*19 

• 1 

518*63 

i497*67 

481*42 

468*14 

456*95 

*447*24 

438*71 

43104 

380 

71^ 

49908 

^4f8*44 

462*44 

449*37 

438*34 

428*78 

420*36 

412*85 

370 

698 

508*28 

479*62 

459*30 

443*65 

430*68 

419*83 

410*42 

402*13 

394*73 

360 

680 

488*44* 

460*22 

440*22 

#424*72 

412*07 

401*38 

392*12 

383 97 

376*69 

850 

•662 

468*65 

440*91 

421*23 

405*97 

393 62 

383*01 

373*90 

366*88 

358*72 

*840 

644 

448*96 

4ll*66 

402*30 

387*30 

3’fe*05 

364*71 

355*76 

347*88 

340*83 

330 

626 

429*38 

402*49 

383'4fi 


356*67 

346*61 

337*70 

329*95 

323*03 

320^1^ 
810 6W\ 

409*82 

383*42 

364*70 

350*20 

338*37 

328*38 

319*73 

312*10 

305*31 

390*37 

364*41 

:U603 

331*78 

320*15 

310* .33 

301*83 

294*35 

287-67* 

300 

672 

310800 

34/f^ 

• • 

327*43 

313*44 

302*00 

292*37 

284*03 

276*67 

270*12 

290 

^554 

351*72 

326*67 

308*9i 

295*18, 

283*96 

274*50 

266*31 

259*10 

262*01) 

280 

• 536 

332*52 

307*93 

290*60 • 

277*01 

266*00 

2m 12 

248*67 

241*60 

236*29 

270 

*618 

313*41 

289*26 

27:? W 

. 258*92 

248*13 

239*01 

231*13 

224*19 

218*01 

260 

500 

294*38 

270*70 

253*92 

240*94 

230.34 

221*42 

213^68 

206*89 

200*82 

250 

482 

275*45 

252*22 

235*78 

222<94 

212*65 

203*91 

196*33 

180*66 

183*73 

240 

464 

256*62 

233*84 

217*72 

205*25 

195*07 

186*5() 

179*08 

172*56 

166*74 

280 

446 

237*88 

215*56 

199*76 

187*54 

177*58 

169*18 

161*93 

155*54 

149*86 

220 

428 

219*23 

197*36 

181*90 

169*93 

160*18 

151*97 

144*87 

138*62 

133*07 

210 

fio 

200 60 

179*26 

164*12 

152*42t 

142*88 

1:14*86 

127*91 

121*81 

116*38 

200 

392 

• 

182*22 

161*28 

146*47 

135*02 

125 70 

117*86 

111*07 

105*11 

99*81 

190 

374 

163*88 

143*39 

128*92 

•117*73 

' 108*03 

100*96 

94*34 

88*53 

83 35 

180 

356 

145*65 

12563 

111*48 

100*65 

91*156 

84*19 

77*73 

72*06 

6702 

170 

338 

127*51 

107*95 

0l*14« 

83*^8 

74*79 

67*53 

61*23 

55*71 

60*8<^ 

160 

320 

109*49 

90*4 r 

70*93 

6«*#4 

58*08 

60*98 

44*85 

39*48 

34*71 

150 

302 

91*59 

72*97 

69*83 

49*70 

e 

41*47 1 

34*56 

28*60 

23*38 

18-76 

140 

284 

73*80 

55*65 

42*86 

32*99 

24*98 ! 

18*27 

+ 12*48 

+7*41 

+2'02 

130 

266 

56* 14 

38*46 1 

26*00 

+ 16-41 

+8*03 

+2*11 

-3:50 

-8*41 

-12*77 

^8^ 

120 

248 

37*59 

21*38 

+•>*28 

-0*03 

-7*58 

-13*91 

19*34 

24*09 

no 

230 

21*18 

+4*46 , 

, -7*.30 

16*34 

23*65 

29*77 

35 03 

39 62 

43*68 

100 

212 

+3*89 

-12*35 

23*76 

e 

32*51 

39*58 

45*49 

50*58 

*66*00 

^90» 

Saturation C. 

108*87 

121*28 

lfe0*67 

138*30 

144*79, 

150*46 

155*52 

i 

160*09 

164*28 

Temperature V. 

227'97 

25031 

26721 

28094 

292 62 

302 83 

31V93 

320 16 

1 32771 

• * 




• 










Tbo i)gn of O changes from positive to negative a little below fhe saturation line, at 
indicated by the signs + and —. 

• Om^SoT log, (r/Ti) - ET log, (P/Pi) + a(c - 6)P^ (0i - So)^ ~ 
where P, «* 87810®, - 14*6890 lbs., » 1*76800, B - 464 00, Sq - 0*47719. 
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TABU TO.-— THERMODYNAMIO POTENTIAL, O = of SUPllRHEATH 

OB SUPERSATURATED STEAM, IN MEAN CALORIES (ScnTIORADE; 


PreMiire In pounds per $q. in. (Kg. per sq. cm. in italic. 


120 

140 

160 

180 

2fiO* 

250 

300 

360 

Jbo 

460 

BOO 

S-ASSS 

9‘ASSO 

1VSA9 

a 


U'oei 

17\,77 

tr09! 

ilt't'Ol 

ss-i:s 



050*32 

607-24 

595-93 

585-93 

577-02 

• 

5.58-12, 

542-70 

52<|70 

518-44 

508-51 : 

499-6 

627-27 

51506 

504-48 

495-16 

486-84 

4r»9-22 , 

454-Si) 

442-76 : 

4:12-28 

42^1-05 1 

V4'8 

435-88 

424-55 

414-74 

406-09 

398-37 

.382-' >5 ' 

3®8-75 

:{57-55 

347-88 

•339 36 

331-7 




a 


• 


i • i 



• 

417-82 

406-66 

397-00 

388-50 

380-90 

364 84 ; 

351-75 

540 74 i 

331-24 

•i2:4'85 

315-4 

309-83 

388-85 

379-35 

370-07 

363-50 

347-70 1 

334-84* 

•24-01 1 

314-66 

Am;-44 ' 

299-1 

381-02 

371-12 

301-76 

353-53 

34ii-18 

3:i0-65 

J18(M) 

307 36 

21tK-18 

21K1- To 

282-9 

364-08 

353-46 

:m-27 

336- 17 

328-95 

313 67 

" )r24 

21K)-79 

281-78 

273 84 

2il6-7 

346-33 

335-88 

326-84 

318-87 

311-78 

296-77 

284-57 

274-31 

a 

265-46 

257-68“ 250-7 

1 ^ 

328-66 

318-38 

309-50 

301-67 

• 

294-70 

270-96^ 

267-08 

% 

257-0 1 

240-23 

241-60 ' 

2;m-h 

3U-0<5 

3(X)96 

202-25 

284 56 

277-70 

2<n} 23 ' 

251*48 

24r()0 

2:ifoo 

225-60 

218-1) 

30355 

283-63 

275-07 

267-53 

260-80 

24i» ilO ' 

235 07 

225-39 

217 05 

203-2 

276-13 

2«>6-39 

257-08 

250-57 

24398 

2:10 O' 

218 75 

209-2J 

201-10 

193-04 

I87-fi 

258-70 

240-23 

240-98 

233 72 

227-24 

213-6«) 

2o-2;>3 


185-‘i(l 

178 24 

172C 

241-54 

232-18 

224-08 

216-06 

210-62 

HI7-25 

* 

1^6-40 

177-32 

169-51 

162-07« 

156-f 

224-38 

215-20 

207-26 

2(M)-29 

194 07 

IHirOO 

nojiH 

161-50 

153-87 

147-18^^ 

141-5 

207-31 

198-32 

100-51 

183-71 

177-63 

M>4-82 


115 78 s 

H:18-.34 

131-81 

126-1 

190- :i4 

I8rr>4 

I73?3 

167-24 

161-29 

148-77 

•l38-ii3 

1.30- 17 

122-01 

1 H1-.56 

1 10*1 

17347 

164-84 

157-40 

l.‘>0-86 

145-04 

1:12^^) 

122 02 

114 67 

107-60 

101-42 

05-V 

• 

166-71 

148-27 

140-98 

134-60 

128-91 

1 16-96 

107-33 

00-30 ! 

92-42 

86-42 

81 1 

140-04 

131-79 

124-68 

118-43 ' 112-80 

101-24 

01-86 

. 84-04 

77-36 1 

71-55 

06-4 

123-47 

115-41 

108-47 

102-38 

9607 

«563 

1 76-50 ’ 

1 68-91 

(;2-43 

56-il> 

51 1: 

107-01 

90-14 

92-38 

8li-44 

81-16 

70-13 

1 61-26 

5:1-74 

47 r.4 

42-19 

,37-4 

90-67 

83-00 

I 76-40 

70-()3 

65-50 

54-77 

t 

i 4i)-17 

:io-o4 

32-09 

27-7.5 

23- i 

74-44 

66-97 

60-55 

54-93 

49-95 

:i0-,54 

Jl-2i 

i 24-32 

18-50 

+ 13-45 

+9-( 

i8-35 

51-07 

1 44-83 

39-38 

34-55 

24^6 

• • 

, 16 41 

'^*1,77^ 

+4-17 

-0-67 

-4-» 

42'3fi 

35 20 i 29 24 

23-94 

19-26 

+9^51 

+ 1-74 

— 4’64 

-10-01 

1-14-62 

-18) 

26-51 

+ 19-65 


+8-66 

' +4-12 

-.5-1^ 

-12-75 

-JH'Vii 

-23-90 

; 28-48 

32-; 

+ 10-78 

+4-14 

' -1-54 

-6-50 

;-10 87 

- 19-1»3 

-2707 

:i2 0i 

j 37-78 

1 41-94 

45-1 

-4-80_ 

-11-22 

-16-71 

-21-48 

■-25-69 

:i4-39 

! 41-22 

4<'-77 

i 51-38 

55-20 

58-) 

2o^sr 

-2<^43 

31-72 

1 3^)-31 

1 40-35 

48-67 

55- If 

t’.0-42 

r,4-74 

ii8-:j0 

71*. 

35-49 

41-48 

46-57 

i 50-96 

54-84 

62-76 

6.801 

i ^73-84 

77-87 

81-24 

84 -) 

^•61 

66-36' 

61-22 

1 65-43 1 69-11 

76-ii3 

82-42 

i 87 (»2 

00-75 

93-82 

96-; 

66;5r 

71-06 

75-71 

• 

i 79-72 

I 83-21 

9o;io 

95-70 

90-05 

io:i-36 

106-11 

108-: 

171-75 

178-31 

184-16 

189-48 

i 

ll4-36 

205- 10 

1 

214-32 

1 

i 222-45 

229-75 

236-42 

242-, 

34riSt 

36296 

363 40 

37307 

38186 

40 no 

417 78 

432 41 

44566^ 

, 467‘66 

468^ 


To redaoo to B.Th.U. Fahr., subtract a tenth and multiply by 2. 
No reduction required for Metric Units (K.M.C.). 

Values below the black sdgsag line represent supersaturated steam. 



TABLB Vni.— ipiABATIC HEAT-DBOI> TO 1 LB. ABS. IN CALS. C. FROM 
INITIAL STATES 


Temperature 




Initial Pmssuras in IJjis. per Sq. In. Ah.s. 









1 





c. 

F. 

15 

20 

30 

40 

60 


70 

80 


,100 





\ 

• 







600 

W 

177^4 

187-77 

201-57 

A 1-31 

218-90 

204-86 

225-00 

230-25 

234-74 

238-69 

242-! 

450 

%42 

■l(i:i-97 

173'7(f 

1^-57 

17ljl 

197-.32 

211-01 

2ftl8 

220-66 

224-58 

228-(. 

400 

762 

J6«b69 

100-50 

184-01 

191-52 

197-02 

202-78 

207-24 

211-07 

214-5 

890 

rsr 

MSIO 

1^7-96 

171-71 

181-40 

188-90 

195-07 

200-18 

204-60 

208-49 

2m 

• 880 

716 

14504 

155-43 

100-18 

17S-9I 

180-40 

192-51 

197-00 

' 202-04 

205-93 

209-.1 

870 

69S 

1431 3 

152-93 

10008 

170-40 

183-87 

189-99 

195-07 

199-51 

203-39 

200-8 

869 

GHO 

14009 

150-18 

104-23 

173-93 

181--^ 

187-47 

192-.58 

197-01 

200-85 

204-2 

860 

662 

138-28 

148-07 

101-80 

171-49 

^ e. 

178-95 

185-0.3 

190-13 

194-54 

198-39 

201-8 

840 

'cm, 

m 

iiSri'OO 

145-08 

15939 

109-00 

170-55 

182-02 

187-09 

192-10 

195-94 

199-a 

880 

143-34 

157-04 

100-72 

174-18 

180-22 

185-30 

189-09 

193-51 


820 

606 

131-28e 

141-0.7. 

1,54-73 

104-39 

171-84 

177-88 

182-94 

187-31 

191-12 

194-5 

810 

690 

129-01 

138-76 

♦.52-48 < 

102-10 

109-,54 

175.58 

180-02 

185-00 

188-79 

192-1 

^800 

67^ 

120-80 

130-55 

150-24 

^.59-87 

107-28 

« 

173-33 

178-37 

182-71 

180-50 

189-8 

290 

5.U 

120-04 

i:i4-39 

148-Oa 

.157-07 

105-07 

171-09 

170-1.3 

180-45 

184*24 

187-51 

280 

636 

122-50 

132<5 

145-00 

l.'>h-52 

102-90 

l()8-90 

17.3-9U 

178-24 

182-01 

185-3 

270 

618 

120-43 

130. 17 

143-81 

1.5.3-41 

1(K;»-79 

J 00-74 

171-77 

170-07 

179-84 

183-r 

260 

600 

118-41 

128-14 

141-75 

I.5l-,3.5* 

1.58-70 

10107 

109-00 

173-90 

177-70 

i8i-o: 

200« 

482 

110-42 

120-14 

139-70 

149-32 

1.50-0*7 

102-02 

107-00 

171-88 

175-02 

178-9 

240 

464 

114-50 

124-21 

1,37-80 

147-30 

154-08 

100-0.3 

I05-.58 

160-84 

173*56 

176-8« 

230 

446 

112-04 

112-34 

135-91 

14,5-43 

152-70 

158-07 

10.3-03 

107-85 1 

171*57 

174-81 

220 

428' 

110-81 

120-51 

134-08 

143-.59 

160-89 

1.50-79 

101-72 

10.5-94 

109*04 

172*81 

210 

410 

I0907 

118-70 

132-31 

141-79 

140-00 

154-90 

159-87 

104-07 

107-73 

170*9: 

200 

392r 

107-3Ji 

117-00 

130-57 

140-00 

147-32 

153-17 

158-07 

102-20 

106-90 

109*01 

190 

374 

105-73 

1 15-40 

128-91 

1 38.3.5 

14.5-61 

151-44 

150-31 

100-47 

164-08 

167*28 

180 

366 

104-17 

113-83 

l27-3f 

100-74, 

143-97 

149-78 

1.54-02 

1,58-77 

162-37 

165*5^ 

Tb3*8(i 

170 

338 

102-09 

i]2-:u 

1C5-80 

1.35 21 

H2-40 

148 22 

1.53-01 

157-13 

100-71 

160 

320 

101-28 

1 10-92 

124-33 

133-72 

' 140-89 

140-07 

151-47 

15.5-57 

159-12 

102*24 

150 

302 

99-94 

J09-50 

122-97 

132-33 

139-49 

145-23 1 

150-01 

154-07 

167*55 

160*0(] 

140 

284 

98-69 

108-30 

121-08 

131-01 

138-15 

143-80 1 

148-55 

1,52-54 

1.56*‘9fl 

168*94 

180 

266 

97-54 

107-13 

120-48 

129-80 

1.30-85 

142-47 

147-09 

150-99 j 

154*32 

167*24 

120 

248 

96-47 

l(Ml-05 

1 19-3g 

128-59 

135-54 

141-07 

145-59 

149-41 

162^^ 

155-51 

110 

230 

95-46 

105-02 

118-27 

127-38 

134-22 

139-04 ’ 

144-08 

147-81 ^ 

150*98 

16373 

100 

212 

94-66 

104-11 

I IV- 18 

126-15 

132-87 

138-20 

142-52 

146.16 

149*25 

«• 

161-91 

• 





j 







• 


94-64 

104-95 

119-50 

12I-f8 

129-87 

137-92 

l44-,53 


1.54-90 

159*16 

162-92 

100-58 

108-87 

130-07 

138-30 

■^ggroi 

150-46 

155-52 


164*28 


■ 

213-04 

I 

227-97 

250-31 

267-21 

280-94 

1 292-02 

302-83 


320*16 

• 1 

327*71 


-.{G* 

latamted et 1 aba. 


r =38-74® C. C''=2-61 cals. C. The final state is taken as wet 
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To reduce to B.Th.ff. Fahr., subtract a tenth and multiply by 2. No reduction rtlquired 
Metric unite, final pressure 0 07031 kg./cm.>. For fuller explanation see Chapter IX, { 02. 
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TABLE IX.— VALUES OF 1005C (CALORfES CENT. PER 100 LBS. PRESSURE). 


ValueH of 10(J SC for<&ach degree Centigrade. 







INDEX OF PARTIAL DIFFEUI^^TFAT 
COEFFICIENTS OF E, GJh Q> ^ T, AND V 


To find a general expression for any eoefliciciit Iif terms of the speeiilc 
iat S at constant pressure, and the eooling-tffcets, numt‘ly * 


C ~Cji = (dTjdP)ji, in a throttling process at eousj|int U, 

Cg — C* = {dTldl\y in adiabatic cxpaasio^ at eonstant. U). 

.CV = (dTldF)y - ll{dPldT)y, in cooling at eonstant volume. 

Cs ” (dTjdP)s ~ lj(dj)jdi), in expansion of a saturated V!it)(>ur. 

Cf = (dridP)is = <-'i. (1 - ( rai>»>'«'>ii at 

constant E» 

Cq = (dTldP)g ~ aVl<b, in expansion atr'ohstant pom'mml 6\ 

The last two cannot be measured §xi)erimentally, but arc easily 
lalculated. 


(1) The six coelUcicnts of the type (dXld'r)j, arc as follows; 

(dHldT)i, - {dQldT)p = f {d(i>ldT)p S ) 

(dVldT)p - VjT + SCjaT - Si^jaT > . 

(dEldT)p - 6’ (1 - C^Plf)\ {(If^ldT)p - <1> j 

1 ( 2 ) In terms of the above six, any ect*l!ieient wit^^ respect to 7 or P 
can be written down by the general rclafion ; 

Cz (dXldT)z = (dXldP)z - {dildT)p (Cz " ^ a) (2) 


(S} ^ny other coefficient is given by the ratio ot two of the above; 

uruYt - (8) 

^^l^^)‘‘~{dYldP)z (dVjdT),.{Cz-Cy) 

' Wlhen Z « i^fthis reduces to {dXldT)pl(dYjdr)l, since Cp is infinite. 

When Z^Tf it becomes ^Cjf/Cir)(dA7dT)/.y(dF/(ir)p, since Cj> 
is zero. ^ ^ 

( 4 ) These expre»ions may be transformed by the general relationj: 

C^^a{drid(t>)p^aTldridT)plS=^C + aVIS ) 

Cr^a {dVld<t>)j, {dVldT)JSy ^S(Cy- * '** 

33 



522 INDfcX OF PARTIAL DIFFERENTIAL COEFFICIENTS 

(6) ThI special relations for Dry Steam are as follows: 

C = SCjS \ = Cj, - abjS = qVIS • = Cp - (R - B)ISP 

Cg; = 13«c/aSf = C + ab/S = c* - a (F - CyOoPjRT 

C^^STjUP^C+aVIS '^acTISPCg; =aS„Cp/iaS 

Cp » «.r/SP = C\K7/ - B)IBP = CgRTjacP = C, + (£ - R)/SP ’ 

= SLVTj(H - = (ivTf{h — st) (wet or dry saturated). 

, * V * • (5) 

S4 + U4acPIT.i9Q - 13/?/8 = 0*4772. B - 464 cals. C. == 835*2 B.Th.U. 

Note. When Sq is known by ofperimonfc S - *%, SC, Cy, and (7^ may be deduced from 
Ihe cbaractoristio equation; or conversely, the charactoristio equation may bo verifieil by 
experimental mes^iiremonts of Cy and C, oi^C^; and any other coefficient which may bo 
required canjto obtained fron^(3) at shown in the following list. The omission of the value 
fcrdfy steam in any case may be taken to imply that the general expression does not 
umjpfMy materially on substituting the special values from (5). In such a case it is Iire- 
forablu to cnlculate^tho coefficient by inserting the appropriate numerical values of 8, Cy, 
etc. in the general exiftession? The suffix 8 refers to the state of saturation. The suffix Z 
stands for any suffix, including 8. X ^d Y represent any two of the six quantities. 
•A’,(?,//,^.4‘.and V. • 




INDEX OF (’OEFFJCIEN'” 


CkMffideBt 

{dEldG)p 

{dEIMlU 

{dE!dG)j. 

{dE/dGU- 

(dEIdU),. 

{dEldll)^ 

‘(dEldll)j. 

(dEjdn),- 

{dE/dP)„ 

{dE/dl\ 

(dEldl% 

{dEjdP),. 

{<lEld(i)y^ 

(dEld^)„ 

(dEjd^b),. 

{dEld<P)r 

(dEld^)y 

{dEldT)„ 

{dH'dT)u 

JidEldT)^ 

(dEldTU* 

(dEldT)y 

{dEjdV^ 

{dEldV)y 

mdv,\, 

(dEldr)j, 

(dG/dE)j, 

{dGim)f 

{dGldH)p 

(dGjdH'u 

{dG/dllh 

{dGldH)r 


Oeserak Sxpmalon 

S (1 - t\PIT)l<i> 

5.. CyPiT{<t>~aFI(\) 

Si\{\-c,.pir)i„y 

A’,. <j> - aV) 

1 - CJ‘IT 

s,c,(\p,!arr 

(1 - CyPjT) t\IC 
(Cy - C\)/«'y - C) 

.SYV((V C)PjT-al- 

5.. C,.C\PiT 
SCU^ CyP/T) 

SyCy S ((•,. - C\) 

{lir){dKld<t>)y, 

T-(\P{Cy - C)/{c; 
r-t\p 
T - CyP 
T 

S{^ - t\PIT){l -Vy:IC„) 
.V(l -C\PIT){i 
S(\-C\P/T) 
SP(Cy-t\) 

Sy S {Cy — C\)/Cy 

{aTIC^^aP)(C,,^C)l(Cy - 
•aT/C^ - aP 
^aP 

aTjCy ~ aP 
l((dEldG)g 

<t>(Cg-Ca)l(Cii-C) 

<t>is 

C,4)/aJ^-l 

aV/SC 

(OCp - aV)l{SCy - SC) 


Vt^ fA D 17 Btaun 

(E f/)/{7’'I> - VdaPriai) 
*l()r/3»' 

(E /f)/(.S’//’cD/.V - «y*F)* 
10/13 * 

Ut(r - /;)/I3»'’ 

10/(13 - 3/)/r) 

10^(13 -|^ 3?V(r ^ft)) 

• WaA/m 
10«,iK - /j)/l!f 
' lOf/r/3 

(E nyp wa{V-b)iii 

Soc- {dEjddy) 

lOft'/’/lOK 

107713 

I30rtf/70.S' 

T 

I0.V^I3 - 10c<I)/3F 
^(10A^3)/ji:k/8ft-l) 
loAyis 
{E - U)IT 

(10.S7l3)(l -acPjItT) 

I aPjn'iVjliih - 1) 

10«/V8 

-aP ' 

aP (VtucPjSiRT) 

See Reciprocals above 
lSc<t>lsm - Vjb 
•P/S 

ST<t>jlSaPV - 1 
Vl(l8el8 - b) 
(StT<J>IS-aPV)l(U-B) 
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(dGjdP)^ 

^<S>-aV 

18<«!4>/aS - aF 

{dGldP)„ 

(18ac/8 - ab)^IS - aF 

(dGIdP)^ 


afi^jiap - aF 

(dGldP)j. 

-aV 

<l>Cy\-aF , 

-aF 

• {dG/dP^fr 

SJ'<t>/SP - aF 

^(dGldP)s 

•I* (Gd- Co) 

T<I>(C^>^Co)/(Cjs-CJS 

aF -a)- 1) 

{dOUK 

T(F - 18c<t>ISS)l{F - b) 

(dbld<b)„ 

, T(l- C<P/aFj 

T{1 -C(S>jaF) 

(dGld<i>)p 

T^/S 

T<t>IS 

(dGld<S>)j. 

aFT/SC\ 

iaaPFjas 

(dGld<S})y , 

. {T<t>Cy-aFT)I.SyCy 

r(S„miS-aPF)l{E-B] 


<^(^~CalCE) 

0 - sFSjiac 

(dGldT)„. 

<l>i}-Co/C) 

<D - aFIC 

idGjdT)^ 

<!)•*■ t* 

«D 

'¥GldT)^ 

(D - hF/C^ \ 

0 - laaPFjaT 

(dGldT)y 

<^-aFI€,, . 

0 - SaPFjS^T 

(dGn 

U) — aVdpjdt 

0 - (U - st)jT 

(dGjdV)^ 

ar<.l>{C^-Co)ISC^C,:-Cy) 

P{aF-C„<t>)l{F-b) 

{dGjdV),, 

ani>(C-Co)/SC\{C~Cy) 

P(aF-C<t>)l{F-i 0 bll 8 ) 

{dGjdV)p 

(dGjdV)^ 

nT<J>jS(\ - (D (drjdF)p 
aT^(C\-Co)ISC^{i\-Cy) 

iaaPfl>/SS 

(dqjdV)y 

amC„ISC\Cy 

nP (aPFjRT) 

{dUm^ 

iRdEldlDg ‘ ' 

See Ilccijirocals 

{dflldG)z 

\l(dGidn)y^ C ^ 

»» »» 

(dttldP)^ 

S(C^:-C) 

ah 

mdP)„ 

S(Co-C) 

aFSI<D - SC 

(dHIdPU 

aF 

aV 

(dHldP)j. 

-SC 

t 

— 18ac/8 + ah 

{dfIldP)y 

S{Cy-b) 

{H-B)IP^ iSaF-^lOab 

(dII/dP)s 

G{Cs'-C) 

SaVTIill -- St) ^ SQ r 

II 

T{C^-C)l{C^-C^) 
r(l - Cit>laF)l{l - C^<S>laF) 

-^Thl(F--h) 

idHld<t>)p 

T 

T 

(dH/d<tt)j. 

CTjC^ 

18CP/8 

(tiH/d<t>)y 

T(Cy-c)i(Cy-c;) 


{dHld^)y 

{dUms 

T + aFTjSyCy 

T + aFT/S{Cs-C;i 

i8r/io + 85r/(F - b) 
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(dn/dry 

Sil-CIQe) 

BbSJlSc 

(dHldT)Q 

S{l-CjCa) 

S~18c<D/8Fi+M»/F 

{dH/dT)p 

S • • • 

.S’a + iaOMPl9T 

MUtlh'jST 

(dMIdT)^ 

5(l-C/C*) = «F/(, 

(dHldT)y 

S{1 -C/Cy) 

s{\-^cpjs„r) 

S-Sa(H-.st)lal^ 

(dllldT)^ 

S (1 - C(fpldl) 

(dUldV)E 

aT{Ct:--C)IC\{C^-Cy) 

- aJj/j(V - h) 

{dlIldV)„ 

ar(Co-C)lC\{Ca-Cy) 

0 

(dHjdV)p 

<*TIC\ 

'ViiiP/S 

(dlljdV)^ 

- aWTjSyCyC\ 

- lanPV/U) (F~h) 

(dnidV)j, 

aTCjC^Cy 

nP (SCPjlfT) 

(dlltdV)^ 

\dP/dX)y^ 

aT(C^-C)lC\(C^-Vy) 

lHdXldP)y 

See RccipriK'nls 

(dqjdE)y 

rj(dEid<t>)y 


(dqida)y 

Tj(daid<i>)y 

• 

midiih 

TKdlljd^iy 

, »» 

{dQldl\ 

T (d<t>fdP)y 

See 

mmz 

T 

T 

midi\ 

s,.r~.so - rjc^) 

b)l\9e 

(d(ildT\, 

•Vf/ -- ‘V(l ■ (\ICa) 

S(\ - 32’»1>/i:W'F) 

{dQidry 

s„ ^-S(i ~cyc) -qr;( 

aVjC 

midT)p 

Sp SyCyl(Cy — l\) 

Vilijli + iWacPIOT 

(dQldT)p 

Ey^S{l-C\ICy) , 

(E - Ji)SIS,T 

(dQ/dn^ 

S^^^S{l-C\/Cs) 

S(\- H(ll ~ st)lliiaPV) 

(d^ldVh 

T(d<t>idy)y 


(d^jdEy 

\l(dEld<b)y 

S(*e Heeiproeals 

(<M>jdJG)y 

lHdGld0)y 


(d<S>ldH)y 

^l{dUld<J>)y 

»> »» 

(d9/«P)ii 

{SIT)(Cf;-C\) 

-^(V~b)IT 

(d<b/dP)a 

(^IT)(Ca-C^) 

«F*S7^ci) - tisjxnp 

(d<^imu 

-aVjT 

-aVjT 

W»P)t 

-iCJT=- a(dV!dT)p 

-- ssjisp 

(d<t>ldP)y 

SyCyjT ^ - a(dVidri^ 

lOa \V - b)IST 

{d^ldP^p 

(SiT)(Cs~c;i '* 

aVSKII - 8t) ~ a9/18P 

{d^ldQh 

IjT 

IjT 

(<M>ldTy 

(\IT)(SiqidT)y^ 

See Specific Heats 


^ (^E ~ (^if ^v) 

aPjT 

{d^ldPh 

® {^o ““ ^v) 

> 




S26* 

Ooffflclaiit ^ 

midV)a 

(d<t>ldV)p 

{dOldV)^ 

(d<bldV)a 

• (dTjdE)s, 

• (dTIdS)^ 
idTJdU)^ 

(dTld<t>)^ • 
(dridV)p^ 


{dV/dE)z 

W^Dz 


{dVldl%* 

ldP)Q 

WldP)„ 

Oiyidi\ 

(dVldP)p 

(dVldP)p 

(dVldP)s 


(dVld^)z 

(dVld7\ 

{dUjdThf^ 

(dVIdT),, 

(dVldT)p 

(dVldT)p 

idP/dT)^ 

{dPIdTls 


f 
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Oenaral BxpreMiofl 

a(C-C^)IC^(C-Cy) 
\alC^ = a(dPldT)^ • . 
ajCy = a (dPldT)y ‘ 

i/(4/dr)z. 

See CoAling-Effects on first 

Timidly t 

mvidT)^ 

^dEjdV)y; 

^/iddjdF)^ • 
\l{dHldV)g 

-\^i^*m{Cy-C^) 

- (l^(^*laT){Cy - CV,) 
~(SC,/aT)(Vy-C) 
-«(.VCV«Y)*(C^-CJ 

~ {SC ^jal )Cy , 

- CyVIT-CySCffnT^ 

-(. 9 (y«r)(cv-c,) 

V{d<t>idV)y^ 


{SCJaT) (1 - cv/cy) 
(SCJaT) (I - CylC„) 
{St\/aT) (1 - tv/o' 
SC\/aT • . 

VfT -? SCjaT •*. . 


-SyCy/aT . 
{SCjaT) 0 -Cy/Cg) 


Value for Dry steam 
aP/5(l - lObjiaV) 
IZaPjaT 
Satje^T 


See Reciprocals 
»> • 

>» 9t 

page 

See Speeific Heats 
See Reciprocals 

>» ff 

>» »» 

» » 

- (f' - 6 )/p 

-{VIP)(RTIaPV -aSim] 
-{V - 10/>/13)/P 
- 10 (V~ bjiap 
~-{V + c-b)jP 

- ETjaP^ 


Sec Reciprocals 

- as (V - h)jl3acP 

{liS/iaaP){l-S,T<Jf/aPVS) 

- (F - 106/13)/CP 
SSjiaaP 

It/aP + lOc/aT 

- 10 (F - b)/aT 
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The numhers refer to the The lettef 'l iudieates 

a numi noal ta^e. 


Abbreviations and references, 3 
Absolute scale of tomi^eraturc, 14 
Acceleration of steam, 254 
Adiabatic, corapn'ssibility, 431 
curves on diagram, 328, 473 
discharge through nozzle, 230 
elasticity, 432 

equation for dry steam, 52, 220, -^1 
expansion or How, 210, 440 
empirical formulae, 212, 223 
index for steam, 15, 52 
heat-drop, 200, 475, T 518 
for wet saturated stt'am, 211 
for wet suiKTSttturated, 230, 252 
Air, specific neat, 100, 40(i 
standard, 204 
-thermometer, 495 
Amagat, E. H., 80, 154 
Andrews, J. 1)., lo4 
Ashemft, J*rof., 70 
Atmospheric pressure, 

Available energy, 287, 34<i, 352, 447 

Avogadro’s l^w, 87 

Axial angle and velocity, 270 

Back-pressure, 128, 243, 207, 470 
Barnes, H. T., 11, 495 
Barometer, 0 
Battelli, A., 85, 195 
Baumann, K., 284, 310, 404 
Bchn, A., 157, 187 
Blade-angle, 200 
-condensation, 417 
'bright, 287 
-velocity, 208 
wing-, 3^, 419 

Boiling-|>oiiit, 0, 10, 155, 484, 405 
unoary curve, 171, 174, 208 
yic*ijL.aw, 54, 433 
Brake horse-power, 480, 481 
Brinkwortir, H., 50, 101, 490 
Wtish Thermal Unit, 7, 485 
^Bubbles, eqqjlibrium of, 172 
By-pass, 41f, 422 

C.G.S. ^stom of units, 4 
C^letet and Mathias, 156 
Calorie Centigrade, 7, 485 
Calorimeter, continuous electric, 12,490 
st^y flow, 24 
steam, 496 
throttling, 45 

Cajfillary pressure, 173, 239, 496 


C-iirbonio acu^COj, 153-194 
tables, 11^^170, 180 
C^irnot, ii^., Ilti, 405 
< vclc, 127, 201 
frfti lioii, 128, 400 
principle, 12tJ, 458, 405 
fVll, Clark, 10, 30, 405 
Weston, 3ti ^ 
t'lmnge of state, 330, 410# 
Chanu’tciistie curve, 205, 318, 
e«{ lint ion, 53 
f steam, 50 * 

. » <’(»„ 104, 173, 184 
( I t*' viAi’s (^pflition, 2i% 120, 134, 468 
Claik .tl!, 10, 3fl, 405 
Clausius, iC, laii. 178, 2(M}, 454, 407 
t'leaninsedfakage, 383 
Cloudy eondenHiitioi^ 230, 425 
Coaggn'gatioii volume, 50. tK), T507 
fo«*fiieient, of ('Xjxirision, 420 
of |K‘rformaiuM', 105, 231 
of pn'Hsun*, 434 

('oiujMMisafed air-thermometer, 405 
Com{M*nMatiiig leads, 53 
C-oinjxmnd wheels. 284 
CoinpivHsildlitv. 433 
ComnreMsion-Atio, 204 , 212 
Coiiaensation, 34, 417 
liw of Hiirfaee-, 44r^. 405 
Conduct ioit'of heat, 40ti 
Conm'Aatlfm of energy, 20, 22, ct 
limstants for 1*^ 

[.Vinsii nipt ion, 222, 274, 307 
['pntiniiity of state. 17(» 

Continuous expansion, 205 
ealorimetry, 10, 400 
OioIing-efTect, 47, 02, 103, 430 
Corrr'ction for pressure, 300 
HU[)erhei|t, 310 
vammm, 402 

(>)rn?spr>nding slates, 198 
Oivoliime, 51h 108 
Critical pressure-ratio, 236, 266 
Critical relations, 180 
state, 153-200 
tem|icraturc, 39, 153 
Curtis wheels, 284 
Ciit-off, 275, 480 
Cycles, ideal, 127, 201 
temperature , 405 
Cylinder condensation, 482, 495 

Dalby, Prof. W. E., 76, 482. 
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Dalton, J., 12# 

Davia, Prof. H. N„ 72, 110, 113, 110, 
460,460 

DeUval,279 I 
Density, 6, 167, 484 
Diagram, entropy-, 207, 41^ 
indicator, 207, 469 
. /^l6gP, 180,328,4’% 

• Molliet 470 ^ 

^Diamet^, rectilinear liiC 

* of rotor, 292, 362, 378\ 

Diot^cifC., 11, 28, 34, 1\ 
Diffeto#tial'Calorimotcr, lit 64, 0^* 76 
Differential coc^cicnts, 428, 621 
Differential, exact, 184, 466 • 

Differential-gauge, 66, 76 

•thermometer, 11, 66 
Dimensional constlints, 361, 377, 380, 
407, 419 . ^ • 

^charge-angle, 271, 288, 364, to, 419 
^%i(^nt, 361, 390 
Discharge through an “expansion,” 360, 
366, 371? 

a nozzle. 233-267 • • 

^ turbine, 271, 390 y • 
l^ontinuouB expansion, 295, 342, 366, 

• 370 • 

Discontinuitv-corr^tion, 339, 366, 367, 
376 

Distribution of prcssim*. 31 3,325,406-421 
Division of work, 312, 325 ' 

Dodge, A. R., 76 
Dremnought trials, 379 
Drop, of pressure, 287, 360 
y receiver, 382, 412, 422 
Drop of total heat, 1, 23, etc., T 618 
Drops, equilibrium of, 172, 239 ^ 

DrjastoaifllBifcdiabatic, 62, 229 
entropy, 136, 'J. oli 
potential, 141, T 616 ' 

total heat, 69, T 610 • 

volume, 66, 69,86/^*12 
Dryness-fraction, 134 
Duminy-leakage, 262, 422 


Ebullition, 172 

Efficiency, absolute, 128, 219, 478 
brake. 480, 481 
•constants, 362, 356 
kinetic, 274, 287 
mechanical, 480 
reaction-, 287 
relative, 221, 276 
stage-, 289, 296, 461 | • 

Efficiency of, Carnot cycle, 131, 203 
conversion, 461 
constant V cycle, 203 
BankinI cycle, 219, 478 
Efficiency and superheat, 220, 261 
Efftiency-ratio, 222 
Elasticity* 433 
Sleotiio calorimeter, 11, 496 
tbumometers, 12, 62, 496 


Electromotive force, 11, 36, 495 
Eficychpaedia Britannkay 3, 496 
Energy, availabl(f 287, 362 
oons<$rvation of, 9, 20, etc. 

Intrinsic, 17 | • 

kinetic, 22, 233 
surface-, 182 
total, 22, 277 
Sntinpy, 131, 134, 468 
Cntropy-diagram, 208, 470 
Sntropy of dry steam, 136, T 614 
saturated, 135, T 498-603 
water, 134, T 498 
wot saturated, 135 
Equal division of work, 312 
£quilibri\im of drops and bubbles, 172, 
239 

Equivalent of heat, 9 
Equivalent number of stages, 378 
Ewing, Sir J. A., 44 
Exact differential, 184, 466 
“Expansion” of N stages, 280, 350 
Expansion, adiabatic, 210 
continuous, 296 
incomplete, 478 
• isothermal, 230 
Expansion-coeflicient, 429 
-curve, 318, 328 
-ratio, 212, ;JS3, 4S0 
Extrapolation to 374” C., 39, 81, T 196 

F.I*.C., E.P.F., sysUmis, 4, 484 
Factor, nHlucti«>n, 4, 18, 484 
^heat, 300, 303 
integrating, 458 
*Fairb»irn and Tate, 85 
Fan-action, 291 

Feed-pump work, 30, 209, 220, 478 
first law, 22, 132, 201, 442 
Flow, adiabatic, 210, 252 
/ constant, 297 
^ isentropic, 213, 235, 363 
isothermal, 230 
sU^adv, 22, 276 
mass.; 222, 234, 275 
Flow through, an “expansion,” 286, 350 
a nozzle, 2^ 
a turbine, 268 
Friction, 296, 444 
blade-, 281 
nozzle-, 243, 253 
turbine-, 276 
wheel-, 281, 291 
Fraction, dryness-, 135 
Function, Carnot-, 128 
Gibbl^, 140 
Fusion, 496 

Gas, adiabatic of, 234> 
perfect and pluperfect, 8b, va 
specific heats of, 129, 496 
Oas-ooftstant, 16, 91 
•engine, 203 
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Gas- thermometer, 14, 130, 496 
Gauge-pressure, 6 
Gibbs, J. Willard, 141« 

Gibbs* function, 140, 488 
Gray, J. MaoFarlaAe,^ i| 43 
Griessmann, 70 
Griffiths, E. H., 10, 34 
Griffiths, Ezer, 35 
Giindley, C. H., 44, 68 

log P diagram, 189? 471 
/f4> diagram, 189, 470 
Heat, Article, 490 
latent, 15, 38, 96, T 196, T 498 
-engine, 126 
equivalent, 9, 18, etc. 
specific, 15, 42, 45, 98, 496 
total, 19, 24, 29, etc. 
units of, 7 

Heat-drop, 209, 475, T 518 
loss of, 257 
in steady flow, 23 
subdivision of, 321 
Henning, H., 36, 95, 99, 142 
Him, G. A., 168 
Holboni, L., 99, 142, 152, 197 
Horse-power, 222, 427, 480 

Ice molecules, 27 * 

Ideal cyclcs, 126, 201 
Ideal gas or vapour, 42, 130 
Impulse and reaction, 268 
Impulse turbine, 269, ,321-349 
Incomplete expansion, 478 
Index, adiabatic, 52 
Index of symbols, 1 
Indicated power, 222, 479 
Indicator diagram, 208, 469 
Initial and final states, 3 
Institution of Civil Engineers, 204 
Integrating factor, 458 
Integration of //, 4*, and P, 460 , 

Internal or intrinsic energy, 17, 58, 165, 
«T498 

Internal combustion engine, 204 
International Commission on Symbols, 

bterpolation, 146, 213, 218, 431, 434, 
450,494 

[sentropiq^xpansion, 209, 447 
[aotbermaTr expansion or flow, 2.'M) 
‘•curves, 174, d92, 475 
elasticity,^32 

• 

lakob, M., 104, 108, 114 
Taquays, H. M., 63 

Ifiikin and Pye, 155, 158, 164, 169, 193 
Toly, Prof. J., 34, 163, 167 
Joule, J. P., 9, 2950, 130 
Joule-Thoroson effect, 47, 62, 79 

K.M.C. astern of units, 3* 484 
Kelvin, I^rd, see Thomson 


iCilowait, 282, 489 
[Cinetic, eflicioncy, 274, 287 
energy, 22, 2;J3 
iCing, R. O., 11, 496 
\irchhoff, Gj, 42, 47 
^noblauch. |rof. ()., 88. 101, 123, 142 

fCuenen aiul Vobson. 155, 187 

• 

Labyrmth pack^g, 264 
• Latent hent, 158, 186 

of eompivas^n, 405 
of steam, \H\, T 196, T 
Thiesen’sijrnmift, 39, 112, IW 
litival, (S. de, 279 
LivvHf, Avogadro, 87 
Royle, 54, 154, 433 
condensation of 8(**am, 44, 52, 240, 
495 

•rmst'rvation (»l i‘nergy.^2, 126, 442 
corr«*.s^onding states, 198 
pressun' distril>utiou. 408 
n'cfilinear diameter. 157 
•licTUUxlvnaniics, 22, 126, 201, 442, 
«i};if4il6 • 

.*kag^ cleara»e. 383 
diinsmy , 264; 422 

•loHSl'l, ^|I2 
valve-, 182. 495 m 
L'aving-loss, 274, 281 
Limiting, discharge, 235, 363, 372, 394 
Kupersnturation, 246, 425 
surface condensation, 417, 495 
liinde’s <*(juation, 9u. tl7, 105, 114, 122 
Liidin, 8 

MacEarlanc Gray, J., 25, 43 
.Makpuer, VV.. 56. tM) 

Mails, Pr<»f. S.. 1 1 l._4 5iiii^ 

Maflne tiirbine^flSii^rtn, 351, 379 
Martin. 249. 2ti5, 302, 362 

Mass-How, *222, 234, 271 
J^nuTrtania, 2'i6f <1^, 406 
^laxirniim 3//.V for, “expansion,” 372 
^I.ibyrinth, 2ti4 
nozzle, 235 
turbine, 391 

Maxwell, T. (’., 175, 248 
Mean H|s*cifie heat, 123, 163 
'riHTinahCnit, 7, 485 
.VIe<*hanicai eflicicncry, 480 
e<|uivalent, ^ 

Mcllarihy, l*rof. A. L., 245 

Missing ipiaAity, 182 

MoleculaV wight, 15 

MoIHer, PrS. R., 28, 70, 189, 470 

Mollicr, K.. 101, 123 

Mcx>rby, W. H., 10 

Motive power, 1 26 

Multistage turbine, 285 

Munich experiments, 88, 101, 143 

Nicolson, Prof. J. T., 44, 56, 496 
Non -condensing turbine, 3M 
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Notatioiu interoAtioiia]» 1 
JfoKzle, dtstiiArge of, 2^, 
expanding, 241 
friction of, 24^ 
ateady flow, 22, 496 
Stodola's, 264 
throat of, 235 

Nuoleas for condcniuiti^, 21 
^ Kumber^f stages, 286,*78 

•^Osmotic pressure, 40% 

r’ « • 

PrT ^idferam, 48, 05, Oii 
P* ^ diagram, ^8, 469 
Parsons, Hon. A. C., 270 
Ihtrtial differential cocfHcients, 3, 428, 
521 


PealMidy, Prof. C. |1,, 43, 450 
Peake, A. H.,J0 

^Perfect or pluperfect gas, 42, 8^, O' 
rMii^nco, coefficient of, 195, 231 
PerryTrrof. J., 42 
Planck, br JH., 1 12 • 

Platinum therinometcr,fi4, 52, •105 
P^or-consumption lin^274, 2HC 
fiio^ntiul, themiodynainlo, 140,# 213, 
, 230, 467 M . 

Pressure, -ccM'fficiertlh 54, 164, 180,^34 
•oorrectior», 2(K), 31K) 

•distribution, 314. 406 
■drop, 287, 350, 377 
observations of, 408 
saturation-, 137, 140, 151, 15.5, 186, 
198 

Piypp, feed-, 209, 220 


Qt Quantity of heat, 20, 296, 455 
csemBilHKv.or gain, 63, 277, 445 , 
frictional loss* i ^ 5 • 


Rankine, Prof. W. J. M., 130? 156, H54, 
Rankine cycle, 205,^8 # 

^nkine’s e<iuaUon, 164 
^fio, efficiency-, 221 
expansion-, 212, 480 
pressure-, 266 
Reaction turbine, 270 
Reaction-efficiency, 287 
Reoeiver*<lrop, 381, 412, 422 1 
Reciprocating engine, 24, 478 482 
Recovery from supersafiiration, 415, 
424 

EeotUinear diameter, 157 • 

Reduction factors, 5, 18, 398, 484 
References, 3, 405 
Refrigeration cycle, 193, 231 
Regnault, V.. 8, 27, 31, 42, 87, 101, 143, 
155 # 


Reflulation by throttling, 282, 348, 481 
Re^t factor, 300, 303 
Relations, between coefficients, 435 
themodynamioal, 428, 463 
Relative emoienoy, 221, 276 
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